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3.2.5 Evolution of the polarization states on the Poincaré
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Foreword

I was first exposed to liquid crystal displays in 1972 when I joined Westinghouse R&D Center as a
research engineer. Later, I was assigned the task of developing a 500 � 500100� 100 pixels TFT-LCD
panel for the US Air Force. At that time, the LCD fabrication processes were very primitive. The LC
alignment was an obliquely evaporated SiOx film. The cell spacing was done by mylar strips for the
second minimum cell gap around 8 microns. The filling of LC was in a vacuum chamber with a
hypodermic syringe holding the LC and a needle glued by Epoxy to the covering glass through a hole
drilled at the corner of the monochrome ITO covering glass. The LC filling could take half a day. What
giant progress the LC fabrication processes have made over the past 30 years. The sizes of the glass
substrates can reach almost 4 square meters. The uniform cell gap of LC first minimum around 3–4
microns is maintained by photopatterned spacers. Using the one-drop-fill technique the LC filling can
be done in just a few minutes for a 420 0-diagonal panel.

During the last 30 some years, the applications of LCDs have expanded tremendously. Starting
from watches and calculators in the1970s with direct-drive TNs, the portable PC terminals utilized
monochrome simple-matrix-addressed TNs in the early 1980s, which were followed by monochrome
STNs. In the 1990s, dual-scan and multiline addressed STN color panels for notebook PCs appeared. In
the early 1990s, the mass-produced color TFT-LCD TN notebook PC panels started the unlimited
developmental changes by TFT-LCD panels for increasingly larger panels for notebook PCs, monitors
and eventually TV applications. Today, TFT-LCD TV panels have been sold in the market with sizes
up to 500 0 and performances comparable to CRTs. TFT-LCDs have established their position as the
dominating flat panel display technology. Nevertheless, along the long developmental paths, there have
been numerous challengers such as thin film EL, vacuum fluorescence, electrochromics, PDP and FED.
Each time, LCDs have been able to sustain the challenges and emerge victoriously. Now, it looks
certain that TFT-LCDs will replace the ultimate king, CRT, in the home’s living room as the primary
video display.

The LCD technologies have amazing resources and versatility. For each new application, LCD
engineers have been able to expand the LCD capabilities to meet the new demands in performance.
Taking the latest TV application as an example, the LCD engineers have been able to solve issues such
as wide viewing angle, fast response, color shift versus gray levels and viewing angles.

What will be the next major application beyond TV? We don’t know yet. However, we are certain
that LCD engineers will be able to rise above the challenges and bring the technology to the next level.
The LCD technologies will be the dominating flat panel display for many years to come.



There have been many books related to LCD technologies. This book authored by Professor Yang
and Professor Wu is the most extensive textbook on LCD which covers the physics, materials and
driving methods of many types of LCD modes. I’m sure this book will provide students entering the
LCD field with a thorough understanding of the devices.

Fan Luo

Vice President and CTO

AU Optronics

Science-Based Industrial Park

Hsinchu

Taiwan

xii FOREWORD



Series Editor’s Foreword

Since its inception, the purpose of this series has been to provide works for practising scientists and
engineers in the field of display technology. This book will most certainly fulfil that purpose, but it will
also mark a new departure for the series as it has been written primarily as a text for postgraduate and
senior undergraduate students. This broadening of the aims of the series is welcome since it
acknowledges the need to provide works in the display field not only to those already working in
the profession but also to those who are about to enter it.

Liquid crystal display technology has developed enormously over the past 35 years. It is already
dominating many display markets such as hand held PDA and phone products, notebook computer
displays and desktop monitors. In those markets where it does not have total domination, such as flat
TV, it has a very healthy and increasing market share. Moreover, although twisted and supertwisted
nematic technologies were for many years ubiquitous, as performance requirements have become more
stringent, other effects such as in-plane switching and vertically aligned nematics have come to the fore
and new effects continue to be invented. For the very lowest power reflective displays, cholesteric and
a variety of bistable nematic effects are used. And so far, I have only discussed direct view displays!
LC projection displays, which can use only a single polarizer, require extremely innovative twist
effects. With so many different liquid crystal effects being used so widely in industry, the addition of
this latest book to the series is very timely.

Designed to be self-contained, the first chapters cover the basic physics of liquid crystals, their
interaction with light and electric fields and the means by which they can be modelled. Next are
described the majority of ways in which liquid crystals can be used in displays and a final chapter deals
with photonic devices such as beam steerers, tunable focus lenses and polarisation-independent
devices.

Because it is intended to be used as a textbook, another innovation has been introduced for the first
time in the series. Each chapter concludes with a set of problems, the answers to which may be found
on the Wiley web site.

Written by two academics of world standing in their fields – Deng-Ke Yang is a specialist in
cholesterics and polymer stabilised systems and Shin-Tson Wu has made major contributions in twist
systems for reflective displays and in many other areas – this latest book is a most welcome addition to
the series.

Anthony C. Lowe

Braishfield, UK 2006



Preface

Liquid crystal displays have become the leading technology in the information display industry. They
are used in small-sized displays such as calculators, cellular phones, digital cameras, and head-
mounted displays; in medium-sized displays such as laptop and desktop computers; and in large-sized
displays such as direct-view TVs and projection TVs. They have the advantages of high resolution and
high brightness, and, being flat paneled, are lightweight, energy saving, and even flexible in some
cases. They can be operated in transmissive and reflective modes. Liquid crystals have also been used
in photonic devices such as laser beam steering, variable optical attenuators, and tunable-focus lenses.
There is no doubt that liquid crystals will continue to play an important role in the era of information
technology.

There are many books on the physics and chemistry of liquid crystals or on liquid crystal devices.
There are, however, only few books covering both the basics and applications of liquid crystals. The
main goal of this book is to provide a textbook for senior undergraduate and graduate students. The
book can be used for a one- or two-semester course. The instructors can selectively choose the chapters
and sections according to the length of the course and the interest of the students. The book can also be
used as a reference book by scientists and engineers who are interested in liquid crystal displays and
photonics.

The book is organized in such a way that the first few chapters cover the basics of liquid crystals
and the necessary techniques to study and design liquid crystal devices. The later chapters cover the
principles, design, operation, and performance of liquid crystal devices. Because of limited space, we
cannot cover every aspect of liquid crystal chemistry and physics and all liquid crystal devices, but we
hope this book can introduce readers to liquid crystals and provide them with the basic knowledge and
techniques for their careers in liquid crystals.

We are greatly indebted to Dr. A. Lowe for his encouragement. We are also grateful to the
reviewers of our book proposal for their useful suggestions and comments. Deng-Ke Yang would like
to thank Ms. E. Landry and Prof. J. Kelly for patiently proof-reading his manuscript. He would also
like to thank Dr. Q. Li for providing drawings. Shin-Tson Wu would like to thank his research group
members for generating the new knowledge included in this book, especially Drs. Xinyu Zhu,
Hongwen Ren, Yun-Hsing Fan, and Yi-Hsin Lin, and Mr. Zhibing Ge for kind help during manuscript
preparation. He is also indebted to Dr. Terry Dorschner of Raytheon, Dr. Paul McManamon of the Air
Force Research Lab, and Dr. Hiroyuki Mori of Fuji Photo Film for sharing their latest results. We
would like to thank our colleagues and friends for useful discussions and drawings and our funding



agencies (DARPA, AFOSR, AFRL, and Toppoly) for providing financial support. Finally, we also
would like to thank our families (Xiaojiang Li, Kevin Yang, Steven Yang, Cho-Yan Wu, Janet Wu, and
Benjamin Wu) for their spiritual support, understanding, and constant encouragement.

Deng-Ke Yang

Shin-Tson Wu
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1

Liquid Crystal Physics

1.1 Introduction

Liquid crystals are mesophases between crystalline solids and isotropic liquids [1–3]. The constituents
are elongated rod-like (calamitic) or disk-like (discotic) organic molecules as shown in Figure 1.1. The
size of the molecules is typically a few nanometers (nm). The ratio between the length and the diameter
of the rod-like molecules or the ratio between the diameter and the thickness of the disk-like molecules is
about 5 or larger. Because the molecules are non-spherical, besides positional order, they may also
possess orientational order.

Figure 1.1(a) shows a typical calamitic liquid crystal molecule. Its chemical name is 40-n-pentyl-4-
cyano-biphenyl and is abbreviated as 5CB [4,5]. It consists of a biphenyl, which is the rigid core, and a
hydrocarbon chain, which is the flexible tail. The space-filling model of the molecule is shown in
Figure 1.1(c). Although the molecule itself is not cylindrical, it can be regarded as a cylinder, as shown
Figure 1.1(e), in considering its physical behavior because of the fast rotation (on the order of 10�9 s)
around the long molecular axis due to thermal motion. The distance between two carbon atoms is
about1:5 A8 ; therefore the length and the diameter of the molecule are about 2 nm and 0.5 nm,
respectively. The molecule shown has a permanent dipole moment (from the CN head); however, it
can still be represented by a cylinder whose head and tail are the same, because in non-ferroelectric
liquid crystal phases, the dipole has equal probability of pointing up or down. It is necessary for a liquid
crystal molecule to have a rigid core(s) and flexible tail(s). If the molecule is completely flexible, it will
not have orientational order. If it is completely rigid, it will transform directly from the isotropic liquid
phase at high temperature to the crystalline solid phase at low temperature. The rigid part favors both
orientational and positional order while the flexible part does not. With balanced rigid and flexible parts,
the molecule exhibits liquid crystal phases.

Figure 1.1(b) shows a typical discotic liquid crystal molecule [6]. It also has a rigid core and flexible
tails. The branches are approximately on one plane. The space-filling model of the molecule is shown
in Figure 1.1(d). If there is no permanent dipole moment perpendicular to the plane of the molecule, it
can be regarded as a disk in considering its physical behavior as shown in Figure 1.1(f), because of the
fast rotation around the axis which is at the center of the molecule and perpendicular to the plane of the
molecule. If there is a permanent dipole moment perpendicular to the plane of the molecule, it is better to

Fundamentals of Liquid Crystal Devices D.-K. Yang and S.-T. Wu
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visualize the molecule as a bowl, because the reflection symmetry is broken and all the permanent
dipoles may point in the same direction and spontaneous polarization occurs. The flexible tails are also
necessary, otherwise the molecules form the crystal phase where there is positional order.

The variety of phases that may be exhibited by rod-like molecules are shown in Figure 1.2. At high
temperature, the molecules are in the isotropic liquid state where they do not have either positional or
orientational order. The molecules can easily move around and the material can flow like water. The
translational viscosity is comparable to that of water. Both the long and short axes of the molecules can
point in any direction.

When the temperature is decreased, the material transforms into the nematic phase, which is the most
common and simplest liquid crystal phase, where the molecules have orientational order but still no
positional order. The molecules can still diffuse around and the translational viscosity does not change
much from that of the isotropic liquid state. The long axis of the molecules has preferred direction.
Although the molecules still swivel due to thermal motion, the time-averaged direction of the long axis
of a molecule is well defined and is the same for all the molecules at the macroscopic scale. The average

C    NCH3 CH2 CH2 CH2 CH2

C7H15

C7H15

C7H15H15C7

H15C7

H15C7
(b) (a) 

(d) (c) 

(f) (e) 

L ~ 2 nm 

D ~ 0.5 nm 

Figure 1.1 Calamitic liquid crystal: (a) chemical structure, (c) space-filling model, (e) physical

model. Discostic liquid crystal: (b) chemical structure, (d) space-filling mode, (f) physical model
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direction of the long molecular axis is denoted by ~n which is a unit vector and called the liquid crystal
director. The short axes of the molecules have no orientational order in a uniaxial nematic liquid crystal.

When the temperature is decreased further, the material may transform into the smetic-A phase where,
besides the orientational order, the molecules have partial positional order, i.e., the molecules form a
layered structure. The liquid crystal director is perpendicular to the layers. Smectic-A is a one-
dimensional crystal where the molecules have positional order in the normal direction of the layer.
The diagram shown in Figure 1.2 is schematic. In reality, the separation between neighboring layers is
not as well defined as that shown in the figure. The molecular number density exhibits an undulation with
the wavelength about the molecular length. Within a layer, it is a two-dimensional liquid in which there
is no positional order and the molecules can move around. For a material in poly-domain smectic-A, the
translational viscosity is significantly higher, and it behaves like a grease. When the temperature is
decreased still futher, the material may transform into the smectic-C phase where the liquid crystal
director is no longer perpendicular to the layer but tilted.

At low temperature, the material is in the crystal solid phase where there are both positional and
orientational orders. The translational viscosity become infinite and the molecules (almost) no longer
diffuse.

Liquid crystals get the ‘crystal’ part of their name because they exhibit optical birefringence like
crystalline solids. They get the ‘liquid’ part of their name because they can flow and do not support
shearing like regular liquids. Liquid crystal molecules are elongated and have different molecular
polarizabilities along their long and short axes. Once the long axes of the molecules orient along a
common direction, the refractive indices along and perpendicular to the common direction are different.
It should be noted that not all rod-like molecules exhibit all the liquid crystal phases, but just some of
them.

Some of the liquid crystal phases of disk-like molecules are shown in Figure 1.3. At high temperature,
they are in the isotropic liquid state where there are no positional and orientational orders. The material
behaves in the same way as a regular liquid. When the temperature is decreased, the material transforms

Figure 1.2 Schematic representation of the phases of rod-like molecules

Figure 1.3 Schematic representation of the phases of disk-like molecules
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into the nematic phase which has orientational order but not positional order. The average direction of
the short axis perpendicular to the disk is oriented along a preferred direction which is also called the
liquid crystal director and denoted by a unit vector~n. The molecules have different polarizabilities along
a direction in the plane of the disk and along the short axis. Thus the discotic nematic phase also exhibits
birefringence as crystals.

When the temperature is decreased further, the material transforms into the columnar phase where,
besides orientational order, there is partial positional order. The molecules stack up to form columns.
Within a column, the columnar phase is a liquid where the molecules have no positional order.
The columns, however, are arranged periodically in the plane perpendicular to the columns. Hence
the columnar phase is a two-dimensional crystal. At low temperature, the material transforms into the
crystalline solid phase where the positional order along the columns is developed.

The liquid crystal phases discussed so far are called thermotropic liquid crystals and the transitions
from one phase to another phase are driven by varying temperature. There is another type of liquid
crystallinity, called lyotropic, exhibited by molecules when they are mixed with a solvent of some kind.
The phase transitions from one phase to another phase are driven by varying the solvent concentration.
Lyotropic liquid crystals usually consist of amphiphilic molecules which have a hydrophobic group at
one end and a hydrophilic group at the other end, with water as the solvent. The common lyotropic liquid
crystal phases are micelle phase and lamellar phase. Lyotropic liquid crystals are important in biology.
They will not be discussed in this book because its scope concerns displays and photonic devices.

Liquid crystals have a history of more than 100 years. It is believed that the person who discovered
liquid crystals was Friedrich Reinitzer, an Austrian botanist [7]. The liquid crystal phase observed by
him in 1888 was a cholesteric phase. Since then liquid crystals have come a long way and become a
major branch of interdisciplinary science. Scientifically, liquid crystals are important because of the
richness of their structures and transitions. Technologically, they have gained tremendous success in
display and photonic applications [8–10].

1.2 Thermodynamics and Statistical Physics

Liquid crystal physics is an interdisciplinary science, involving thermodynamics, statistical physics,
electrodynamics, and optics. Here we give a brief introduction to thermodynamics and statistical
physics.

1.2.1 Thermodynamic laws

One of the important quantities in thermodynamics is entropy. From the microscopic point of view,
entropy is a measure of the number of quantum states accessible to a system. In order to define entropy
quantitatively, we first consider the fundamental logical assumption that for a closed system (in which no

energy and particles exchange with other systems), quantum states are either accessible or inaccessible

to the system, and the system is equally likely to be in any one of the accessible states as in any other

accessible state [11]. For a macroscopic system, the number of accessible quantum states g is a huge
number (� 1023). It is easier to deal with ln g, which is defined as the entropy s:

s ¼ ln g (1.1)

If a closed system consists of subsystem 1 and subsystem 2, the numbers of accessible states of the
subsystems are g1 and g2, respectively. The number of accessible quantum states of the whole system is
g ¼ g1g2 and the entropy is s ¼ ln g ¼ ln ðg1g2Þ ¼ ln g1 þ ln g2 ¼ s1 þ s2.

Entropy is a function of the energy u of the system s ¼ sðuÞ. The second law of thermodynamics
states that for a closed system, the equilibrium state has maximum entropy. Let us consider a closed
system which contains two subsystems. When two subsystems are brought into thermal contact the
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energy exchange between them is allowed, the energy is allocated to maximize the number of accessible
states; that is, the entropy is maximized. Subsystem 1 has energy u1 and entropy s1; subsystem 2 has
energy u2 and entropy s2. For the whole system, u ¼ u1 þ u2 and s ¼ s1 þ s2. The first law of
thermodynamics states that energy is conserved, i.e., u ¼ u1 þ u2 ¼ constant. For any process inside the
closed system, du ¼ du1 þ du2 ¼ 0. From the second law of thermodynamics, for any process we have
ds ¼ ds1 þ ds2� 0. When the two subsystems are brought into thermal contact, at the beginning energy
flows. For example, an amount of energy jdu1j flows from subsystem 1 to subsystem 2, du1 < 0 and
du2 ¼ �du1 > 0, and

@s
@u2
¼ @s1

@u2
þ @s2

@u2
¼ @s1

@u1

@u1

@u2
þ @s2

@u2
¼ � @s1

@u1
þ @s2

@u2
� 0

When equilibrium is reached, the entropy is maximized and

@s1

@u1
� @s2

@u2
¼ 0 or

@s1

@u1
¼ @s2

@u2

We know that when two systems reach equilibrium, they have the same temperature. Accordingly the
fundamental temperature t is defined by

1=t ¼ ð@s=@uÞN;V (1.2)

where N is the number of particles and V the volume. Energy flows from a high temperature system to a

low-temperature system. The conventional temperature (Kelvin temperature) is defined by

T ¼ t=kB (1.3)

where kB ¼ 1:81
 10�23 joules=kelvin is the Boltzmann constant. Conventional entropy S is defined by

1=T ¼ @S=@u (1.4)

Hence

S ¼ kBs (1.5)

1.2.2 Boltzmann distribution

Now we consider the thermodynamics of a system at a constant temperature, i.e., in thermal contact with
a thermal reservoir. The temperature of the thermal reservoir (named B) is t. The system under
consideration (named A) has two states with energy 0 and e, respectively. A and B form a closed system,
and its total energy u ¼ uA þ uB ¼ uo ¼ constant. When A is in the state with energy 0, B has energy uo,
and the number of accessible states is g1 ¼ gA
 gB ¼ 1
 gBðuoÞ ¼ gBðuoÞ. When A has energy e, B has
energy uo � e, and the number of accessible states is g2 ¼ gA 
 gB ¼ 1
 gBðuo � eÞ ¼ gBðuo � eÞ. For
the whole system, the total number of accessible states is

G ¼ g1 þ g2 ¼ gBðuoÞ þ gBðuo � eÞ (1.6)

ðAþ BÞ is a closed system, and the probability in any of the G states is the same. When the whole
system is in one of the g1 states, A has energy 0. When the whole system is in one of the g2 states, A has
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energy e. Therefore the probability that A is in the state with energy 0 is

Pð0Þ ¼ g1

g1 þ g2
¼ gBðuoÞ

gBðuoÞ þ gBðuo � eÞ

The probability that A is in the state energy e is

PðeÞ ¼ g2

g1 þ g2
¼ gBðuo � eÞ

gBðuoÞ þ gBðuo � eÞ

From the definition of entropy, we have gBðuoÞ ¼ esBðuoÞ and gBðuo � eÞ ¼ esBðuo�eÞ. Because e� uo,

sBðuo � eÞ� sBðuoÞ �
@sB

@uB
e ¼ sBðuoÞ �

1

t
e

Therefore we have

Pð0Þ ¼ esBðuoÞ

esBðuoÞ þ esBðuoÞ�e=t
¼ 1

1þ e�e=t
¼ 1

1þ e�e=kBT
(1.7)

PðeÞ ¼ esBðuoÞ�e=t

esBðuoÞ þ esBðuoÞ�e=t
¼ e�e=t

1þ e�e=t
¼ e�e=kBT

1þ e�e=kBT
(1.8)

 pðeÞ
Pð0Þ ¼ e�e=kBT (1.9)

For a system having N states with energies e1; e2; . . . ; ei; . . . eiþ1; . . . ; eN , the probability for the
system in the state with energy ei is

PðeiÞ ¼ e�ei=t
�XN

j¼1

e�e j=kBT (1.10)

The partition function of the system is defined as

Z ¼
X

i

e�ei=kBT (1.11)

The internal energy (average energy) of the system is given by

U ¼ hei ¼
X

i

eiPðeiÞ ¼
1

Z

X
i

eie
�ei=kBT (1.12)

Because

@Z

@T
¼
X

i

ei

kBT2

� �
e�ei=KBT ¼ 1

kBT2

X
i

eie
�ei=kBT

then

U ¼ kBT2

Z

@Z

@T
¼ kBT2 @ðln ZÞ

@T
(1.13)
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1.2.3 Thermodynamic quantities

As energy is conserved, the change of the internal energy U of a system equals the heat dQ absorbed and
the mechanical work dW done to the system, dU ¼ dQþ dW . When the volume of the system changes
by dV under the pressure P, the mechanical work done to the system is given by

dW ¼ �PdV (1.14)

When there is no mechanical work, the heat absorbed equals the change of internal energy. From the

definition of temperature 1=T ¼ ð@S=@UÞV , the heat absorbed in a reversible process at constant

volume is

dU ¼ dQ ¼ TdS (1.15)

When the volume is not constant, then

dU ¼ TdS� PdV (1.16)

The derivatives are

T ¼ @U

@S

� �
V

(1.17)

P ¼ � @U

@V

� �
S

(1.18)

The internal energy U, entropy S, and volume V are extensive quantities, while temperature T and

pressure P are intensive quantities. The enthalpy H of the system is defined by

H ¼ U þ PV (1.19)

Its variation in a reversible process is given by

dH ¼ dU þ dðPVÞ ¼ ðTdS� PdVÞ þ ðPdV þ VdPÞ ¼ TdSþ VdP (1.20)

From this equation, it can be seen that the physical meaning of enthalpy is that in a process at constant
pressure ðdP ¼ 0Þ, the change of enthalpy dH is equal to the heat absorbed dQð¼ TdSÞ. The derivatives
of the enthalpy are

T ¼ @H

@S

� �
P

(1.21)

V ¼ @H

@P

� �
S

(1.22)

The Helmholtz free energy F of the system is defined by

F ¼ U � TS (1.23)
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Its variation in a reversible process is given by

dF ¼ dU � dðTSÞ ¼ ðTdS� PdVÞ � ðTdSþ SdTÞ ¼ SdT � PdV (1.24)

The physical meaning of Helmholtz free energy is that in a process at constant temperature, the change
of Helmholtz free energy is equal to the work done to the system. The derivatives are

S ¼ � @F

@T

� �
V

(1.25)

P ¼ � @F

@V

� �
T

(1.26)

The Gibbs free energy G of the system is defined by

G ¼ U � TSþ PV (1.27)

The variation in a reversible process is given by

dG ¼ dU � dðTSÞ � dðPVÞ ¼ �SdT þ VdP (1.28)

In a process at constant temperature and pressure, the Gibbs free energy does not change. The

derivatives are

S ¼ � @G

@T

� �
P

(1.29)

V ¼ @G

@P

� �
T

(1.30)

The Helmholtz free energy can be derived from the partition function. From Equations (1.13) and

(1.25),

F ¼ U � TS ¼ KBT2 @ðln ZÞ
@T

þ T
@F

@T

� �
V

F � T
@F

@T

� �
V

¼ �T2 1

T

@F

@T

� �
V

þ F
@ð1=TÞ
@T

� �
V

� �
¼ �T2 @ðF=TÞ

@T

� �
V

¼ KBT2 @ðln ZÞ
@T

Hence

F ¼ �kBT ln Z ¼ �kBT ln
X

i

e�ei=kBT

 !
(1.31)

From Equations (1.11), (1.25), and (1.31), the entropy of a system at constant temperature can be
calculated as

S ¼ �kBhln ri ¼ �kB

X
i

ri ln ri (1.32)
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1.2.4 Criteria for thermodynamic equilibrium

Now we consider the criteria which can used to judge whether a system is in its equilibrium state under
given conditions. We already know that for a closed system, as it changes from a non-equilibrium state to
the equilibrium state, the entropy increases:

dS� 0 (1.33)

It can be stated differently that, for a closed system, the entropy is maximized in the equilibrium state.
In considering the equilibrium state of a system at constant temperature and volume, we construct a

closed system which consists of the system (subsystem 1) under consideration and a thermal reservoir
(subsystem 2) with temperature T. When the two systems are brought into thermal contact, energy is
exchanged between subsystem 1 and subsystem 2. Because the whole system is a closed system,
dS ¼ dS1 þ dS2� 0. For system 2, 1=T ¼ ð@S2=@U2ÞV , and therefore dS2 ¼ dU2=T (this is true when
the volume of the subsystem is fixed, which also means the volume of subsystem 1 is fixed). Because of
energy conservation, dU2 ¼ �dU1. Hence dS ¼ dS1 þ dS2 ¼ dS1 þ dU2=T ¼ dS1� dU1=T � 0.
Because the temperature and volume are constant for subsystem 1, dS1 � dU1=T ¼ ð1=TÞd
ðTS1 � UÞ� 0, and therefore

dðU1 � TS1Þ ¼ dF1 � 0 (1.34)

At constant temperature and volume, the equilibrium state has minimum Helmholtz free energy.
Again, as above, in considering the equilibrium state of a system at constant temperature and pressure,

we construct a closed system which consists of the system (subsystem 1) under consideration and a
thermal reservoir (subsystem 2) with temperature T. When the two systems are brought into thermal
contact, energy is exchanged between subsystem 1 and subsystem 2. Because the whole system is a
closed system, dS ¼ dS1 þ dS2� 0. But now, for system 2, because the volume is not fixed, and
mechanical work is involved, dU2 ¼ TdS2 � PdV2, i.e., dS2¼ðdU2 þ PdV2Þ=T . Because dU2¼ �dU1

and dV2 ¼ �dV1, then dS ¼ dS1 þ ðdU2 þ PdV2Þ=T ¼ dS1 � ðdU1 þ PdV1Þ=T ¼ ð1=TÞdðTS1� U2�
PV1Þ� 0. Therefore

dðU1 þ PV1 � TS1Þ ¼ dG1 � 0 (1.35)

At constant temperature and pressure, the equilibrium state has minimum Gibbs free energy. If
electric energy is involved, then we have to consider the electric work done to the system by external
sources such as a battery. In a thermodynamic process, if the electric work done to the system is dWe,
then

dS� dQ

T
¼ dU � dWm � dWe

T
¼ dU þ PdV � dWe

T

Therefore at constant temperature and pressure

dðU �We þ PV � TSÞ ¼ dðG�WeÞ � 0 (1.36)

In the equilibrium state, G �We is minimized.
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1.3 Orientational Order

Orientational order is the most important feature of liquid crystals. The average directions of the long
axes of the rod-like molecules are parallel to each other. Because of the orientational order, liquid
crystals possess anisotropic physical properties; that is, in different directions, they have different
responses to external fields such as an electric field, a magnetic field, and shear. In this section, we will
discuss how to quantitatively specify orientational order and why rod-like molecules tend to be parallel
to each other.

For a rigid elongated liquid crystal molecule, three axes can be attached to it to describe its orientation.
One is the long molecular axis and the other two are perpendicular to the long molecular axis. Usually the
molecule rotates rapidly around the long molecular axis. Although the molecule is not cylindrical, if
there is no hindrance to the rotation in the nematic phase, the rapid rotation around the long molecular
axis makes it behave like a cylinder. There is no preferred direction for the short axes and thus the
nematic liquid crystal is usually uniaxial. If there is hindrance to the rotation, the liquid crystal is biaxial.
A biaxial nematic liquid crystal is a long sought for material. The lyotropic biaxial nematic phase has
been observed [12]. The existence of a thermotropic biaxial nematic phase is still under debate, and it
may exist in bent-core molecules [13,14]. Here our discussion is on bulk liquid crystals. The rotational
symmetry around the long molecular axis can be broken by confinement. In this book, we will deal with
uniaxial liquid crystals consisting of rod-like molecules unless otherwise stated.

1.3.1 Orientational order parameter

In uniaxial liquid crystals, we have only to consider the orientation of the long molecular axis. The
orientation of a rod-like molecule can be represented by a unit vector â which is attached to the molecule
and parallel to the long molecular axis. In the nematic phase, the average directions of the long molecular
axes are along a common direction: namely, the liquid crystal director denoted by the unit vector~n. The
3-D orientation of â can be specified by the polar angle y and the azimuthal angle f where the z axis is
chosen parallel to ~n as shown in Figure 1.4. In general the orientational order of â is specified by an
orientational distribution function f ðy;fÞ. f ðy;fÞdOðdO ¼ sin ydydfÞ is the probability that â is
oriented along the direction specified by y and f within the solid angle dO. In the isotropic phase, â has
equal probability of pointing in any direction and therefore f ðy;fÞ ¼ constant. For uniaxial liquid
crystals, there is no preferred orientation in the azimuthal direction, and then f ¼ f ðyÞ which depends
only on the polar angle y.

Rod-like liquid crystal molecules may have permanent dipole moments. If the dipole moment is
perpendicular to the long molecular axis, the dipole has equal probability of pointing along any direction
because of the rapid rotation around the long molecular axis in uniaxial liquid crystal phases. The dipoles
of the molecules cannot generate spontaneous polarization. If the permanent dipole moment is along the

x

y

z

â

n
n

f

q

Figure 1.4 Schematic diagram showing the orientation of rod-like molecules
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long molecular axis, the flip of the long molecular axis is much slower (of the order of 10�5 s), so the
above argument does not hold. In order to see the orientation of the dipoles in this case, we consider the
interaction between two dipoles [15]. When one dipole is on top of the other, if they are parallel, the
interaction energy is low and thus parallel orientation is preferred. When two dipoles are side by side, if
they are anti-parallel, the interaction energy is low and thus anti-parallel orientation is preferred. As we
know, the molecules cannot penetrate each other. For elongated molecules, the distance between two
dipoles when they are on top of each other is farther than that when they are side by side. The interaction
energy between two dipoles is inversely proportional to the cubic power of the distance between them.
Therefore anti-parallel orientation of dipoles is dominant in rod-like molecules. There are the same
number of dipoles aligned parallel to the liquid crystal director ~n as there are aligned anti-parallel to ~n.
The permanent dipole along the long molecular axis cannot generate spontaneous polarization. Thus,
even when the molecules have a permanent dipole moment along the long molecular axes, they can be
regarded as cylinders whose top and bottom are the same. It can also be concluded that ~n and �~n are
equivalent.

An order parameter must be defined in order to quantitatively specify the orientational order. The
order parameter is usually defined in such a way that it is zero in the high-temperature unordered phase
and non-zero in the low-temperature ordered phase. By analogy with ferromagnetism, we may consider
the average value of the projection of â along the director ~n, i.e.,

hcosyi ¼
Zp
0

cos yf ðyÞ sin ydy
�Zp

0

f ðyÞ sin ydy (1.37)

where hi indicate the average (the temporal and spatial averages are the same) and cos y is the first-order
Legendre polynomial. In the isotropic phase, the molecules are randomly oriented and hcosyi ¼ 0. We
also know that in the nematic phase the probability that a molecule will orient at angles y and p� y is
the same, i.e., f ðyÞ ¼ f ðp� yÞ; therefore hcosyi ¼ 0, and so hcosyi provides no information about the
orientational order parameter. Next, let us consider the average value of the second-order Legendre
polynomial for the order parameter:

S¼hP2ð cos yÞi¼
�

1

2
ð3 cos2 y� 1Þ


¼
Zp
0

1

2
ð3 cos2 y�1Þ f ðyÞ sin ydy

�Zp
0

f ðyÞ sin ydy (1.38)

In the isotropic phase as shown in Figure 1.5(b), f ðyÞ ¼ c, a constant, and

Zp
0

1

2
ð3 cos2 y� 1Þ f ðyÞ sin ydy ¼

Zp
0

1

2
ð3 cos2 y� 1Þc sin ydy ¼ 0

In the nematic phase, f ðyÞ depends on y. For a perfectly ordered nematic phase as shown in
Figure 1.5(d), f ðyÞ ¼ dðyÞ, where sin ydðyÞ ¼ 1 when y ¼ 0, sin ydðyÞ ¼ 0 when y 6¼ 0, andR p

0dðyÞsin ydy ¼ 1, and the order parameter is S ¼ 1
2 ð3cos2 y� 1Þ ¼ 1. It should be pointed out that

the order parameter can be positive or negative. Two order parameters with the same absolute value but
different signs correspond to different states. When the molecules all lie in a plane but are randomly
oriented in the plane as shown in Figure 1.5(a), the distribution function is f ðyÞ ¼ dðy� p=2Þ, where
dðy� p=2Þ ¼ 1 when y ¼ p=2, dðy� p=2Þ ¼ 0 when y 6¼ p=2, and

R p
0dðy� p=2Þsin ydy ¼ 1, and the

order parameter is S ¼ 1
2 ½3cos2ðp=2Þ � 1Þ=1 ¼�0:5. In this case, the average direction of the molecules

ORIENTATIONAL ORDER 11



is not well defined. The director ~n is defined by the direction of the uniaxial axis of the material.
Figure 1.5(c) shows the state with the distribution function f ðyÞ ¼ ð35=16Þ½cos4yþ ð1=35Þ�, which is
plotted vs. y in Figure 1.5(e). The order parameter is S ¼ 0:5. Many anisotropies of physical properties
are related to the order parameter and will be discussed later.

1.3.2 Landau–de Gennes theory of orientational order in the nematic phase

Landau developed a theory for second-order phase transitions [16], such as those from the diamagnetic
phase to the ferromagnetic phase, in which the order parameter increases continuously from zero as the
temperature is decreased across the transition temperature Tc from the high-temperature disordered
phase to the low temperature ordered phase. For a temperature near Tc, the order is very small. The free
energy of the system can be expanded in terms of the order parameter.

The transition from water to ice at 1 atmosphere pressure is a first-order transition and the latent
heat is about 100 J=g. The isotropic–nematic transition is a weak first-order transition because the
order parameter changes discontinuously across the transition but the latent heat is only about 10 J=g.
De Gennes extended Landau’s theory to the isotropic–nematic transition because it is a weak first-order
transition [1, 17]. The free energy density f of the material can be expressed in terms of the order
parameter S as

f ¼ 1

2
aðT � T�ÞS2 � 1

3
bS3 þ 1

4
cS 4 þ 1

2
LðrSÞ2 (1.39)

where a, b, c and L are constants and T� is the virtual second-order phase transition temperature. The last
term is the energy cost when there is a variation of the order parameter in space, but here we will consider
only the uniform order parameter case. There is no linear term of S, which would result in a non-zero
order parameter at any temperature; a is positive, otherwise S will never be zero and the isotropic phase
will not be stable at any temperature. A significant difference between the free energy here and that of a
magnetic system is the cubic term. In a magnetic system, the magnetization m is the order parameter. For
a given value of jmj, there is only one state, and the sign of m is decided by the choice of the coordinate.
The free energy must be the same for a positive m and a negative m, and therefore the coefficient of the
cubic term must be zero. For nematic liquid crystals, positive and negative values of the order parameter
S correspond to two different states and the corresponding free energies can be different, and therefore b
is not zero; b must be positive because at sufficiently low temperatures positive order parameters have

f (q )
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S = 0.5 n
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S = 1

(e)
q (p)

Figure 1.5 Schematic diagram showing the states with different orientational order parameters
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global minimum free energies. We also know that the maximum value of S is 1. The quadratic term with
a positive c prevents S from exploding. The values of the coefficients can be estimated in the following
way: the energy of the intermolecular interaction between the molecules associated with orientation is
about 0:1 eV and the molecular size is about 1 nm, f is the energy per unit volume, and therefore
Taðor b or cÞ� 0:1 eV=volume of 1 molecule � 0:1
 10�19 joules=ð10�9 mÞ3� 107 J=m3. For a given
temperature, the order parameter S is found by minimizing f :

@ f

@S
¼ aðT � T�ÞS� bS2 þ cS3 ¼ aðT � T�Þ � bSþ cS2

� �
S ¼ 0 (1.40)

There are three solutions:

S1 ¼ 0

S2 ¼
1

2c
bþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � 4acðT � T�Þ

q� �

S3 ¼
1

2c
b�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � 4acðT � T�Þ

q� �

S1 ¼ 0 corresponds to the isotropic phase and the free energy is f1 ¼ 0. The isotropic phase has global
minimum free energy at a high temperature. It will be shown that at a low temperature S2 has global
minimum free energy

f2 ¼
1

2
aðT � T�ÞS2

2 �
1

3
bS3

2 þ
1

4
cS4

2

S3 has a local minimum free energy. At the nematic–isotropic phase transition temperature TNI , the order

parameter is Sc ¼ S2c, and f2ðS2 ¼ ScÞ ¼ f1 ¼ 0; that is,

1

2
aðTNI � T�ÞS2

c �
1

3
bS3

c þ
1

4
cS4

c ¼ 0 (1.41)

From Equation (1.40), at this temperature, we also have

aðTNI � T�Þ � bSc þ cS2
c ¼ 0 (1.42)

From these two equations, we can obtain

aðTNI � T�Þ � 1

3
bSc ¼ 0

Therefore

Sc ¼
3a

b
ðTNI � T�Þ (1.43)

Substituting Equation (1.43) into Equation (1.42), we get the transition temperature

TNI ¼ T� þ 2b2

9ac
(1.44)
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and the order parameter at the transition temperature

Sc ¼
2b

3c
(1.45)

For liquid crystal 5CB, the experimentally measured order parameter is shown by the solid circles in
Figure 1.6(a) [6]. In fitting the data, the following parameters were used: a ¼ 0:023s J=Km3, b ¼
1:2s J=m3; and c ¼ 2:2s J=m3, where s is a constant which has to be determined by the latent heat of the
nematic–isotropic transition.

Because S is a real number in the region from �0:5 to 1.0, when T � T�> b2=4ac, i.e., when
T � TNI > b2=4ac� 2b2=9ac ¼ b2=36ac, S2 and S3 are not real. The only real solution is S ¼ S1 ¼ 0,
corresponding to the isotropic phase. When T � TNI < b2=36ac, there are three solutions. However,
when 0 < T � TNI � b2=36ac, the isotropic phase is the stable state because its free energy is still the
global minimum as shown in Figure 1.6(b). When T � TNI � 0, the nematic phase with order parameter
S ¼ S2 ¼ bþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � 4acðT � T�Þ

ph i
=2c is the stable state because its free energy is the global

minimum.
In order to see the physical meaning clearly, let us plot f vs. S at various temperatures as shown in

Figure 1.7. At temperature T1 ¼ TNI þ b2=36acþ 1:0�C, the curve has only one minimum at S ¼ 0,
which means that S1 ¼ 0 is the only solution and the corresponding isotropic phase is the stable state. At
temperature T3 ¼ TNI þ b2=36ac� 0:5�C, there are two local minima and one local maximum, where
there are three solutions: S1 ¼ 0; S2 > 0; and S3 > 0. S1 ¼ 0 corresponds to the global minimum
free energy and the isotropic phase is still the stable state. At T4 ¼ TNI , the free energies of the isotropic
phase with order parameter S1 and the nematic phase with order parameter S2 become the same; phase
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Figure 1.6 (a) The three solutions of order parameter as a function of temperature; (b) the

corresponding free energies as a function of temperature, in Landau-de Gennes theory
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transition takes place and the order parameter changes discontinuously from 0 to Sc ¼ 2b=3c. This is a
first-order transition. It can be seen from the figure that at this temperature there is an energy barrier
between S1 and S2. If the system is initially in the isotropic phase and there are no means to overcome the
energy barrier, it will remain in the isotropic phase at this temperature. As the temperature is decreased,
the energy barrier is lowered. At T5 ¼ TNI � 3�C, the energy barrier is low. At T6 ¼ T�, the second-
order derivative of f with respect to S at S1 ¼ 0 is

@2 f

@S2

����
S¼0

¼ aðT � T�Þ � 2bSþ 3cS2

����
S¼0

¼ aðT � T�Þ ¼ 0

S1 is no longer a local minimum, and the energy barrier disappears. T� is therefore the supercooling
temperature below which the isotropic phase becomes absolutely unstable. At this temperature, S1 ¼ S3.
At T7 ¼ T� � 2�C, there are two minima located at S2ð> 0Þ and S3ð< 0Þ (the minimum value is slightly
below zero), and a maximum at S1 ¼ 0.

If initially the system is in the nematic phase, it will remain in this phase even at temperatures higher
than TNI and its free energy is higher than that of the isotropic phase because there is an energy barrier
preventing the system from transforming from the nematic phase to the isotropic phase. The temperature
T2 (superheating temperature) at which the nematic phase becomes absolutely unstable can be found
from

@2 f

@S2

����
S2

¼ aðT2 � T�Þ � 2bS2 þ 3cS2
2 ¼ 0 (1.46)

Using S2 ¼ ð1=2cÞ½bþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � 4acðT2 � T�Þ

p
�, we can get T2 ¼ TNI þ b2=36ac.

In reality, there are usually irregularities, such impurities and defects, which can reduce the energy
barrier of nematic–isotropic transition. The phase transition takes place before the thermodynamic
instability limits (the supercooling or superheating temperature). Under an optical microscope, it is
usually observed that with decreasing temperature nematic ‘islands’ are initiated by irregularities and
grow out of the isotropic ‘sea’, and with increasing temperature isotropic ‘lakes’ are produced by
irregularities and grow on the nematic ‘land’. The irregularities are called nucleation seeds and the
transition is a nucleation process. In summary, nematic–isotropic transition is a first-order transition and
the order parameter changes discontinuously, there is an energy barrier in the transition, and the
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Figure 1.7 Free energy vs. order parameter at various temperatures in Landau-de Gennes theory
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transition is a nucleation process; superheating and supercooling occur. In a second-order transition,
there is no energy barrier and the transition occurs simultaneously everywhere at the transition
temperature (the critical temperature).

There are a few points worth mentioning in Landau–de Gennes theory. First, the theory works well
at temperatures near the transition temperature. At temperatures far below the transition temperature,
however, the order parameter increases without limit with decreasing temperature, and the theory
does not work well because the maximum order parameter should be 1. In Figure 1.6, the parameters
are chosen in such a way that the fitting is good for a relatively wide temperatures region,
TNI � T� ¼ 2b2=9ac ¼ 6:3�C, which is much larger than the value (�18C) measured by light-scattering
experiments in the isotropic phase [18]. There are fluctuations in orientational order in the isotropic
phase, which results in a variation of refractive index in space and causes light scattering. The intensity
of the scattered light is proportional to 1=ðT � T�Þ.

1.3.3 Maier–Saupe theory

In the nematic phase, there are interactions, such as the van der Waals interaction, between the liquid
crystal molecules. Because the molecular polarizability along the long molecular axis is larger than
along the short transverse molecular axis, the interaction is anisotropic and results in the parallel
alignment of the rod-like molecules. In the spirit of the mean field approximation, Maier and Saupe
introduced an effective single molecule potential V to describe the intermolecular interaction [19, 20].
The potential has the following properties. (1) It must be a minimum when the molecule orients along the
liquid crystal director (the average direction of the long molecular axis of the molecules). (2) Its strength
is proportional to the order parameter S ¼ hP2ðcos yÞi because the potential well is deep when the
molecules are highly orientationally ordered and vanishes when the molecules are disordered. (3) It
assures that the probabilities for the molecules pointing up and down are the same. The potential in
Maier–Saupe theory is given by

VðyÞ ¼ �vS
3

2
cos2 y� 1

2

� �
(1.47)

where v is the orientational interaction constant of the order of 0:1 eV and y is the angle between the

long molecular axis and the liquid crystal director as shown in Figure 1.4. The probability f of the

molecule orienting along the direction with polar angle y is governed by the Boltzmann distribution:

f ðyÞ ¼ e�VðyÞ=kBT

�Zp
0

e�VðyÞ=kBT sin ydy (1.48)

The single molecule partition function is

Z ¼
Zp
0

e�VðyÞ=kBT sin ydy (1.49)

From the orientational distribution function we can calculate the order parameter:

S ¼ 1

Z

Zp
0

P2ð cos yÞe�VðyÞ=kBT sin ydy ¼ 1

Z

Zp
0

P2ð cos yÞevSP2ðyÞ=kBT sin ydy (1.50)

We introduce a normalized temperature t ¼ kBT=v. For a given value of t, the order parameter S can
be found by numerically solving Equation (1.50). An iteration method can be used for the numerical
calculation of the order parameter: (1) choose an initial value for the order parameter, (2) substitute it
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into the right hand side of Equation (1.50), and (3) calculate the order parameter. Use the newly obtained
order parameter to repeat the above process until a stable value is obtained. As shown in Figure 1.8(a),
there are three solutions: S1, S2, and S3. In order to determine which is the actual solution, we have to
examine the corresponding free energies. The free energy F has two parts, F ¼ U � TEn, where U is the
intermolecular interaction energy and En is the entropy. The single molecular potential describes the
interaction energy between one liquid crystal molecule and the remaining molecules of the system. The
interaction energy of the system with N molecules is given by

U ¼ 1

2
NhVi ¼ N

2Z

Zp
0

VðyÞe�VðyÞ=kBT sin ydy (1.51)

where the factor 1
2 avoids counting the intermolecular interaction twice. The entropy is calculated by

using Equation (1.32):

En ¼ �NkBhln f i ¼ �NkB

Z

Zp
0

ln½ f ðyÞ�e�VðyÞ=kBT sin ydy (1.52)

From Equation (1.48) we have ln½ f ðyÞ� ¼ �V ðyÞ=kBT � lnZ; therefore En ¼ ðN=TÞhVi þ NkB ln Z
and the free energy is

F ¼ U � TEn ¼ �NkBT ln Z � 1

2
NhVi (1.53)

From Equation (1.47) we have hVi ¼ �vS2 and therefore

F ¼ U � TEn ¼ �NkBTlnZ þ 1

2
NvS2 (1.54)

Although the second term in this equation looks abnormal, this equation is correct and can be checked

by calculating the derivative of F with respect to S:

@F

@S
¼ �NkBT

@ ln Z

@S
� 1

2
N
@hVi
@S
¼ �NkBT

Z

@Z

@S
þ NvS

1S

2S

f
3f

(b) (a) 
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Letting @F=@S ¼ 0, we have

S ¼ kBT

vZ

@Z

@S
¼ kBT

vZ

Zp
0

�1

kBT

@V

@S
e�VðyÞ=kBT sin ydy ¼ 1

Z

Zp
0

P2ð cos yÞevSP2ðyÞ=kBT sin ydy

which is consistent with Equation (1.50). The free energies corresponding to the solutions are shown in
Figure 1.8(b). The nematic–isotropic phase transition temperature is tNI ¼ 0:22019. For temperatures
higher than tNI , the isotropic phase with order parameter S ¼ S1 ¼ 0 has a lower free energy and thus is
stable. For temperatures lower than tNI , the nematic phase with order parameter S ¼ S2 has a lower free
energy and thus is stable. The order parameter jumps from 0 to Sc ¼ 0:4289 at the transition.

In the Maier–Saupe theory there are no fitting parameters. The predicted order parameter as a function
of temperature is universal, and agrees qualitatively, but not quantitatively, with experimental data. This
indicates that higher order terms are needed in the single molecule potential, i.e.,

VðyÞ ¼
X

i

½�vihPið cos yÞiPið cos yÞ� (1.55)

where Piðcos yÞ ði ¼ 2; 4; 6; . . .Þ are the ith-order Legendre polynomials. The fitting parameters are vi.

With higher order terms, better agreement with experimental results can be achieved.

Maier–Saupe theory is very useful in considering liquid crystal systems consisting of more than one
type of molecule, such as mixtures of nematic liquid crystals and dichroic dyes. The interactions between
different molecules are different and the constituent molecules have different order parameters.

All the theories discussed above do not predict well the orientational order parameter for temperatures
far below TNI . The order parameter as a function of temperature is better described by the empirical
formula [21]

S ¼ 1� 0:98TV2

TNIV
2
NI

 !0:22

(1.56)

where V and VNI are the molar volumes at T and TNI , respectively.

1.4 Elastic Properties of Liquid Crystals

In the nematic phase, the liquid crystal director ~n is uniform in space in the ground state. In reality, the
liquid crystal director ~n may vary spatially because of confinement or external fields. This spatial
variation of the director, called the deformation of the director, costs energy. When the variation occurs
over a distance much larger than the molecular size, the orientational order parameter does not change
and the deformation can be described by a continuum theory analogous to the classic elastic theory of a
solid. The elastic energy is proportional to the square of the spatial variation rate.

1.4.1 Elastic properties of nematic liquid crystals

There are three possible deformation modes of the liquid crystal director as shown in Figure 1.9. We
choose the cylindrical coordinate such that the z axis is parallel to the director at the origin of the
coordinate:~nð0Þ ¼ ẑ. Consider the variation of the director at an infinitely small distance from the origin.
When moving in the radial direction, there are two possible modes of variation: (1) the director tilts
toward the radial direction r̂ as shown in Figure 1.9(a), and (2) the director tilts toward the azimuthal
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direction f̂ as shown in Figure 1.9(b). The first mode is called splay, where the director at ðdr; f; z ¼ 0Þ
is

~nðdr; z ¼ 0Þ ¼ dnrðdrÞr̂þ ½1þ dnzðdrÞ�ẑ (1.57)

where dnr� 1 and dnz� 1. Because j~nj2 ¼ n2
r þ n2

f þ n2
z ¼ ðdnrÞ2 þ ð1þ dnzÞ2 ¼ 1, then dnz ¼

�ðdnrÞ2=2, where dnz is a higher order term and can be neglected. The spatial variation rate is @nr=@r
and the corresponding elastic energy is

fsplay ¼ ð1=2ÞK11ð@n r=@rÞ2 (1.58)

where K11 is the splay elastic constant.

The second mode is called twist, where the director at ðdr; f; z ¼ 0Þ is

~nðdr; f; z ¼ 0Þ ¼ dnfðdrÞf̂þ ½1þ dnzðdrÞ�ẑ (1.59)

where dnf� 1 and dnz ¼ �ðdnfÞ2=2, a higher order term which can be neglected. The spatial variation
rate is @nf=@r and the corresponding elastic energy is

ftwist ¼ ð1=2ÞK22ð@nf=@rÞ2 (1.60)

where K22 is the twist elastic constant.
When moving in the z direction, there is only one possible mode of variation, as shown in

Figure 1.9(c), which is called bend. The director at ðr ¼ 0; f; dzÞ is

~nðr ¼ 0; f; dzÞ ¼ dnrðdzÞr̂þ ½1þ dnzðdzÞ�ẑ (1.61)

where dnr� 1 and dnz ¼ �ðdnrÞ2=2, a higher order term which can be neglected.

x

y

z

n

x

y

z

n

z

n

(c)(b)(a) 

x

y

z

n

n
n

f f

f

dr dr

d
d

fd

d
r

Figure 1.9 The three possible deformations of the liquid crystal director: (a) splay; (b) twist; and

(c) bend
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Note that when r ¼ 0, the azimuthal angle is not well defined and we can choose the coordinate such
that the director tilts toward the radial direction. The corresponding elastic energy is

fbend ¼ ð1=2ÞK33ð@nr=@zÞ2 (1.62)

where K33 is the bend elastic constant. Because dnz is a higher order term, @nz=@z� 0 and

@nz=@r� 0. Recall thatr �~njr¼0; z¼0 ¼ ð1=rÞ@ðrnrÞ=@rþ ð1=rÞ@nf=@fþ @nz=@z ¼ @nr=@rþ dnr.

Because @nr=@r is finite and dnr� 1, r �~njr¼0; z¼0 ¼ @nr=@r. The splay elastic energy can be

expressed as fsplay ¼ ð1=2ÞK11ðr �~nÞ2. Because ~n ¼ ẑ, at the origin ~n � r 
~njr¼0; z¼0 ¼ ðr
~nÞz ¼
@nf=@r. The twist elastic energy can be expressed as ftwist ¼ ð1=2ÞK22ð~n � r 
~nÞ2. Because ~n

r
~njr¼0; z¼0 ¼ ðr 
~nÞr � ðr 
~nÞf ¼ @nr=@z, the bend elastic energy can be expressed as

fbend ¼ ð1=2ÞK33ð~n
r
~nÞ2. Putting all the three terms together, we obtain the elastic energy

density:

fela ¼
1

2
K11ðr �~nÞ2 þ

1

2
K22ð~n � r 
~nÞ2 þ

1

2
K33ð~n
r
~nÞ2 (1.63)

This elastic energy is often referred to as the Oseen–Frank energy and K11, K22, and K33 are referred
to as the Frank elastic constants because of his pioneering work on the elastic continuum theory of liquid
crystals [22]. The value of the elastic constants can be estimated in the following way. When a significant
variation of the director occurs in a length L, the angle between the average directions of the long
molecular axes of two neighboring molecules is ða/LÞ, where a is the molecular size. When the average
directions of the long molecular axes of two neighboring molecules are parallel, the intermolecular
interaction energy between them is a minimum. When the average direction of their long molecular
axes makes an angle of ða/LÞ, the intermolecular interaction energy increases to ða /LÞ2u, where u is the
intermolecular interaction energy associated with orientation and is about 0:1 eV. The increase of the
interaction energy is the elastic energy, i.e.,

a

L

� �2
u ¼ Kiiðr~nÞ2 
molecular volume ¼ Kii

1

L

� �2

a3

Therefore

Kii ¼
u

a
� 0:1
 10�19 J

1 nm
¼ 10�11 N

Experiments show that usually the bend elastic constant K33 is the largest and the twist elastic constant
K22 is the smallest. As an example, at room temperature the liquid crystal 5CB has these elastic
constants: K11 ¼ 0:64
 10�11 N, K22 ¼ 0:3
 10�11 N, and K33 ¼ 1
 10�11 N.

The elastic constants are temperature dependent. As shown in Maier–Saupe theory, the intermolecular
interaction energy u (the averaged value of the potential given by Equation (1.47) is proportional
to the square of the orientational order parameter S. Therefore the elastic constants are proportional
to S2.

It is usually sufficient to consider the splay, twist, and bend deformations of the liquid crystal
director in determining the configuration of the director, except in some cases where the surface to
volume ratio is high and another two terms, called divergence terms (or surface terms), may have to be
considered. The elastic energy density of these terms is given by f13 ¼ K13r � ð~nr �~nÞ and
f24 ¼ �K24r � ð~nr �~nþ~n
r
~nÞ, respectively [23]. The volume integral of these two terms

can be changed to a surface integral because of the Gauss theorem.
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1.4.2 Elastic properties of cholesteric liquid crystals

So far we have considered liquid crystals consisting of molecules with reflectional symmetry. The
molecules are the same as their mirror images, and are called achiral molecules. The liquid crystal 5CB
shown in Figure 1.1(a) is an example of an achiral molecule. Now we consider liquid crystals consisting
of molecules without reflectional symmetry. The molecules are different from their mirror images and
are called chiral molecules. Such an example is CB15 shown in Figure 1.10(a). It can be regarded as a
screw, instead of a rod, in considering its physical properties. After considering the symmetry where ~n
and �~n are equivalent, the generalized elastic energy density is

fela ¼
1

2
K11ðr �~nÞ2 þ

1

2
K22ð~n � r 
~nþ qoÞ2 þ

1

2
K33ð~n
r
~nÞ2 (1.64)

where qo is the chirality and its physical meaning will be discussed in a moment. Note that r
~n is a

pseudo-vector which does not change sign under reflectional symmetry while ~n � r 
~n is a pseudo-

scalar which changes sign under reflectional symmetry operation. Under reflectional symmetry operation,

the elastic energy changes to

f 0ela ¼
1

2
K11ðr �~nÞ2 þ

1

2
K22ð�~n � r 
~nþ qoÞ2 þ

1

2
K33ð�~n
r
~nÞ2 (1.65)

If the liquid crystal molecule is achiral and thus has reflectional symmetry, the system does not
change and the elastic energy does not change under reflectional symmetry operation. It is required that
fela ¼ f 0eta; then qo ¼ 0. When the liquid crystal is in the ground state with minimum free energy,
fela ¼ 0, which requires that r �~n ¼ 0, ~n � r 
~n ¼ 0, and ~n
r
~n ¼ 0. This means that in the

ground state, the liquid crystal director ~n is uniformly aligned along one direction.
If the liquid crystal molecule is chiral and thus has no reflectional symmetry, the system changes under

reflectional symmetry operation. The elastic energy may change. It is no longer required that fela ¼ f 0eta,
and thus qo may not be zero. When the liquid crystal is in the ground state with minimum free energy,
fela ¼ 0, which requires thatr �~n ¼ 0,~n � r 
~n ¼ �qo, and~n
r
~n ¼ 0. A director configuration

which satisfies the above conditions is

nx ¼ cosðqozÞ; ny ¼ sinðqozÞ; nz ¼ 0 (1.66)

and is schematically shown in Figure 1.11. The liquid crystal director twists in space. This type of liquid

crystal is called a cholesteric liquid crystal. The axis around which the director twists is called the helical

axis and is chosen to be parallel to z here. The distance Po over which the director twists by 360� is called

the pitch and is related to the chirality by

Po ¼
2p
qo

(1.67)

CH3
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CH2 CH2

C NCH

(b)(a)

Figure 1.10 (a) Chemical structure of a typical chiral liquid crystal molecule; (b) physical model of a

chiral liquid crystal molecule
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Depending on the chemical structure, the pitch of a cholesteric liquid crystal could take any value in the

region from a few tenths of a micron to infinitely long. The periodicity of a cholesteric liquid crystal with

pitch Po is Po=2 because ~n and �~n are equivalent. Cholesteric liquid crystals are also called chiral

nematic liquid crystals and denoted as N�. Nematic liquid crystals can be considered as a special case of

cholesteric liquid crystals with an infinitely long pitch.

In practice, a cholesteric liquid crystal is usually obtained by mixing a nematic host with a chiral
dopant. The pitch of the mixture is given by

P ¼ 1

ðHTPÞ � x (1.68)

where x is the concentration of the chiral dopant and (HTP is the helical twisting power of the chiral

dopant, which is mainly determined by the chemical structure of the chiral dopant and depends only

slightly on the nematic host.

1.4.3 Elastic properties of smectic liquid crystals

Smectic liquid crystals possess partial positional orders besides the orientational order exhibited in
nematic and cholesteric liquid crystals. Here we only consider the simplest case: smectic-A. The elastic
energy of the deformation of the liquid crystal director in smectic-A is the same as in the nematic liquid
crystal. In addition, the dilatation (compression) of the smectic layer also costs energy which is given by
[24]

flayer ¼
1

2
B

d � do

do

� �2

(1.69)

where B is the elastic constant for the dilatation of the layer and is referred as to the Young modulus, do

and d are the equilibrium layer thickness (the periodicity of the density undulation) and the actual layer

Figure 1.11 Schematic diagram of the director configuration of the cholesteric liquid crystal

22 LIQUID CRYSTAL PHYSICS



thickness of the smectic layer, respectively. Typical values of B are about 106�107 J=m3, which are

103 to 104 smaller than those in a solid. In a slightly deformed smectic-A liquid crystal, we consider a

closed loop as shown in Figure 1.12. The total number of layers traversed by the loop is zero, which

can be mathematically expressed as
H
~n � dl ¼ 0. Using the Stokes theorem, we have

R
r
~n � d~s ¼H

~n � dl ¼ 0. Therefore in smectic-A we have

r
~n ¼ 0 (1.70)

which assures that ~n � r 
~n ¼ 0 and ~n
r
~n ¼ 0. The consequence is that twist and bend

deformations of the director are not allowed (because they change the layer thickness and cost too

much energy). The elastic energy in a smectic-A liquid crystal is

felas ¼
1

2
K11ðr �~nÞ2 þ

1

2
B

d � do

do

� �2

(1.71)

Some chiral liquid crystals, as the temperature is decreased, exhibit the mesophases isotropic !
cholesteric ! smectic-A. Because of the property shown by Equation (1.70), there is no spontaneous

twist in smectic-A. Expressed another way, the pitch in smectic-A is infinitely long. In the cholesteric

phase, as the temperature is decreased toward the cholesteric–smectic-A transition, there is a

pretransitional phenomenon where the smectic-A order forms in short space-scale and time-scale due

to thermal fluctuations. This effect causes the pitch of the cholesteric liquid crystal to increase with

decreasing temperature and diverge at the transition temperature as shown in Figure 1.13. As will be

discussed later, a cholesteric liquid crystal with pitch P exhibits Bragg reflection at the wavelength

l ¼ nP, where n is the average refractive index of the material. If l ¼ nP is in the visible light region,

n

Figure 1.12 Schematic diagram showing the deformation of the liquid crystal director and the

smectic layer in the smectic-A liquid crystal

T

P

IsotropicCholestericSmectic-A 
TCh−SA TI−Ch

Visible
region

2T 1T

Figure 1.13 Schematic diagram showing how the pitch of a thermochromic cholesteric liquid crystal

changes
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the liquid crystal reflects colored light. When the temperature is varied, the color of the liquid crystal

changes. These types of cholesteric liquid crystals are known as thermochromic cholesteric liquid

crystals [24]. As shown in Figure 1.13, the reflected light is in the visible region for temperatures in

the region from T1 to T2. There are liquid crystals with DT ¼ T1 � T2 ¼ 1�. If there are two

thermochromic cholesteric liquid crystals with different cholesteric–smectic-A transition temperatures,

mixtures with different concentrations of the two components will exhibit color reflections at different

temperatures. This is how thermochromic cholesteric liquid crystals are used to make thermometers.

1.5 Response of Liquid Crystals to Electromagnetic Fields

Liquid crystals are anisotropic dielectric and diamagnetic media [1,25]. Their resistivities are very high
ð� 1010 O cmÞ. Dipole moments are induced in them by external fields. They have different dielectric
permittivities and magnetic susceptibilities along the directions parallel and perpendicular to the liquid
crystal director.

1.5.1 Magnetic susceptibility

We first consider magnetic susceptibility. Because the magnetic interaction between the molecules is
weak, the local magnetic field of the molecules is approximately the same as the externally applied
magnetic field. For a uniaxial liquid crystal, a molecule can be regarded as a cylinder. When a magnetic
field ~H is applied to the liquid crystal, it has different responses to the applied field, depending on the
angle between the long molecular axis ~a and the field ~H . The magnetic field can be decomposed into a
parallel component and a perpendicular component as shown in Figure 1.14. The magnetization ~M is
given by

~M ¼ Nkkð~a � ~HÞ~aþ Nk? ½~H � ð~a � ~HÞ~a�
¼ Nk?~H þ NDkð~a � ~HÞ~a
¼ Nk? ~H þ NDkð~a~aÞ � ~H

(1.72)

where N is the molecular number density, kk and k? are molecular magnetic polarizabilities parallel and

perpendicular to the long molecular axis, respectively, and Dk ¼ kk � k? . Expressed in matrix form,

Equation (1.72) becomes

~M ¼ N

k? þ Dkaxax Dkaxay Dkaxaz

Dkayax k? þ Dkayay Dkayaz

Dkazax Dkazay k? þ Dkazaz

0
B@

1
CA � ~H ¼ N k

$ � ~H (1.73)

where ai ði ¼ x; y; zÞ are the projections of~a in the x, y, and z directions in the lab frame whose z axis is

parallel to the liquid crystal director: az ¼ cosy, ax ¼ sin y cosf, and ay ¼ sin y sinf. The molecule

swivels because of thermal motion. The averaged magnetization is ~M ¼ Nhk$ i � ~H. For a uniaxial

liquid crystal, recall that hcos2 yi ¼ ð2Sþ 1Þ=3, hsin2 yi ¼ ð2� 2SÞ=3, hsin2 fi ¼ hcos2 fi ¼ 1=2,

and hsinf cosfi ¼ 0. Therefore

h k$i ¼
k? þ 1

3ð1� SÞDk 0 0

0 k? þ 1
3ð1� SÞDk 0

0 0 k? þ 1
3ð2Sþ 1ÞDk

0
B@

1
CA (1.74)
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Because ~M ¼ w~ �~H, the magnetic susceptibility tensor is

w
$¼

w? 0 0

0 w? 0

0 0 wk

0
B@

1
CA¼N

k?þ 1
3ð1� SÞDk 0 0

0 k?þ 1
3ð1� SÞDk 0

0 0 k? þ 1
3ð2Sþ 1ÞDk

0
B@

1
CA (1.75)

The anisotropy is

Dw¼ wk � w? ¼NDkS (1.76)

where wk and w? are negative and small (�10�5 in SI units) and Dw is usually positive. From Equation

(1.75) it can be seen that ð2w? þ wkÞ=3¼Nð3k? þDkÞ=3¼Nð2k? þkkÞ=3, which is independent of

the order parameter. The quantity ð2w? þ wkÞ=3N does not change discontinuously when crossing the

nematic–isotropic transition.

1.5.2 Dielectric permittivity and refractive index

When an electric field is applied to a liquid crystal, it will induce dipole moments in the liquid crystal.
For a uniaxial liquid crystal, the molecule can be regarded as a cylinder, and it has different molecular
polarizabilities parallel and perpendicular to the long molecular axis ~a. Similar to the magnetic case,
when a local electric field ~Eloc (also called an internal field) is applied to the liquid crystal, the
polarization (dipole moment per unit volume) is given by

~P ¼ Nakð~a �~ElocÞ~aþ Na? ½~Eloc � ð~a �~ElocÞ~a�
¼ Na?~Eloc þ NDað~a �~ElocÞ~a
¼ Na?~Eloc þ NDað~a~aÞ �~Eloc

(1.77)

H

a

H//

⊥H

b

y

z

x

n

f

q

Figure 1.14 Schematic diagram showing the field decomposed into components parallel and

perpendicular to the long molecular axis: ~a, unit vector parallel to the long molecular axis; ~b, unit

vector perpendicular to the long molecular axis
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where N is the molecular density, ak and a? are the molecular polarizabilities parallel and

perpendicular to the long molecular axis, respectively, and Da ¼ ak � a? . Different from the magnetic

case, the dipole–dipole interactions between the molecules are strong, or, stated in another way, the

local electric field on a molecule is the sum of the externally applied electric field and the electric field

produced by the dipole moments of other molecules. We can approach this problem in the following

way. Imagine a cavity created by removing the molecule under consideration, as shown in Figure 1.15.

The macroscopic field~E is the sum of the field~Eself produced by the molecule itself and the field~Eelse,

which is the local field ~Elocal produced by the external source and the rest of the molecules of the

system:

~E ¼ ~Eself þ~Eelse ¼ ~Eself þ~Elocal (1.78)

In order to illustrate the principle, let us first consider an isotropic medium. The cavity can be regarded as
a sphere. The field ~Eself is produced by the dipole moment inside the sphere, which can be calculated in
the following way. In the calculation of the field, the dipole moment can be replaced by the surface
charge produced by the dipole moment on the surface of the sphere. The surface charge density is
s ¼ ~P � ~m. The field produced by the surface charge is ~Eself ¼ �~P=3eo. The local field is
~Elocal ¼ ~E þ ~P=3eo. Hence the polarizability is

~P ¼ Na~Eloc ¼ Nað~E þ~P=3eoÞ (1.79)

~P ¼ Na~E
1� Na=3eo

(1.80)

The electric displacement ~D ¼ eoe~E ¼ eo~E þ ~P, where eo ¼ 8:85
 1012 N=V2 is the permittivity of
vacuum, and e is the (relative) dielectric constant which is given by

e ¼ 1þ
~P

eo
~E
¼ 1þ Na=eo

1� Na=3eo
(1.81)

e� 1

eþ 2
¼ 1

3eo
Na (1.82)

Induced
dipole

R RP

Figure 1.15 Schematic diagram showing how a macroscopic field is produced in a medium
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which is called the Clausius–Mossotti relation. At optical frequencies, the refractive index n is given by

n2 ¼ e, and therefore
n2 � 1

n2 þ 2
¼ 1

3eo
Na (1.83)

which is called the Lorentz–Lorenz relation. The local field is related to the macroscopic field by

~Elocal ¼ ~E þ~P=3eo ¼ ~E þ
Na=3eo

1� Na=3eo

~E ¼ 1

1� Na=3eo

~E ¼ K~E (1.84)

where the defined K ¼ 1=ð1� Na=3eoÞ is called the internal field constant.

Liquid crystals are anisotropic. The local field ~Elocal in them depends on the macroscopic field ~E as
well as the angles between ~E and the long molecular axis ~a and the liquid crystal director ~n. They are
related to each other by

~Elocal ¼ K
$ �~E (1.85)

where K
$

is the internal field tensor which is a second-rank tensor. Taking account of the internal field

tensor and the thermal motion of the molecules, the polarization is

~P ¼ Na? h~Ki �~E þ NDah½~K � ð~a~aÞ�i �~E (1.86)

The macroscopic dielectric tensor is

e$ ¼ I
$ þ N

eo
½a? hK

$ i þ DahK$ � ð~a~aÞi� (1.87)

In a material consisting of non-polar molecules, the induced polarization consist of two parts: (1) the

electronic polarization Pelectronic which comes from the deformation of the electron clouds of the

constituting atoms of the molecule, and (2) the ionic polarization Pionic which comes from the relative

displacement of the atoms constituting the molecule. For a material consisting of polar molecules,

there is a third contribution, namely the dipolar polarization Pdipolar , which comes from the

reorientation of the dipole. These contributions to the molecular polarizability depend on the frequency

of the applied field. The rotation of the molecule is slow and therefore the dipole-orientation

polarization can only contribute up to a frequency of megahertz. The vibration of atoms in molecules is

faster and the ionic polarization can contribute up to the frequency of infrared light. The motion of

electrons is the fastest and the electronic polarization can contribute up to the frequency of ultraviolet

light. In relation to the magnitudes, the order is Pelectronic <Pionic <Pdipolar .

At optical frequencies, only the electronic polarization contributes to the molecular polarizability,
which is small, and the electric field is usually low. De Jeu and Bordewijk showed experimentally that (1)
ð2e? þ ekÞ=3r is a constant through the nematic and isotropic phases [25, 26], where r is the mass
density, and (2) the dielectric anisotropy De ¼ ek � e? is directly proportional to the anisotropy of the
magnetic susceptibility. Based on these results, it was concluded that K

$
is a molecular tensor

independent of the macroscopic dielectric anisotropy. In the molecular principal frame Zzx with the
x axis parallel to the long molecular axis ~a, ~K has the form

~K ¼
K? 0 0

0 K? 0

0 0 Kk

0
B@

1
CA (1.88)
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Next we need to find the form of K
$

in the lab frame xyz with the z axis parallel to the liquid crystal

director~n. Because of the axial symmetry around~a, we only need to consider the transformation of the

matrix between the two frames as shown in Figure 1.16. The frame Zzx is achieved by first rotating the

frame xyz around the z axis through the angle f and then rotating the frame around the z axis through

the angle y. The rotation matrix is

R
$ ¼

cos y cosf �sinf sin ycosf

cos y sinf cosf sin y sinf

�sin y 0 cos y

0
B@

1
CA (1.89)

and the reverse rotation matrix is

R
$�1 ¼

cos y cosf cos y sinf �sin y

�sinf cosf 0

sin y cosf sin y sinf cos y

0
B@

1
CA (1.90)

In the lab frame K
$

has the form

~K¼R
$ �

K? 0 0

0 K? 0

0 0 K==

0
B@

1
CA � R$�1

¼
K? þ DK sin2 y cos2 f DK sin2 y sinf cosf DK sin y cos y cosf

DK sin2 y sinf cosf K? þ DK sin2 y sin2 f DKsin y cos y sinf

DK sin y cos y cosf DK sin y cos y sinf K? þ DK cos2 y

0
B@

1
CA

(1.91)
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Figure 1.16 Schematic diagram showing the transformation between the molecular principal frame

Zzx and the lab frame xyz
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where DK ¼ Kk � K? , and ~a~a has the form

~a~a ¼
sin y cosf

sin y sinf

cos y

0
B@

1
CAð sin y cosf sin y sinf cos y Þ

¼
sin2 y cos2 f sin2 y sinf cosf sin y cos y cosf

sin2 y sinf cosf sin2 y sin2 f sin y cos y sinf

sin y cos y cosf sin y cos y sinf cos2 y

0
B@

1
CA

(1.92)

and ~a~a � K$ has the form

~a~a � K$ ¼
Kk sin2 y cos2 f Kk sin2 y sinf cosf Kk sin y cos y cosf

Kk sin2 y sinf cosf Kk sin2 y sin2 f Kk sin y cos y sinf

Kk sin y cos y cosf Kk sin y cos y sinf Kk cos2 y

0
BB@

1
CCA (1.93)

Recall that hcos2 yi ¼ ð2Sþ 1Þ=3, hsin2 yi ¼ ð2� 2SÞ=3, hsin2 fi ¼ hcos2 fi ¼ 1=2, and hcos yi ¼
hsinfi ¼ hcosfi ¼ hsinf cosfi ¼ 0; therefore their averaged values are

hK$ i ¼
K? þ DKð1� SÞ=3 0 0

0 K? þ DKð1� SÞ=3 0

0 0 K? þ DKð2Sþ 1Þ=3

0
B@

1
CA (1.94)

h~a~a � K$ i ¼
Kkð1� SÞ=3 0 0

0 Kkð1� SÞ=3 0

0 0 Kkð2Sþ 1Þ=3

0
B@

1
CA (1.95)

e$ ¼ I
$ þ N

eo
½a? hK

$ i þ DahK$ � ð~a~aÞi�

Therefore

e$ ¼

1þ N

3eo
½a?K? ð2þ SÞ

þ akKkð1� SÞ�

0 0

0 1þ N

3eo
½a?K? ð2þ SÞ

þ akKkð1� SÞ�

0

0 0 1þ N

3eo
½a?K? ð2� 2SÞ

þ akKkð1þ 2SÞ�

0
BBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCA

(1.96)
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The anisotropy is

De ¼ ek � e? ¼
N

eo
ðakKk � a?K? ÞS (1.97)

which is linearly proportional to the order parameter S. In terms of the refractive indices, Equation

(1.97) becomes

n2
k � n2

? ¼ 2nDn ¼ N

eo
ðakKk � a?K? ÞS

where n ¼ ðnk þ n? Þ=2 and Dn ¼ ðnk � n? Þ. Approximately, the birefringence Dn is linearly propor-
tional to the order parameter. For most liquid crystals, n� 1:5�2:0 and Dn� 0:05�0:3.

The electronic polarization may be treated by using classical mechanics where the system is regarded
as a simple harmonic oscillator. There are three forces acting on the electron: (1) the elastic restoring
force �Kx, where K is the elastic constant and x is the displacement of the electron from its equilibrium
position; (2) the viscosity force �g@x=@t; and (3) the electric force �eEoeiot, where Eo and o are the
amplitude and frequency of the applied electric field, respectively. The dynamic equation is

m
d2x

dt2
¼ �kx� eEoeiot � g

@x

@t
(1.98)

The solution is x ¼ xoeiot and the amplitude of the oscillation is

xo ¼
�eEo

mðo2 � o2
oÞ þ igo

(1.99)

where oo ¼
ffiffiffiffiffiffiffiffiffi
k=m

p
is the frequency of the oscillator (the frequency of the transition dipole moment in

quantum mechanics). The induced dipole moment is p ¼ �exo. The molecule polarizability is

a ¼ p=Eloc ¼
e2

m

ðo2
o � o2Þ

ðo2
o � o2Þ2 þ ðgo=mÞ2

� i
e2

m

go=m

ðo2
o � o2Þ2 þ ðgo=mÞ2

(1.100)

which is a complex number and the imaginary part corresponds to absorption. When the frequency of

the light is far from the absorption frequency oo or the viscosity is small, the absorption is negligible,

a ¼ p=Eloc ¼ ðe2=mÞ=ðo2
o � o2Þ. The refractive index is

n2/ a/ 1

ðo2
o � o2Þ ¼

1

½ð2p=CloÞ2 � ð2p=ClÞ2�
¼ C2l2

o

4p2

l2

l2 � l2
o

as expressed in Sellmeier’s equation

n2 ¼ 1þ Hl2

l2 � l2
o

(1.101)

where H is a constant. When l is much longer than lo, expanding the above equation we have

n�Aþ B

l2
þ C

l4
(1.102)

This is Cauchy’s equation. The refractive index increases with decreasing wavelength. For liquid

crystals, along different directions with respect to the long molecular axis, the molecular

polarizabilities are different. Also along different directions, the frequencies of the transition dipole

30 LIQUID CRYSTAL PHYSICS



moments are different, which results in dichroic absorption: that is, when the electric field is parallel to

the transition dipole moment, the light is absorbed; when the electric field is perpendicular to the

transition moment, the light is not absorbed. Positive dichroic dyes have transition dipole moments

parallel to the long molecular axis, while negative dichroic dyes have transition dipole moments

perpendicular to the long molecular axis.

Under DC or low-frequency applied electric fields, for liquid crystals of polar molecules, the dipolar
polarization is dominant. For a liquid crystal with a permanent dipole moment ~p , the polarization is
given by

~P ¼ Na? h~Ki �~E þ NDah½~K � ð~a~aÞ�i �~E þ Nh~p i (1.103)

The macroscopic dielectric tensor is

e
$ ¼ I

$
þ N

eo
½a? hK

$
i þ DahK

$
� ð~a~aÞi þ h p

!i~E=E2� (1.104)

The energy of the dipole in the directing electric field ~Ed is u ¼ �~p �~Ed . The directing field ~Ed is

different from the local field~Eloc because the dipole polarizes its surroundings, which in turn results in

a reaction field ~Er at the position of the dipole. As ~Er is always parallel to the dipole, it cannot affect

the orientation of the dipole. As an approximation, it is assumed that ~Ed ¼ d �~E, where d is a constant.

Usually the dipole moment p is about 1e
 1 A� ¼ 1:6
 10�19 C
 10�10 m ¼ 1:6
 10�29 mC. At

room temperature ðT � 300 KÞ and under the normal strength field E� 1 V=mm ¼ 106 V=m,

pE=3kBT� 1. Consider a liquid crystal molecule with a permanent dipole moment making an angle

b with the long molecular axis. In the molecular frame Zzx, the components of ~p are

ð p sin b cosc; p sin b sinc; p cos bÞ, as shown in Figure 1.17. Using the rotation matrix given by

Equation (1.90), we can calculate the components of ~p in the lab frame xyz:

p
! ¼

cosf �cos y sinf �sin y sinf

sinf cos y cosf sin y cosf

0 �sin y cos y

0
B@

1
CA � p

sin b cosc

sin b sinc

cos b

0
B@

1
CA

¼ p

sin b cosc cosf� sin b sinc cos y sinf� cos b sin y sinf

sin b sinc sinfþ sin b sinc cos y cosfþ cos bsin y cosf

�sin y sin b sincþ cos y cos b

0
B@

1
CA

(1.105)
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Figure 1.17 Schematic diagram showing the orientation of the dipole ~p in the molecular principal

frame Zzx and the lab frame xyz
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When the applied field is parallel to~n, ~E ¼ Ek~z, the projection of the dipole along the applied field is

pk ¼ � pðsin b sinc sin yþ cos b cos yÞ (1.106)

and the energy is

u ¼ �dpðcos b cos y� sin b sinc sin yÞEk (1.107)

The average value of the projection is

h pki ¼
R
ð p cos b cos y� p sin b sinc sin yÞe�u=kBT�VðyÞ=kBT sin ydydfdcR

e�u=kBT�VðyÞ=kBT sin ydydfdc
(1.108)

Because �u� kBT , e�u=kBT �ð1� u=kBTÞ, then

h pki ¼
dEk
kBT

R
ð p cos b cos y� p sin b sinc sin yÞ2e�VðyÞ=kBT sin ydydfdcR

e�u=kBT�VðyÞ=kBT sin ydydfdc

¼
dEk p2

kBT
hðcos2 b cos2 yþ sin2 b sin2 y sin2 c� sinb cos b siny cos y sincÞi

Because hsin2 ci ¼ 1=2, hsinci ¼ 0, hcos2 yi ¼ ð2Sþ 1Þ=3, and hsin2yi ¼ ð2� 2SÞ=3,

h pki ¼
dEk p2

3kBT
½cos2 bð2Sþ 1Þ þ sin2 bð1� SÞ� ¼

dEk p2

3kBT
½1� ð1� 3 cos2 bÞS� (1.109)

From Equations (1.96), (1.104), and (1.109), we have

ek ¼ 1þ N

3eo
fa?K? ð2� 2SÞ þ akKkð1þ 2SÞ þ dp2

kBT
½1� ð1� 3 cos2 bÞS�g (1.110)

Note that ak and a? are the molecular polarizabilities contributed by the electronic and ionic

polarizations.

When the applied field is perpendicular to ~n, say ~E ¼ E? x̂, the projection of the dipole along the
applied field is

p? ¼ pðsin b cosc cosf� sin b sinc cos y sinf� cos b sin y sinfÞ (1.111)

and the energy is

u ¼ �dpðsin b cosc cosf� sin b sinc cos y sinf� cos b sin ysinfÞE? (1.112)

The average value of the projection is

h p? i¼
dE? p2

kBT

1

4
sin2 bþ 1

4
sin2 b

ð2Sþ 1Þ
3

þ cos2 b
ð1� SÞ

3

� �

¼ dE? p2

3kBT
1þ 1

2
ð1� 3cos2 bÞS

� �
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From Equations (1.96), (1.104), and (1.112), we have

e? ¼ 1þ N

3eo
a?K? ð2þ SÞ þ akKkð1� SÞ þ dp2

kBT
1þ 1

2
ð1� 3 cos2 bÞS

�� �
(1.113)

�

The dielectric anisotropy is

De ¼ ek � e? ¼
N

eo
ðakKk � a?K? Þ �

d p2

2kBT
ð1� 3 cos2 bÞ

� �
S (1.114)

which is proportional to the order parameter S. The contribution of induced polarization (electronic and

ionic polarizations) changes with temperature like S, while the contribution of the orientation

polarization changes with temperature like S/T. When the angle between the permanent dipole and the

long molecular axis is b ¼ 55�, ð1� 3 cos2 bÞ ¼ 0, the orientation polarization of the permanent

dipole does not contribute to De.
The permanent dipole moment is fixed on the molecule. Thus the molecule has to reorient in order to

contribute to the dielectric constants. Qualitatively speaking, only when the frequency of the applied
field is lower than a characteristic frequency oc can the molecule rotate to follow the oscillation of the
applied field and therefore to contribute to the dielectric constants. For rod-like liquid crystal molecules,
it is easier to spin around the long molecular axis than to rotate around a short molecular axis. Therefore
the characteristic frequency o? c for e? is higher than the characteristic frequency okc for ek. For
molecules for which the angle b between the permanent dipole and the long molecular axis is very small,
De is always positive at all frequencies. For molecules with large permanent dipole moment p and large
b, De is negative at low frequencies. For molecules with large permanent dipole moment p and
intermediate b, De is positive at low frequencies, then changes to negative when the frequency is
increased above a crossover frequency oo. The cross over frequency is in the region from a few kilohertz
to a few tens of kilohertz. At infrared light or higher frequencies, the dipolar polarization no longer
contributes, and De is always positive.

1.6 Anchoring Effects of Nematic Liquid Crystals at Surfaces

In most liquid crystal devices, the liquid crystals are sandwiched between two substrates coated with
alignment layers. In the absence of externally applied fields, the orientation of the liquid crystal in the
cell is determined by the anchoring condition of the alignment layer [26–28].

1.6.1 Anchoring energy

Consider an interface between a liquid crystal (z> 0) and an alignment layer (z< 0) as shown in
Figure 1.18. For a liquid crystal molecule on the interface, some of the surrounding molecules are liquid
crystal molecules and other surrounding molecules are alignment layer molecules. The potential for the
molecule’s orientation is different from that of the liquid crystal in the bulk, where all the surrounding
molecules are liquid crystal molecules. At the interface, the orientational and positional orders may be
different from those in the bulk. Here we only discuss the anisotropic part of the interaction between the
liquid crystal molecule and the alignment layer molecule. The liquid crystal is anisotropic. If the
alignment layer is also anisotropic, then there is a preferred direction, referred to as the easy axis, for the
liquid crystal director at the interface, as shown in Figure 1.18. The interaction energy is a minimum
when the liquid crystal director is along the easy axis. The z axis is perpendicular to the interface and
pointing toward the liquid crystal side. The polar angle and the azimuthal angle of the easy axis are yo

and fo, respectively. If yo ¼ 0
�
, the anchoring is referred to as homeotropic. If yo ¼ 90

�
and fo is well
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defined, the anchoring is termed homogeneous. If yo ¼ 90
�

and there is no preferred azimuthal angle, the
anchoring is called planar. If 0< yo < 90

�
, the anchoring is referred to as tilted.

When the liquid crystal director~n is aligned along the direction specified by the polar angle y and the
azimuthal angle f, the anisotropic part of the surface energy, referred to as the anchoring energy
function, of the liquid crystal is fs ¼ fsðy; fÞ. When y ¼ yo and f ¼ fo, fs has a minimum value of 0,
and thus @fs=@yjy¼yo

¼ 0 and @ fs=@fjf¼fo
¼ 0. The materials above and below the interface are

different and there is no reflectional symmetry about the interface. If yo 6¼ 0, the anchoring energy does
not have azimuthal rotational symmetry around the easy direction. Therefore the anchoring energies are
different for deviations in polar angle and azimuthal angle. For small deviations, in the Rapini–Papoular
model [29,30], the anchoring energy function can be expressed as

fs ¼
1

2
W p sin2 b p þ

1

2
Wa sin2 ba (1.115)

where b p and ba are the angles between~n and the easy axis when~n deviates from the easy axis in the

polar angle direction and azimuthal angle direction, respectively; Wp and Wa are the polar and

azimuthal anchoring strengths, respectively. For small y� yo and f� fo, we have the approximations

sin2 b p ¼ sin2 ðy� yoÞ and sin2 ba ¼ sin2 ðf� foÞ sin2 yo. Therefore the anchoring energy function

is

fs ¼
1

2
W p sin2 ðy� yoÞ þ

1

2
Wa sin2 yo sin2 ðf� foÞ (1.116)

1.6.2 Alignment layers

Homogeneous anchoring can be achieved by mechanically rubbing the surface of the substrate, such as
glass, of the liquid crystal cell with a cotton ball or cloth. The rubbing creates micro-grooves along the
rubbing direction in the form of ridges and troughs, as shown in Figure 1.19(a). When the liquid crystal is
aligned parallel to the grooves, there is no orientational deformation. If the liquid crystal were
perpendicular to the groves, there would be orientational deformation, which costs elastic energy.
Therefore the liquid crystal will be homogeneously aligned along the grooves (the rubbing direction).
The problem with alignment created in this way is that the anchoring strength (� 10�5 J=m2) is weak.
Widely used for the homogeneous alignment layer are rubbed polyimides. The rubbing not only creates
the micro-grooves but also aligns the polymer chains. The intermolecular interaction between the liquid
crystal and the aligned polymer chains also favors parallel alignment and thus increases the anchoring
energy. The anchoring strength can become as high as 10�3 J=m2. Furthermore, pretilt angles of a few
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Figure 1.18 Schematic diagram showing the easy axis of the anchoring and the liquid crystal director
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degrees can be generated. Homogeneous anchoring can also be achieved by using obliquely evaporated
SiO film.

Homeotropic anchoring can be achieved using monolayer surfactants such as lecithin and silane. The
polar head of the surfactant is chemically attached to the glass substrate and the hydrocarbon tail points
out and perpendicular to the surface, as shown in Figure 1.19(b). The intermolecular interaction between
the surfactant and the liquid crystal promotes the homeotropic alignment.

Homework Problems

1.1 Consider a nematic liquid crystal. The molecule can be regarded as a cylinder with a length of 2 nm
and diameter of 0.5 nm. The molecule has a permanent dipole moment of 10�29 mC at the center of
the molecule. The interaction between the molecules comes from the interactions between the
permanent dipoles. Calculate the interaction between two molecules in the following cases: (1) one
molecule is on top of the other molecule and the dipoles are parallel, (2) one molecule is on top of
the other molecule and the dipoles are anti-parallel, (3) the molecules are side by side and the
dipoles are parallel, and (4) the molecules are side by side and the dipoles are anti-parallel.

1.2 Using Equations (1.11), (1.25), and (1.31), prove that the entropy of a system at a constant
temperature is

S ¼ �kBhln ri ¼ �kB

X
i

ri ln ri

1.3 Calculate the orientational order parameter in the following two cases. (1) The orientational
distribution function is f ðyÞ ¼ cos2 y. (2) The orientational distribution function is f ðyÞ ¼ sin2 y.
y is the angle between the long molecular axis and the liquid crystal director.

1.4 Landau–de Gennes theory. For a liquid crystal with parameters a ¼ 0:1319
 105 J=Km3,
b ¼ �1:836
 105 J=m3, and c ¼ 4:05
 105 J=m3, numerically calculate the free energy as a
function of the order parameter and identify the order parameters corresponding to the maximum
and minimum free energy at the following temperatures: (1) T � T� ¼ 4:0 �C, (2) T � T� ¼
3:0 �C, (3) T � T� ¼ 2:0 �C, (4) T � T� ¼ 1:0 �C, (5) T � T� ¼ 0:0 �C, (6) T � T� ¼ �10:0 �C.

1.5 Maier–Saupe theory. Use Equation (1.50) to numerically calculate all the possible order para-
meters as a function of the normalized temperature t ¼ kBT=v, and use Equation (1.54) to calculate
the corresponding free energy.

1.6 Use Maier–Saupe theory to study the isotropic–nematic phase transition of a binary mixture
consisting of two components A and B. For molecule A, when its long molecular axis makes an
angle yA with respect to the liquid crystal director, the single molecular potential is

VAðyÞ ¼ �vAAð1� xÞSA
3

2
cos2 yA �

1

2

� �
� vABxSB

3

2
cos2 yA �

1

2

� �

(a) (b)

Figure 1.19 (a) Schematic diagram showing the liquid crystal aligned parallel to the grooves, (b)
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For molecule B, when its long molecular axis makes an angle yB with respect to the liquid crystal

director, the single molecular potential is

VBðyÞ ¼ �vABð1� xÞSA
3

2
cos2 yB �

1

2

� �
� vBBxSB

3

2
cos2 yB �

1

2

� �

where x is the molar fraction of component B. The interaction constants are vBB ¼ 1:05vAA and

vAB ¼ 0:95vAA. Express the normalized temperature by t ¼ kBT=vAA. Assume that the two

components are miscible at any fraction. Numerically calculate the transition temperature as a

function of the molar fraction x.

1.7 Consider a nematic liquid crystal cell with a thickness of 10mm. On the bottom surface the liquid
crystal is aligned parallel to the cell surface, and on top of the top surface the liquid crystal is
aligned perpendicular to the cell surface. Assume the tilt angle of the liquid crystal director changes
linearly with the coordinate z which is in the cell normal direction. Calculate the total elastic energy
per unit area. The elastic constants of the liquid crystal are K11 ¼ 6
 10�12 N,
K22 ¼ 3
 10�12 N, and K33 ¼ 10
 10�12 N.

1.8 The Cano-wedge method is an experimental technique to measure the pitch of cholesteric liquid
crystals. It consists of a flat substrate and a hemisphere with a cholesteric liquid crystal sandwiched
between them as shown Figure 1.20(a). At the center, the spherical surface touches the flat surface.
On both the flat and spherical surfaces there is a homogeneous alignment layer. The intrinsic pitch
of the liquid crystal is Po. Because of the boundary condition, the pitch of the liquid crystal is
quantized to match the boundary condition. In region n, h ¼ nðP=2Þ. In each region, on the inner
side, the pitch is compressed, i.e., P<Po while on the outer side, the pitch is stretched, i.e., P>Po.
Between region ðn� 1Þ and region n there is a disclination ring as shown in Figure 1.20(b).
Find the square of the radius of the nth disclination ring r2

n as a function of the intrinsic pitch Po,
the radius R of the hemisphere, and the ring number n. R Po and for small r only twist
elastic energy has to be considered. Hint: r2

n vs. n is a straight line with a slope dependent on Po

and R.
1.9 Consider a sphere of radius R. The polarization inside the sphere is ~P. Calculate the electric field at

the center of the sphere produced by the polarization. Hint: the polarization can be replaced by a
surface charge whose density is given by ~P �~n, where~n is the unit vector along the surface normal
direction.

1.10 Using Equations (1.87), (1.91), and (1.93), calculate the dielectric tensor e$ in terms of the order
parameter S.

nr

r

R

h

(b) (a) 

Figure 1.20
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2

Propagation of Light in
Anisotropic Optical Media

2.1 Electromagnetic Waves

In wave theory, light is composed of electromagnetic waves propagating in space [1–3]. There are four
fundamental quantities in electromagnetic waves: electric field ~E, electric displacement ~D, magnetic

field ~H , and magnetic induction ~B. These quantities are vectors. In the SI system, the unit of electric field
is volt/meter; the unit of electric displacement is coulomb/meter2, which equals newton/volt meter; the
unit of magnetic field is ampere/meter, which equals newton/volt second; and the unit of magnetic
induction is tesla, which equals volt second/meter2. In a medium, the electric displacement is related to
the electric field by

~D ¼ eoe
$�~E (2.1)

where eo ¼ 8:85� 10�12 farad=meter ¼ 8:85� 10�12 newton=volt2 and e$ is the (relative) dielectric

tensor of the medium. The magnetic induction is related to the magnetic field by

~B ¼ mom
$� ~H (2.2)

where mo ¼ 4p� 10�7henry=meter ¼ 4p� 10�7volt2 second2=newton meter2 is the permeability of

vacuum and m$ is the (relative) permeability tensor of the medium. Liquid crystals are non-magnetic

media, with permeability close to 1, and approximately we have m$¼ I
$
, where I

$
is the identity tensor. In a

medium without free charge, electromagnetic waves are governed by the Maxwell equations:

r � ~D ¼ 0 ð2:3Þ

r �~B ¼ 0 ð2:4Þ

Fundamentals of Liquid Crystal Devices D.-K. Yang and S.-T. Wu
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r�~E ¼ � @
~B

@t
ð2:5Þ

r � ~H ¼ @
~D

@t
ð2:6Þ

When light propagates through more than one medium, at the boundary between two media

(Figure 2.1) the boundary conditions are

D2n � D1n ¼ 0 ð2:7Þ

B2n � B1n ¼ 0 ð2:8Þ

E2t � E1t ¼ 0 ð2:9Þ

H2t � H1t ¼ 0 ð2:10Þ

At the boundary, the normal components of ~D and ~B and the tangential components of ~E and ~H are

continuous. These boundary condition equations are derived from the Maxwell equations.

We first consider light propagating in an isotropic uniform medium where ~D ¼ eoe~E and ~B ¼ mom~H .
The Maxwell equations become

r � ~D ¼ r � ðeoe~EÞ ¼ eoer �~E ¼ 0 ð2:11Þ

r �~B ¼ r � ðmom~HÞ ¼ momr � ~H ¼ 0 ð2:12Þ

r �~E ¼ � @
~B

@t
¼ �mom

@~H

@t ð2:13Þ

r � ~H ¼ @
~D

@t
¼ eoe

@~E

@t
ð2:14Þ

From Equations (2.13) and (2.14), we have

r� ðr �~EÞ ¼ rðr �~EÞ � r2~E ¼ �r2~E ¼ �momr�
@~H

@t

 !

¼ �mom
@ðr � ~HÞ

@t
¼ �eoemom

@2~E

@t2

2 2 2A
ρ

1 1

1A

NnA2

tA2

nA1

tA1me

me

Figure 2.1 Schematic diagram showing the electromagnetic fields at the boundary between two

media. ~A represents ~E, ~D, ~H, and ~B. ~N is a unit vector along the normal direction of the interface. n,

normal component; t, tangential component
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that is,

r2~E ¼ eoemom
@2~E

@t2
(2.15)

This is a wave equation. In a complex function formulism, the solution for a monochromatic wave is

~Eð~r; tÞ ¼ ~Eoeiðot�~k�~rÞ (2.16)

where o is the angular frequency and k ¼ 2p=l (l is the wavelength in the medium) is the wavevector.
The real part of the electric field vector in Equation (2.16) is the actual electric field of the light.
Substituting Equation (2.16) into Equation (2.15), we have

o2=k2 ¼ 1=eomoem (2.17)

The propagation velocity of the wave is

V ¼ o
k
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

eomoem

s
(2.18)

In a vacuum, e ¼ 1 and m ¼ 1, V ¼ c ¼ ½1=ð8:85� 10�12 � 4p� 10�7Þ
1=2 ¼ 3� 108 m=s. In a non-

magnetic medium, V ¼ c=
ffiffi
e
p
¼ c=n, where n ¼

ffiffi
e
p

is the refractive index. Here e is the dielectric

constant that is usually frequency dependent. The wavevector is

k ¼ o
V
¼ o

c=n
¼ 2pn

lo
(2.19)

where lo is the wavelength in vacuum. From Equation (2.3), we have

r � ~D ¼ �i~k � ~Doeiðot�~k�~rÞ ¼ 0 (2.20)

The electric displacement vector is perpendicular to the propagation direction (the direction of the
wavevector), which is true even in anisotropic media. Therefore light is a transverse wave. The electric
field vector is perpendicular to the wavevector in isotropic media, but not in anisotropic media.

When light propagates in a homogeneous isotropic medium, all the fields have the same form as
Equation (2.16). The amplitudes do not change with time and position. Because of the wave form of the
fields, as shown by Equation (2.16), we have

@

@t
¼ io ð2:21Þ

r ¼ �i~k ð2:22Þ

From Equation (2.13), we can get

~B ¼
~k �~E
o

(2.23)
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Therefore ~B and ~E are orthogonal to each other. Their magnitudes are related by j~Bj ¼ ðn=cÞj~Ej. The

energy density of the electromagnetic wave is

u ¼ 1

2
ð~E � ~Dþ ~H �~BÞ (2.24)

The Poynting vector (energy flux) is

~S ¼ ~E � ~H (2.25)

and the magnitude of ~S is

S ¼ n

moC
E2 (2.26)

2.2 Polarization

2.2.1 Monochromatic plane waves and their polarization states

When a monochromatic plane light wave is propagating in a homogeneous isotropic medium, only the
electric field is needed to characterize it, because the other quantities can be calculated from the electric
field. The electric field is a vector and generally has the form

~E ¼ ~Aeiðot�~k�~rÞ (2.27)

where ~A is a constant. It is understood that the real part of this equation represents the actual electric

field. This representation is called the analytic representation. The polarization state of a light beam is

specified by the electric field vector. In many liquid crystal devices, the liquid crystal is used to

manipulate the polarization state of the light.

When the propagation direction is along the z axis, the real electric field has two components (along
the x and y axes) [3, 4]:

Ex ¼ Ax cosðot � kzþ dxÞ ð2:28Þ

Ey ¼ Ay cosðot � kzþ dyÞ ð2:29Þ

Ax and Ay are positive numbers representing the amplitudes; dx and dy are the phases and are defined in

the range �p< di � pði ¼ 1; 2Þ. The important quantity is the phase difference defined by

d ¼ dy � dx (2.30)

d is also defined in the range �p< d � p. We will show that only two parameters are needed to specify

the polarization state of a beam. One of the ways to specify a polarization state is the ratio Ay=Ax and

phase difference d.

2.2.2 Linear polarization states

Let us consider the time evolution of the electric field vector at a given position (z is fixed). If the electric
field vibrates in a constant direction (in the x–y plane), the light is said to be linearly polarized. This
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occurs when d ¼ 0 or d ¼ p. The angle f of the electric field with respect to the x axis is given by
tanf ¼ Ay=Ax for d ¼ 0 or tanf ¼ �Ay=Ax for d ¼ p. If we examine the spatial evolution of the
electric field vector at a fixed time (say, t ¼ 0), for linearly polarized light, the curve traced by the
electric field in space is confined in a plane. For this reason linearly polarized light is also called plane

polarized light.

2.2.3 Circular polarization states

If the amplitudes in the x and y directions are the same and the phase difference is d ¼ p=2,

Ex ¼ A cosðot � kzÞ ð2:31Þ

Ey ¼ A cosðot � kzþ p=2Þ ¼ �A sinðot � kzÞ ð2:32Þ

At a fixed position, say z ¼ 0, Ex ¼ AcosðotÞ and Ey ¼ �A sinðotÞ. The endpoint of the electric field

vector will trace out a circle clockwise on the x–y plane (the light is coming toward the observer). At a

given time, say t ¼ 0, Ex ¼ A cosðkzÞ and Ey ¼ A sinðkzÞ. The endpoint of the electric vector along a line

in the propagation direction traces out a right-handed helix in space. The polarization is referred to as

right-handed circular polarization. If d ¼ �p=2, at given time, the endpoint of the electric vector will

trace out a left-handed helix in space, and is referred to as left-handed circular polarization.

2.2.4 Elliptical polarization states

Generally, the amplitudes in the x and y directions are not the same and the phase difference is neither 0
nor p. For the purpose of simplicity, let dx ¼ 0. From Equations (2.28) and (2.29), we have

Ex=Ax ¼ cosðot � kzÞ
Ey=Ay ¼ cosðot � kzþ dÞ ¼ cosðot � kzÞcos d� sinðot � kzÞsin d

By eliminating sinðot � kzÞ and cosðot � kzÞ, we get

Ex

Ax

� �2

þ Ey

Ay

� �2

�2
Ex

Ax

� �
Ey

Ay

� �
cos d ¼ sin2 d (2.33)

This is an elliptical equation. At a given position, the endpoint of the electric vector traces out an ellipse

on the x–y plane as shown in Figure 2.2. For this reason, the light is said to be elliptically polarized. In the

x0 y0 frame where the coordinate axes are along the major axes of the ellipse, the components, E0x and E0y,

x

y

x ′
y ′

f  
a

b  

xAxA−  

yA

yA−

Figure 2.2 The polarization ellipse
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of the electric vector satisfy the equation

E0x
a

� �2

þ
E0y
b

� �2

¼ 1 (2.34)

where a and b are the lengths of the principal semi-axes of the ellipse. f is the azimuthal angle of the

major axis x0 with respect to the x axis. The transformation of the components of the electric vector

between the two frames is given by

Ex ¼ E0x cosf� E0y sinf ð2:35Þ

Ey ¼ E0x sinfþ E0y cosf ð2:36Þ

Substituting Equations (2.35) and (2.36) into Equation (2.33), we have

cosf
Ax

� �2

þ sinf
Ay

� �2

� sin 2f cos d
AxAy

" #
E02x þ

sinf
Ax

� �2

þ cosf
Ay

2 þ sin 2f cos d
AxAy

��" #
E02y

� sin 2f
A2

x

� sin 2f
A2

y

þ 2 cos 2f
AxAy

cos d

" #
E0xE0y ¼ sin2 d

(2.37)

Comparing Equation (2.37) to Equation (2.34), we have

cosf
Ax

� �2

þ sinf
Ay

� �2

� sin 2f cos d
AxAy

¼ sin2 d
a2

ð2:38Þ

sinf
Ax

� �2

þ cosf
Ay

� �2

þ sin 2f cos d
AxAy

¼ sin2 d
b2

ð2:39Þ

sin 2f
A2

x

� sin 2f
A2

y

þ 2 cos 2f
AxAy

cos d ¼ 0 ð2:40Þ

The azimuthal angle, f, can be calculated from Equation (2.40) as

tan 2f ¼ AxAy cos d
ðA2

x � A2
yÞ

(2.41)

Note that if f is a solution, then fþ p=2 is also a solution. From Equations (2.38) and (2.39) we have

AxAy sin d
a

� �2

¼ A2
x cos2 fþ A2

y sin2 f� AxAy sin 2f cos d ð2:42Þ

AxAy sin d
b

� �2

¼ A2
x sin2 fþ A2

y cos2 fþ AxAy sin 2f cos d ð2:43Þ

Adding these two equations together we have

ða2 þ b2Þ sin dAxAy

ab

� �2

¼ A2
x þ A2

y
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Because the light intensity does not change upon a transformation between two frames,

a2 þ b2 ¼ A2
x þ A2

y , and therefore

ðAxAy sin dÞ2 ¼ ðabÞ2 (2.44)

From Equations (2.43) and (2.44) we have

a2 ¼ A2
x sin2 fþ A2

y cos2 fþ AxAy sin 2f cos d (2.45)

From Equations (2.42) and (2.44) we have

b2 ¼ A2
x cos2 fþ A2

y sin2 f� AxAy sin 2f cos d (2.46)

The lengths of the principal semi-major axes can be calculated from these two equations. The sense of
the revolution of an elliptical polarization is determined by the sign of sin d. If sin d> 0, the endpoint
of the electric vector revolves clockwise (the light is coming toward the observer); if sin d< 0, the
endpoint of the electric vector revolves counterclockwise. The ellipticity of the polarization ellipse is
defined by

e ¼ � b

a
(2.47)

The positive sign is used for right-handed circular polarization while the negative sign is used for left-

handed circular polarization. The ellipticity angle n is defined by

tan n ¼ e (2.48)

We can also use the azimuthal angle, f, of the major axis and the ellipticity angle, n, to represent the
polarization state. The values of f and n of various polarization states are listed in Table 2.1.

2.3 Propagation of Light in Uniform
Anisotropic Optical Media

Now we consider the propagation of light in uniform non-magnetic anisotropic media [3, 5]. The speed
of light in the medium and thus the phase variation in space depend on the direction of the electric field
with respect to the optic axis of the medium. The optical properties of an anisotropic medium are
described by the dielectric tensor e$:

e$¼
e11 e12 e13

e21 e22 e23

e31 e32 e33

0
B@

1
CA (2.49)

If the medium is non-absorbing, the dielectric tensor is real and symmetric ðeij ¼ e jiÞ. The values of the
elements depend on the choice of the coordinate axes. Because the tensor is symmetric, it is always
possible to choose a frame (the principal frame) with three orthogonal axes such that only the diagonal
elements of the dielectric tensor are not zero. If the xyz frame is the principal frame, the dielectric tensor
has the form

e$¼
ex 0 0

0 ey 0

0 0 ez

0
B@

1
CA (2.50)
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Table 2.1 Polarization states in the three representations

Polarization ellipse ðf; nÞ Jones vector Stokes vector

(0, 0)
1

0

� � 1

1

0

0

0
BB@

1
CCA

p=2; 0ð Þ 0

1

� � 1

�1

0

0

0
BB@

1
CCA

p=4; 0ð Þ
1ffiffiffi
2
p 1

1

� � 1

0

1

0

0
BB@

1
CCA

�p=4; 0ð Þ 1ffiffiffi
2
p 1

�1

� � 1

0

�1

0

0
BB@

1
CCA

0; p=4ð Þ 1ffiffiffi
2
p 1

i

� � 1

0

0

1

0
BB@

1
CCA

0;�p=4ð Þ 1ffiffiffi
2
p 1

�i

� � 1

0

0

�1

0
BB@

1
CCA

½p=2; tan�1 1
2

� �

 1ffiffiffi

5
p 1

2i

� � 1

�3=5

0

4=5

0
BB@

1
CCA

½0; tan�1 1
2

� �

 1ffiffiffi

5
p 2

i

� � 1

3=5

0

4=5

0
BB@

1
CCA

½p=4; tan�1 1
2

� �

 1ffiffiffiffiffi

10
p 2þ i

2� i

� � 1

0

3=5

4=5

0
BB@

1
CCA
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In the following discussion in this section, the reference frame used is the principal frame. From the
Maxwell equations we get

r� ðr �~EÞ ¼ rðr �~EÞ � r2~E ¼ �mo

@2~D

@t2
¼ �eomoe

$� @
2~E

@t2
(2.51)

Note that r � ~D ¼ r � ðeoe
$�~EÞ ¼ 0 only assures that ~D, but not ~E, is perpendicular to the propagation

direction.

2.3.1 Eigenmodes

Generally speaking, when light is propagating in a uniform anisotropic medium, the direction of the
electric field and therefore the polarization state will vary in space. Only when the electric field is in some
special direction, known as the eigenmode, will its direction remain invariant in space, which will be
proved to be true in this section. In the eigenmode, the electric field has the form

~E ¼ ~Eoeiðot�~k�~rÞ (2.52)

where ~Eo is a constant vector known as the eigenvector; the corresponding refractive index is called the
eigenvalue. The wavevector is

~k ¼ 2p
lo

nŝ ¼ konŝ ¼ konðsxx̂þ syŷþ szẑÞ ¼ kxx̂þ kyŷþ kzẑ (2.53)

where ŝ ¼ sxx̂þ syŷþ szẑ is a unit vector along the propagation direction, and n is the refractive index

which depends on the directions of the electric field and the propagation. ko ¼ 2p=lo is the wavevector in

vacuum. Because of the form of the electric field shown in Equation (2.52), for the monochromatic plane

wave we have

@

@t
¼ io ð2:54Þ

r ¼ �i~k ð2:55Þ

The wave equation (2.51) becomes

ð~k �~EÞ~k � k2~E ¼ �eomoo
2 e$�~E ¼ �k2

o e
$�~E (2.56)

In the principal frame, in component form, Equation (2.56) becomes

k2
oex � k2

y � k2
z kxky kxkz

kykx k2
oey � k2

x � k2
z kykz

kzkx kzky k2
oez � k2

x � k2
y

0
BB@

1
CCA �

Exl

Ey

Ez

0
B@

1
CA ¼ 0 (2.57)

In order to have non-zero solution, the determinant must be zero:

det ¼
k2

oex � k2
y � k2

z kxky kxkz

kykx k2
oey � k2

x � k2
z kykz

kzkx kzky k2
oez � k2

x � k2
y

��������

��������
¼ 0 (2.58)
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This equation is also called the eigenequation. We define

n2
x ¼ ex; n

2
y ¼ ey; n

2
z ¼ ey ð2:59Þ

ax ¼ ðkx=koÞ2 ¼ ðnsxÞ2; ay ¼ ðky=koÞ2 ¼ ðnsyÞ2; az ¼ ðkz=koÞ2 ¼ ðnszÞ2 ð2:60Þ

a ¼ ax þ ay þ az ¼ n2 ð2:61Þ

Then Equation (2.58) becomes

det ¼
n2

x � ay � az
ffiffiffiffiffiffiffiffiffi
axay
p ffiffiffiffiffiffiffiffiffi

axaz
p

ffiffiffiffiffiffiffiffiffi
axay
p

n2
y � ax � az

ffiffiffiffiffiffiffiffiffi
ayaz
p

ffiffiffiffiffiffiffiffiffi
axaz
p ffiffiffiffiffiffiffiffiffi

ayaz
p

n2
z � ax � ay

��������

��������
¼ 0

After some manipulation we obtain

ðn2 � n2
xÞðn2 � n2

yÞðn2 � n2
z Þ ¼ s2

xn2ðn2 � n2
yÞðn2 � n2

z Þ þ s2
yn2ðn2 � n2

xÞðn2 � n2
z Þ

þ s2
z n2ðn2 � n2

xÞðn2 � n2
yÞ ð2:62Þ

If ðn2 � n2
xÞ 6¼ 0; ðn2 � n2

yÞ 6¼ 0; and ðn2 � n2
z Þ 6¼ 0, then this equation can be put into the form

s2
x

ðn2 � n2
xÞ
þ

s2
y

ðn2 � n2
yÞ
þ

s2
z

ðn2 � n2
z Þ
¼ 1

n2
(2.63)

Equation (2.63) looks simpler than Equation (2.62), and is popularly used; it is referred to as Fresnel’s

equation of wavenormals. However, one must be careful in using Equation (2.63) to calculate the

refractive index, because an erroneous value may be obtained if ðn2 � n2
i Þ ¼ 0 ði ¼ x; y; zÞ. For a given

propagation direction, the eigenvalue refractive index of the eigenmode can be calculated by using

Equation (2.62). On the right hand side of this equation, the coefficient of the term containing ðn2Þ3 is

1; on the left hand side, the coefficient of the term containing ðn2Þ3 is ðs2
x þ s2

y þ s2
z Þ which is also 1.

Therefore Equation (2.62) is a quadratic in n2. For a given propagation direction, there are two

solutions of n2, and thus there are also two solutions of n, because n> 0.

Now we consider the eigenmodes, also referred to as normal modes. In component form
Equation (2.57) can be rewritten as three equations:

ðk2
on2

x � k2
y � k2

z ÞEx þ kxkyEy þ kxkzEz ¼ 0 ð2:64Þ

kxkyEx þ ðk2
on2

y � k2
x � k2

z ÞEy þ kykzEz ¼ 0 ð2:65Þ

kxkzEx þ kykzEz þ ðk2
on2

z � k2
x � k2

y ÞEy ¼ 0 ð2:66Þ

By eliminating Ez from Equations (2.64) and (2.65), we get

ðk2
on2

x � k2ÞkyEx ¼ ðk2
on2

y � k2ÞkxEy (2.67)

If sx 6¼ 0 and sy 6¼ 0, this can be put into the form

ðn2
x � n2ÞEx

sx
¼ ðn

2
x � n2ÞEy

sy
(2.68)
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In the same way we can get

ðk2
on2

x � k2ÞkzEx ¼ ðk2
on2

z � k2ÞkxEz (2.69)

If sx 6¼ 0 and sz 6¼ 0, this can be put into the form

ðn2
x � n2ÞEx

sx
¼
ðn2

z � n2ÞEz

sz
(2.70)

Therefore the eigenfield is

~E ¼
sx=ðn2

x � n2Þ
sy=ðn2

y � n2Þ
sz=ðn2

z � n2Þ

0
B@

1
CA (2.71)

which is linearly polarized in uniform anisotropic media. The physical meaning of the eigenmode is

that for a given propagation direction, if the initial polarization of the light corresponds to an

eigenmode when it propagates through the medium, its polarization remains invariant and it propagates

at the speed c=n where the refractive index n is the corresponding eigenvalue. If the initial polarization

is not along the eigenmodes, its electric field can be decomposed into two components along the two

eigenmodes, respectively. These two components retain their directions, but propagate with different

speeds. The resultant polarization changes in space.

It may be easier to visualize the eigenmode refractive indices and the electric field eigenvectors using
the refractive index ellipsoid [5]. The major axes of the refractive index ellipsoid are parallel to the x, y,
and z axes of the principal frame and have lengths 2nx, 2ny, and 2nz, respectively, as shown in Figure 2.3.
The ellipsoid is described by the equation

x2

n2
x

þ y2

n2
y

þ z2

n2
z

¼ 1 (2.72)

If we draw a straight line through the origin and parallel to ŝ and then cut a plane through the origin,

which is perpendicular to ŝ, this plane is described by

ŝ � ðxx̂þ yŷþ zẑÞ ¼ sxxþ syyþ szz ¼ 0 (2.73)

xs  

ys  

zs

x  

y

z  

yn

zn  

xn

1n  

2n  ŝ

k

Figure 2.3 The refractive index ellipsoid
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The intersection of this plane and the ellipsoid is an ellipse. Any point ðx; y; zÞ on the ellipse must satisfy

both Equations (2.72) and (2.73), and its distance from the origin is given by

n ¼ ðx2 þ y2 þ z2Þ1=2 (2.74)

The maximum and minimum values of n are, respectively, half the lengths of the major axes of the

ellipse. Now we maximize (or minimize) n2 under the constraints given by Equations (2.72) and (2.73).

Using the Lagrange multipliers, we maximize (or minimize)

g ¼ ðx2 þ y2 þ z2Þ � l1
x2

n2
x

þ y2

n2
y

þ z2

n2
z

 !
� l2ðsxxþ syyþ szzÞ (2.75)

where l1 and l2 are the Lagrange multipliers. From @g=@x ¼ 0, @g=@y ¼ 0, and @g=@z ¼ 0, we get

xm ¼
l2sxn2

x

2ðn2
x � l1Þ

; ym ¼
l2syn2

y

2ðn2
y � l1Þ

; zm ¼
l2szn

2
z

2ðn2
z � l1Þ

ð2:76Þ

n2
m ¼ x2

m þ y2
m þ z2

m ¼
l2

2

4

sxn2
x

n2
x � l1

� �2

þ
syn2

y

n2
y � l1

 !2

þ
szn

2
z

n2
z � l1

� �2
2
4

3
5 ð2:77Þ

l2
2

4

n2
x

n2
m

sxnx

n2
x � l1

� �2

þ
n2

y

n2
m

syny

n2
y � l1

 !2

þ
n2

z

n2
m

sznz

n2
z � l1

� �2
2
4

3
5 ¼ 1 ð2:78Þ

From Equations (2.72) and (2.76), we have

l2
2

4

sxnx

n2
x � l1

� �2

þ syny

n2
y � l1

 !2

þ sznz

n2
z � l1

� �2
2
4

3
5 ¼ 1 (2.79)

From Equations (2.78) and (2.79), we have

s2
xn2

x

ðn2
x � l1Þ

ðn2
x � n2

mÞ
ðn2

x � l1Þ
þ

s2
yn2

y

ðn2
y � l1Þ

ðn2
y � n2

mÞ
ðn2

y � l1Þ
þ

s2
z n2

z

ðn2
z � l1Þ2

ðn2
z � n2

mÞ
ðn2

z � l1Þ
¼ 0 (2.80)

From Equations (2.74) and (2.76), we have

s2
xn2

x

n2
x � l1

þ
s2

yn2
y

n2
y � l1

þ
s2

z n2
z

n2
z � l1

¼ 0 (2.81)

Comparing these two equations we have

l1 ¼ n2
m (2.82)

From Equations (2.81) and (2.82), we have

s2
x

n2
x � n2

m

þ s2
x

n2
m

� �
þ

s2
y

n2
y � n2

m

þ
s2

y

n2
m

 !
þ

s2
z

n2
z � n2

m

þ
s2

z

n2
m

� �
¼ 0

50 PROPAGATION OF LIGHT IN ANISOTROPIC OPTICAL MEDIA



that is,

s2
x

ðn2
m � n2

xÞ
þ

s2
y

ðn2
m � n2

yÞ
þ

s2
z

ðn2
m � n2

z Þ
¼ s2

x

n2
m

þ
s2

y

n2
m

þ
s2

z

n2
m

¼ 1

n2
m

(2.83)

This equation is the same as Equation (2.63). Therefore half the lengths of the major axes of the ellipse
are the two eigenmode refractive indices. The vectors along the major axes of the ellipse are

~r ¼
sxn2

x=ðn2
x � n2

mÞ
syn2

y=ðn2
y � n2

mÞ
szn

2
z=ðn2

z � n2
mÞ

2
64

3
75 (2.84)

Comparing Equation (2.84) to Equation (2.71), it can be seen that the eigenmode electric displacements
are along the major axes of the ellipse.

2.3.2 Orthogonality of eigenmodes

When light propagates in a uniform anisotropic medium, there are two eigenmodes, represented by ~E1

and ~E2, which are linearly polarized and invariant in space. The corresponding eigenmode refractive
indices are n1 and n2. Here we discuss some of the basic properties of the eigenmodes.

(1) The electric displacement of the eigenmodes, ~Diði ¼ 1; 2Þ, is perpendicular to the propagation
direction. From Equations (2.3) and (2.55) we have

ŝ � ~Di ¼ 0 (2.85)

Therefore the propagation direction ŝ and the electric displacement ~Di are orthogonal to each

other.

(2) ŝ, ~Ei, and ~Di are on the same plane. From Equations (2.51), (2.54), and (2.55) we have the electric
displacement of the eigenmodes:

~Di ¼
n2

c2mo

½~Ei � ðŝ �~EiÞŝ
; i ¼ 1; 2 (2.86)

Therefore ŝ, ~Ei, and ~Di lie in the same plane.

(3) ~D1? ~D2, ~D1? ~E2, and ~D2? ~E1. Equation (2.59) can be rewritten as

kðŝŝ� I
$ Þ �~E ¼ �k2

o e
$�~E (2.87)

where I
$

is the identity matrix and

ŝ̂s ¼
sx

sy

sz

0
B@

1
CAð sx sy sz Þ ¼

s2
x sxsy sxsz

sxsy s2
y sysz

sxsz sysz s2
z

0
B@

1
CA
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Because ~E1 is the eigenmode 1 with the eigenvector k1 and ~E2 is the eigenmode 2 with the

eigenvector k2,

k1ðŝŝ� I
$ Þ �~E1 ¼ �k2

o e
$�~E1 ð2:88Þ

k2ðŝŝ� I
$ Þ �~E2 ¼ �k2

oe
$�~E2 ð2:89Þ

From there two equations, we can get

k1
~E2 � ðŝŝ� I

$Þ�~E1�k2
~E1 � ðŝŝ� I

$Þ�~E2¼�k2
oð~E2 � e$�~E1�~E1 � e$�~E2Þ¼ 0 (2.90)

Because ŝŝ is a symmetric matrix, ~E1 � ðŝ̂sÞ �~E2¼ðŝ �~E1Þð̂s �~E2Þ. The above equation is

ðk1�k2Þ½~E1 �~E2�ð̂s �~E1Þðŝ �~E2Þ
¼ 0

Because k1 6¼k2, we must have

~E1 �~E2�ðŝ �~E1Þðŝ �~E2Þ¼ 0 (2.91)

On the other hand,

~D1¼
n2

1

C2mo

½~E1�ðŝ �~E1Þŝ
 and ~D2¼
n2

2

C2mo

½~E2�ðŝ �~E2Þŝ


Therefore

~D1 �~D2¼
n2

1n2
2

C2mo

½~E1 �~E2�ðŝ �~E1Þðŝ �~E2Þ
¼ 0

That is, ~D1 and ~D2 are orthogonal to each other. We also have

~D1 �~E2¼
n2

1

C2mo

½~E1 �~E2�ðŝ �~E1Þðŝ �~E2Þ
¼ 0

~D2 �~E1¼
n2

2

C2mo

½~E2 �~E1�ðŝ �~E2Þðŝ �~E1Þ
¼ 0

Generally ~E1 and ~E2 are not perpendicular to ŝ. From Equation (2.91) we have
~E1 �~E2¼ðŝ �~E1Þðŝ �~E2Þ. If both ~E1 and ~E2 are not perpendicular to ŝ, then ~E1 �~E2 6¼0. If at

least one of the eigenmode electric fields is perpendicular to ŝ, then ~E1 �~E2¼ 0.

2.3.3 Energy flux

The energy flux in a uniform anisotropic medium is still given by the Poynting vector ~S ¼ ~E � ~H . From
Equations (2.13), (2.54), and (2.55), for an eigenmode ~Eiði ¼ 1; 2Þ, we have the magnetic field

~Hi ¼
ni

moC
ŝ�~Ei ð2:92Þ

~Si ¼
ni

moC
~Ei � ð̂s�~EiÞ ¼

ni

moC
½E2

i ŝ� ðŝ �~EiÞ~Ei
 ð2:93Þ
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Because in general ~Ei is not perpendicular to ŝ, ~Si is not parallel to ŝ. For a light beam, if the initial

polarization is not an eigenmode, then the electric field can be decomposed into two eigenmodes:

~E ¼ c1
~E1 þ c2

~E2 (2.94)

where c1 and c2 are constants. The magnetic field is given by

~H ¼ c1
~H1 þ c2

~H2 ¼ c1
n1

moC
ŝ�~E1 þ c2

n2

moC
ŝ�~E2 (2.95)

The Poynting vector is

~S ¼ ðc1
~E1 þ c2

~E2Þ � ðc1
~H1 þ c2

~H2Þ ¼ ðc1
~E1 þ c2

~E2Þ

� n1

moC
ŝ�~E1 þ

n2

moC
ŝ�~E2

� �
ð2:96Þ

which is not equal to c2
1
~S1 þ c2

2
~S2; that is, the total energy flux is not equal to the sum of the energy

fluxes of the two eigenmodes because of the cross-terms between the two eigenmodes. Now let us

consider the projections of the cross-terms in the propagation direction. From Equation (2.91), for

i 6¼ jði; j ¼ 1; 2Þ,

ŝ � ð~Ei � ~H jÞ ¼ ~Hi ¼
n j

moC
ŝ � ½~Ei � ŝ�~E j
 ¼

n j

moC
½~Ei �~E j � ðŝ �~EiÞð̂s �~E jÞ
 ¼ 0 (2.97)

Hence ŝ �~S ¼ ŝ � ðc2
1
~S1Þ þ ŝ � ðc2

2
~S2Þ, indicating that the total energy flux in the propagation direction is

equal to the sum of the energy fluxes of the two eigenmodes. This is known as the power orthogonal

theorem.

2.3.4 Special cases

First we consider a uniaxial medium whose dielectric constants along the principal frame axes are
ex ¼ ey ¼ n2

o 6¼ ez ¼ n2
e , where no and ne are the ordinary and extraordinary refractive index, respec-

tively. When the propagation direction is along ŝ ¼ sin y coscx̂þ sin y sincŷþ cos yẑ, as shown in
Figure 2.4, Equation (2.62) becomes

ðn2 � n2
oÞ

2ðn2 � n2
eÞ ¼ sin2 yn2ðn2 � n2

oÞðn2 � n2
eÞ þ cos2 yn2ðn2 � n2

oÞ
2

z

ŝθ

x

y
ψ1E

ρ

2E

Figure 2.4 Diagram showing the propagation direction and the corresponding eigenmodes
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Solution 1: ðn2 � n2
oÞ ¼ 0, namely,

n ¼ n1 ¼ no (2.98)

From Equation (2.69) we have k2
oðn2

e � n2
oÞkxEz ¼ 0, and therefore Ez ¼ 0. In this case, Equation (2.71)

does not provide any information on the eigenvector. In order to get the eigenvector corresponding to the

refractive index no, we use the condition~k � e$�~E ¼ 0 becauser � ~D ¼ r � ðe$�~EÞ ¼ 0 andr ¼ i~k. Thus,

~k � e$�~E ¼ kð sin y cosc; sin y sinc; cos y Þ
n2

o 0 0

0 n2
o 0

0 0 n2
e

0
B@

1
CA

Ex

Ey

0

0
B@

1
CA ¼ 0

which gives coscEx þ sincEy ¼ 0. Hence the eigenmode is

~E1 ¼
sinc

�cosc

0

0
B@

1
CA (2.99)

which is in the x–y plane and perpendicular to the projection direction k̂xy of~k on the x–y plane. This

eigenmode is sometimes referred to as the ordinary wave or simply O wave.

Solution 2:ðn2 � n2
oÞðn2 � n2

eÞ ¼ sin2 yn2ðn2 � n2
eÞ þ cos2 yn2ðn2 � n2

oÞ, namely

n ¼ n2 ¼
none

ðn2
e cos2 yþ n2

o sin2 yÞ1=2
(2.100)

From Equation (2.71) we have the eigenmode

~E2 ¼

sx

ðn2
x � n2Þ

sy

ðn2
y � n2Þ

sz

ðn2
z � n2Þ

0
BBBBBBB@

1
CCCCCCCA
¼

cosc
n2

o sin y

sinc
n2

o sin y

�1

n2
e cos y

0
BBBBBBBBB@

1
CCCCCCCCCA
¼ 1

n2
on2

e sin y cos y

n2
e cosc cos y

n2
e sinc cos y

�n2
o sin y

0
BB@

1
CCA (2.101)

which is on the z�kxy plane. This eigenmode is sometimes referred to as the extraordinary wave or
simply E wave. It can be shown that ŝ is perpendicular to ~E1 but not to ~E2.

When c ¼ p=2, the light wave propagates in the y–z plane. Eigenmode 1 is ~E T
1 ¼ ð 1; 0; 0Þ, where T

stands for the transpose, which is a long the x axis, and the corresponding eigenvalue is no. Eigenmode 2
is ~E T

2 ¼ ð0; n2
e cos y;�n2

o sin yÞ, which is in the y–z plane, and the corresponding eigenvalue is
n ¼ neno=ðn2

e cos2 yþ n2
o sin2 yÞ1=2. Note that the angle between ~E2 and the z axis is

tan�1ðn2
e cos y=n2

o sin yÞ 6¼ p=2� y. ~DT
2 ¼ e$� ~E2 ¼ n2

en2
o ð0; cos y;�sin yÞ. The angle between ~D2 and

the z axis is p=2� y.
When y ¼ p=2, the light is propagating in the x–y plane. The eigenmode 1 is

~E T
1 ¼ ð sinc; �cosc; 0 Þ, and the corresponding eigenvalue is no. The eigenmode 2 is

~E T
2 ¼ ð 0; 0; 1 Þ, which is along the z axis, and the corresponding eigenvalue is ne.
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2.3.5 Polarizers

Polarizers are an essential component of many liquid crystal devices. Most sheet polarizers are uniaxially
anisotropic in their absorption. One way to make a sheet polarizer is to embed elongated absorbing
molecules (or tiny rode-like crystals), which exhibit strong absorption for light polarized along their long
axis, in a polymer film, and stretch the polymer, which produces a unidirectional alignment of the
embedded molecules. Small needle-like crystals of herapathite in polyvinyl alcohol is such an example.
The refractive indices of a uniaxial polarizer can be written as

n0o ¼ no � iao ð2:102Þ

n0e ¼ ne � iae ð2:103Þ

where the imaginary parts ao; ae are referred to as the extinction coefficients and are responsible for the

absorption. n0e and n0o are the refractive indices, respectively, parallel and perpendicular to the uniaxial

axis. Sometimes polarizers are divided into two types: the O-type polarizer where ae� ao� 0 and the E-

type polarizer where ao� ae� 0. The transmittances of the polarizer for light polarized parallel and

perpendicular to its transmission axis are, respectively,

T1 ¼ e�2ð2pamin=lÞh ð2:104Þ

T2 ¼ e�2ð2pamax=lÞh ð2:105Þ

where h is the optical path inside the polarizer, amax the bigger of ðao; aeÞ, and amin the smaller of

ðao; aeÞ. An ideal polarizer would have T1 ¼ 1 and T2 ¼ 0. For a real polarizer T1 < 1 and T2 > 0. The

extinction ratio of a polarizer is defined by T1=T2. When unpolarized light is incident on one polarizer,

the transmittance is ðT1 þ T2Þ=2. When an unpolarized light beam is incident on two parallel polarizers,

the transmittance is ðT2
1 þ T2

2 Þ=2. When an unpolarized light beam is incident on two crossed polarizers,

the transmittance is T1T2=2.

For oblique incident light, some light will leak through a set of two crossed polarizers even if the
polarizers are ideal [4]. We consider the leakage of two crossed ideal O-type polarizers as shown in
Figure 2.5. The normal of the polarizer films is in the z direction in the lab frame. The propagation
direction is specified by the polar angle y and the azimuthal angle c. For polarizer 1, the transmission
axis is parallel to the x axis in the lab frame. In the local frame x0y0z0, the transmission axis is parallel to

′′x

 ′′y  

′′z  

q ′′ y′′  

Transmission 

Polarizer 2 

21e

x′ y′

′z

Transmission 

 
q ′

y′  Polarizer 1

11e

x  

z  

y

q  

y  

k̂  

Figure 2.5 Schematic diagram of two crossed polarizers
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the x0 axis and the uniaxial axis is parallel to the z0 axis. In this local frame, the formulas derived in the
last section can be used. The eigenmode 1 has the non-absorbing refractive index no and thus can pass
polarizer 1. The direction of the electric field eigenvector is along the direction~e 011 which in the local
frame is given by

~e011 ¼
sinc0

�cosc0

0

0
B@

1
CA (2.106)

In the lab frame xyz, this vector is given by

~e11 ¼
sinc0

0

cosc0

0
B@

1
CA (2.107)

The relationships between the propagation angles in these frames are cos y ¼ �sin y0 sinc0,
sin y cosc ¼ sin y0 cosc0, and sin y sinc ¼ cos y0. Therefore we have

~e11 ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� sin2 y sin2 c
p �cos y

0

sin y cosc

0
B@

1
CA (2.108)

For polarizer 2, the transmission axis is parallel to the y axis in the lab frame. In the local frame x00y00z00,
the transmission axis is parallel to the x00 axis and the uniaxial axis is parallel to the z00 axis. For the

eigenmode that has the non-absorbing refractive index no and can pass polarizer 2, the direction of the

electric field eigenvector is along the direction~e 0021, which in the local frame is given by

~e0021 ¼
sinc00

�cosc00

0

0
B@

1
CA (2.109)

In the lab frame, this vector is given by

~e21 ¼
0

�cosc00

sinc00

0
B@

1
CA (2.110)

The relationships between the propagation angles in the lab frame xyz and the local frame x00y00z00 are

cos y ¼ �sin y00 cosc00, sin y cosc ¼ cos y00, and sin y sinc ¼ sin y00 sinc00. Therefore we have

~e21 ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� sin2 y cos2 c
p 0

cos y

sin y sinc

0
B@

1
CA (2.111)

The light (eigenmode~e11) coming out of polarizer 1 can be decomposed into two components in the

eigenvector directions of polarizer 2. The component along the eigenmode ~e11 passes polarizer 2
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without absorption. The leakage of unpolarized light through the two crossed polarizers is given by

Tleakage ¼
1

2
ð~e11 �~e21Þ2 ¼

sin4 y sin2 c cos2 c
2ð1� sin2 y sin2 cÞð1� sin2 y cos2 cÞ

(2.112)

Note that the angle y here is the polar angle of the propagation direction inside the polarizers. This

leakage, if not compensated, will limit the viewing angle of liquid crystal displays. The iso-

transmittance (leakage) diagram of the crossed polarizers as a function of the polar and azimuthal

angles is shown in Figure 2.6. It resembles the appearance of crossed polarizers under isotropic

incident light when viewed at various polar and azimuthal angles. Black indicates low transmittance

(leakage) and white indicates high transmittance (leakage). At the azimuthal angle of 458, when the

polar angle is 308, 608, and 908, the transmittance is 0.01, 0.18, and 0.5, respectively. The leakage of

the crossed polarizers can be reduced by using compensation films [6].

2.4 Propagation of Light in Cholesteric Liquid Crystals

2.4.1 Eigenmodes

We showed in the previous section that in a uniform anisotropic medium, for each propagation direction,
there are two eigenmodes which are linearly polarized. The polarization state of the eigenmodes is
invariant in space. In this section we discuss the propagation of light in the special case of a non-uniform
anisotropic medium: a cholesteric liquid crystal which locally is optically uniaxial, but the optic axis
twists uniformly in space [6, 7]. We choose the z axis of the lab frame to be parallel to the helical axis of
the cholesteric liquid crystal. The pitch P of the liquid crystal is the distance over which the liquid crystal
director twists 2p. The components of the liquid crystal director of a right-handed cholesteric liquid
crystal ðq> 0Þ are given by

nx ¼ cosðqzÞ; ny ¼ sinðqzÞ; nz ¼ 0 (2.113)

where the twisting rate (chirality) q is related to the pitch by q ¼ 2p=P. We consider light propagating

in the z direction, ~Eðz; tÞ ¼ ~AðzÞeiot, and therefore r ¼ ẑ@=@z and @=@t ¼ io. From Equation (2.51)

y  
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0.01 
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180° 
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f  
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Figure 2.6 Iso-transmittance diagram of the crossed polarizers: black, low transmittance; white, high

transmittance
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we have

@2~AðzÞ
@z2

¼ �k2
oe
$ðzÞ �~AðzÞ (2.114)

where ko ¼ o=c ¼ 2p=l (l is the wavelength in vacuum). The dielectric constants of the liquid crystal

for light polarized parallel and perpendicular to the liquid crystal director are ek ¼ n2
o and e? ¼ n2

e ,

respectively. The dielectric tensor in the x–y plane in the lab frame is

e$ðzÞ ¼ e? I
$
þ d~n~n ¼

e? þ 2dn2
x 2dnxny

2dnynx e? þ 2dn2
y

 !
¼

eþ dcosð2qzÞ dsinð2qzÞ
dsinð2qzÞ e� dcosð2qzÞ

� �
(2.115)

where d ¼ ðejj � e? Þ=2 and e ¼ ðejj þ e? Þ=2. As we will show, there is no mode whose polarization

state is in invariant in space in the lab frame; consequently we employ the local frame whose x0 axis is

parallel to the liquid crystal director. The angle between the x0 axis and the x axis is f ¼ qz. The

relation between the two frames is

x̂0 ¼ cosðqzÞx̂þ sinðqzÞŷ ð2:116Þ

ŷ0 ¼ �sinðqzÞx̂þ cosðqzÞŷ ð2:117Þ

In the x0y0 frame, the electric field is

~A0 ¼
A0x
A0y

 !
¼

cosf sinf

�sinf cosf

� �
Ax

Ay

� �
� S
$�1ðfÞ~A (2.118)

where S
$

is the transformation matrix. The dielectric tensor in the local frame is

e$0 ¼~S�1e$~S ¼
cosf sinf

�sinf cosf

� �
eþ dcosð2fÞ dsinð2fÞ
dsinð2fÞ e� dcosð2fÞ

� �
cosf �sinf

sinf cosf

� �

¼
ek 0

0 e?

� �
ð2:119Þ

Because the dielectric tensor in the local frame is a constant tensor, we presume that the polarization of

the eigenmodes is invariant in space in this frame [4, 8], which will be proved true:

~A0ðzÞ ¼ ~A0oe�ikz ¼ ðA0oxx̂0 þ A0oyŷ0Þe�ikz (2.120)

where A0ox and A0oy are constants. In the lab frame, the electric field is

~AðzÞ ¼ S
$ ðqzÞ �~A0ðzÞ

¼ ½A0oxcosðqzÞ � A0oysinðqzÞ
e�ikzx̂þ ½A0oxsinðqzÞ þ A0oycosðqzÞ
e�ikzŷ

¼ ðA0oxx̂þ A0oyŷÞcosðqzÞe�ikz þ ð�A0oyx̂þ A0oxŷÞsinðqzÞe�ikz ð2:121Þ

@~A

@z
¼ ð�ikÞðA0oxx̂þ A0oyŷÞcosðqzÞe�ikz þ ð�ikÞð�A0oyx̂þ A0oxŷÞsinðqzÞe�ikz

þ ð�qÞðA0oxx̂þ A0oyŷÞsinðqzÞe�ikz þ ðqÞð�A0oy x̂þ A0oxŷÞcosðqzÞe�ikz

@2~A

@z2
¼ ð�k2 � q2Þ~Aþ ði2kqÞ~B ð2:122Þ
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where

~B ¼ f½A0ox sinðqzÞ þ A0oy cosðqzÞ
x̂� ½A0ox cosðqzÞ � A0oy sinðqzÞ
ŷge�ikz (2.123)

Equation (2.114) becomes

�ðk2 þ q2Þ~AðzÞ þ ði2kqÞ~B ¼ �k2
oe
$ðzÞ �~AðzÞ (2.124)

Multiplying both sides by the transformation matrix, we get

�ðk2 þ q2ÞS$�1 �~AðzÞ þ ði2kqÞS$�1 �~B ¼ �k2
oS
$�1e$ðzÞ � S$ � S$�1 �~AðzÞ

�ðk2 þ q2Þ~A0ðzÞ þ ði2kqÞS$�1 �~B ¼ �k2
o e
$0ðzÞ �~A0ðzÞ

Because

S
$�1 �~B ¼

cosf sinf

�sinf cosf

� �
A0ox sinfþ A0oycosf

�A0ox cosfþ A0oy sinf

 !
¼

A0oy

�A0ox

 !

Equation (2.124) can be put into the form

n2
ek2

o � k2 � q2 i2qk

�i2qk n2
ok2

o � k2 � q2

 !
A0ox

A0oy

 !
¼ 0 (2.125)

For non-zero solutions, it is required that

n2
ek2

o � k2 � q2 i2qk

�i2qk n2
ok2

o � k2 � q2

�����
����� ¼ 0 (2.126)

We define k ¼ nko and a ¼ q=ko ¼ l=P. Equation (2.126) becomes

n4 � ð2a2 þ n2
e þ n2

oÞn2 þ ða2 � n2
eÞða2 � n2

oÞ ¼ 0

n2
1 ¼ a2 þ eþ ð4a2eþ d2Þ1=2 ð2:127Þ

n2
2 ¼ a2 þ e� ð4a2eþ d2Þ1=2 ð2:128Þ

n2
1 is always positive. n2

2 can be either positive or negative depending on the ratio between the
wavelength and the pitch, as shown in Figure 2.7.

The eigenvalues are

n1� ¼ �½a2 þ eþ ð4a2eþ d2Þ1=2
1=2 ¼ �fðl=PÞ2 þ eþ ½4ðl=PÞ2eþ d2
1=2g1=2 ð2:129Þ

n2� ¼ �½a2 þ e� ð4a2eþ d2Þ1=2
1=2 ¼ �fðl=PÞ2 þ e� ½4ðl=PÞ2eþ d2
1=2g1=2 ð2:130Þ
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For each eigenvalue, there is an eigenmode. All together there are four eigenmodes. Two of the
eigenmodes propagate in the þz direction, and the other two eigenmodes propagate in the �z direction.
For the positive case, the corresponding eigenmode is not necessarily propagating in the þz direction.
From Equation (2.125) we can calculate the polarization of the eigenmodes:

~A0o1� ¼ a
1

i n2
e � n2

1� � a2
� �

=2an1�

 !
ð2:131Þ

~A0o2� ¼ b
1

i n2
e � n2

2� � a2
� �

=2an2�

 !
ð2:132Þ

where a and b are normalization constants. Generally they are elliptically polarized because of the p=2

phase difference between A0ox and A0oy. n1� is always real for any frequency o; n2� can be real or

imaginary depending on the frequency o.

We now consider some special cases.

(1) P� l

In this case, a ¼ l=P� 1. Using the approximation e� n2 and the assumption Dn� 1, from Equation
(2.129) we have

n1 ¼ fa2 þ n2 þ 2n½a2 þ ðDn=2Þ2
1=2g1=2

¼ nþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ ðDn=2Þ2

q
¼ nþ a

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ u2

p
ð2:133Þ

where u ¼ Dn=2a ¼ DnP=2l. The corresponding eigenmode has the polarization

~A0o1� a
1

i n2
e � n2 � ð2þ u2Þa2 � 2na

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ u2

ph i
=ð2anÞ

 !
�

1

i u�
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ u2

p� � !
(2.134)
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Figure 2.7 n2 vs. l=P curve. ne ¼ 1:6 and no ¼ 1:5 are used in the calculation
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which is elliptically polarized in the local frame. From Equation (2.130) we have

n2 ¼ fa2 þ n2 � 2n½a2 þ Dn=2ð Þ2
1=2g1=2

¼ n�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ Dn=2ð Þ2

q
¼ n� a

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ u2

p
ð2:135Þ

The corresponding eigenmode has the polarization

~A0o2� a
1

i n2
e � n2 � 2þ u2

� �
a2 þ 2na

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ u2

ph i
= 2anð Þ

 !
�

1

i uþ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ u2

p� � !
(2.136)

which is also elliptically polarized in the local frame. We consider light propagating in the þz

direction. At the entrance plane the electric field vector is ~ET
in ¼ Exi;Eyi

� �
; the local frame is the same

as the lab frame. If the amplitudes of the two eigenmodes are ui and vi, we have

Exi

Eyi

� �
¼ ui

1

i u�
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ u2

p� � !
þ vi

1

i uþ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ u2

p� � !

¼
1 1

i u�
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ u2

p� �
i uþ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ u2
p� � !

ui

vi

� �
ð2:137Þ

From the above equation we can get

ui

vi

� �
¼ 1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ u2
p uþ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ u2

p
i

�uþ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ u2

p
�i

 !
Exi

Eyi

� �
(2.138)

After the light propagates a distance h along the þz direction, in the local frame the amplitude of the

eigenmodes becomes

uo

vo

� �
¼ e

�i2ph nþ a
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ u2

p� �
=l

0

0 e
�i2ph n� a

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ u2

p� �
=l

0
B@

1
CA uin

vin

� �

¼ e�i2phn=l e�iY 0

0 eiY

 !
uin

vin

� �
ð2:139Þ

where Y ¼ 2pha
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ u2
p

=l. The electric field in the local frame becomes

E0xo

E0yo

 !
¼ uo

1

i u�
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ u2

p� � !
þ vo

1

i uþ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ u2

p� � !

¼
1 1

i u�
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ u2

p� �
i uþ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ u2
p� � !

uo

vo

� �
ð2:140Þ
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Substituting Equations (2.138) and (2.139) into Equation (2.140) we get

E0xo

E0yo

 !
¼ e�i2phn=l

2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ u2
p

1 1

i u�
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ u2

p� �
i uþ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ u2
p� � !

e�iY 0

0 eiY

 !

uþ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ u2

p
i

�uþ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ u2

p
�i

 !
Exi

Eyi

� �

¼ e�i2phn=l

2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ u2
p 2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ u2

p
cosY� i2usinY 2sinY

�2sinY 2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ u2
p

cosYþ i2usinY

 !

Exi

Eyi

� �
¼ e�i2phn=l

cosY� i
uffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ u2
p sinY

1ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ u2
p sinY

� 1ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ u2
p sinY cosYþ i

uffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ u2
p sinY

0
BB@

1
CCA Exi

Eyi

� �
ð2:141Þ

Defining the total twist angle F ¼ 2ph=P and total retardation angle G ¼ 2pDnh=l, then

Y ¼ 2ph
l
P

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ DnP=2lð Þ2

q
=l ¼ 2ph

P

� �2

þ 2ph

2l

� �2
" #1=2

¼ F2 þ G=2ð Þ2
h i1=2

uffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ u2
p ¼ G=2ð Þ

Y

and

1ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ u2
p ¼ F

Y

Equation (2.141) becomes

E0xo

E0yo

 !
¼ e�i2phn=l

cosY� i
G=2ð Þ
Y

sinY
F
Y

sinY

� F
Y

sinY cosYþ i
G=2ð Þ
Y

sinY

0
BB@

1
CCA Exi

Eyi

� �
(2.142)

The factor e�i2phn=l can be omitted. In the lab frame we have

Exo

Eyo

� �
¼

cosF �sinF

sinF cosF

� � cosY� i
G=2ð Þ
Y

sinY
F
Y

sinY

� F
Y

sinY cosYþ i
G=2ð Þ
Y

sinY

0
BB@

1
CCA

Exi

Eyi

� �
ð2:143Þ

Under the Mauguin condition DnP� l [9], u ¼ Dn=2a ¼ DnP=2l� 1, Equation (2.133) becomes

n1 ¼ nþ a
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ u2

p
� nþ au ¼ nþ l

P

DnP

2l
¼ nþ Dn

2
¼ ne (2.144)
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The corresponding eigenmode has the polarization

~A0o1 ¼
1

i u�
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ u2

p� � !
¼

1

�i=2u

� �
�

1

0

� �
(2.145)

which is linearly polarized along the liquid crystal director. Equation (2.150) becomes

n2 ¼ n� a
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ u2

p
¼ n� au ¼ n� l

P

DnP

2l
¼ n� Dn

2
¼ no (2.146)

The corresponding eigenmode has the polarization

~A0o2 ¼ b
1

i uþ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ u2

p� � !
¼ b

1

2iu

� �
¼

0

1

� �
(2.147)

which is linearly polarized perpendicular to the liquid crystal director. In this regime, for the

eigenmodes, the polarization twists in phase with the liquid crystal director in space. This is the

‘waveguide’ regime.

(2) DnP� l

In this case, 4a2e� d2. From Equation (2.129) we have

n1� � � a2 þ eþ 2a
ffiffi
e
p
þ d2

4a
ffiffi
e
p

� �1=2

� � aþ
ffiffi
e
p
þ d2

8a aþ
ffiffi
e
p� � ffiffi

e
p

" #
(2.148)

The corresponding eigenmodes have the polarization

~A0o1� � a

1

n2
e � a2 þ eþ 2a

ffiffi
e
p
þ d2

4a
ffiffi
e
p

� �
� a2

 !

2a � aþ
ffiffi
e
p
þ d2

8a aþ
ffiffi
e
p� � ffiffi

e
p

 !" #
0
BBBBB@

1
CCCCCA�

�i 2a2 þ 2a
ffiffi
e
p� �

2a � aþ
ffiffi
e
p� �� �

1
0
B@

1
CA� 1

�i

� �

In the lab frame, the polarization is

Ao1�x ¼ cos qzð Þ � i sin qzð Þ½ 
e�ikon1�z ¼ ei �q�kon1�ð Þz

Ao1�y ¼ sin qzð Þ� i cos qzð Þ½ 
e�ikon1�z ¼ � ið Þei �q�kon1�ð Þz

Because

�q� kon1� ¼ �koa� ko aþ
ffiffi
e
p
þ d2

8a aþ
ffiffi
e
p� � ffiffi

e
p

" #
¼ � ko

ffiffi
e
p
þ d2

8a aþ
ffiffi
e
p� � ffiffi

e
p

" #
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we have

~A1� ¼
1

� i

� �
e
�i �koð Þ

h ffiffi
e
p
þ d2

8a aþ
ffi
e
p

ð Þ
ffi
e
p
i

z

(2.149)

Eigenmode 1 is left-handed circularly polarized and propagates in the þz direction with refractive

index

n1 ¼
ffiffi
e
p
þ d2=½8aðaþ

ffiffi
e
p
Þ
ffiffi
e
p

 (2.150)

Eigenmode 2 is also left-handed circularly polarized but propagates in the �z direction with the same

refractive index.

From Equation (2.130) we have

n2� � � a2 þ e� 2a
ffiffi
e
p
� d2

4a
ffiffi
e
p

 !1=2

� � a�
ffiffi
e
p
� d2

8a a�
ffiffi
e
p� � ffiffi

e
p

" #
(2.151)

The corresponding eigenmodes have the polarization

~A0o2� � a

1

n2
e � a2 þ e� 2a

ffiffi
e
p
þ d2

4a
ffiffi
e
p

� �
� a2

 !

2a � a�
ffiffi
e
p
þ d2

8a a�
ffiffi
e
p� � ffiffi

e
p

 !" #

0
BBBBBB@

1
CCCCCCA
�

1

�i 2a2 � 2a
ffiffi
e
p� �

2a � a�
ffiffi
e
p� �� �

0
@

1
A� 1

�i

� �

In the lab frame, the polarization is

A2�x ¼ cos qzð Þ � i sin qzð Þ½ 
e�ikon2�z ¼ ei �q�kon2�ð Þz

A2�y ¼ sin qzð Þ� i cos qzð Þ½ 
e�ikon2�z ¼ � ið Þei �q�kon2�ð Þz

Because

�q� kon2� ¼ �koa� ko a�
ffiffi
e
p
� d2

8a a�
ffiffi
e
p� � ffiffi

e
p

" #
¼ �ko

ffiffi
e
p
þ d2

8a a�
ffiffi
e
p� � ffiffi

e
p

" #

we have

~A2� ¼
1

� i

� �
e
�i � koð Þ

ffiffi
e
p
þ d2

8a a�
ffi
e
p

ð Þ
ffi
e
p

 !
z

(2.152)

Eigenmode 3 is right-handed circularly polarized and propagates in the �z direction with refractive
index

n2 ¼
ffiffi
e
p
þ d2

.
8a a�

ffiffi
e
p� � ffiffi

e
ph i

(2.153)
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Eigenmode 4 is also right-handed circularly polarized but propagates in the þz direction with the same

refractive index. In the above calculation, the higher order terms d2= 8a aþ
ffiffi
e
p� � ffiffi

e
p� �

and

d2= 8a a�
ffiffi
e
p� � ffiffi

e
p� �

are kept because they are important in calculating the optical rotatory power of

the cholesteric liquid crystal.

(3)
ffiffi
e
p

P � l and d=e� 1

In this case a ¼ q=ko ¼ l=P �
ffiffi
e
p

. From Equation (2.129) we have

n1� ¼ � eþ eþ 2e½ 
1=2¼ �2
ffiffi
e
p

(2.154)

The corresponding eigenmodes have the polarization

~A0o1� ¼ a
1

i n2
e � 4e� e

� �
=2e �2eð Þ

 !
¼

1

� i

� �
(2.155)

In the lab frame, the polarization is

A1�x ¼ cos qzð Þ � isin qzð Þ½ 
e�ikon1�z ¼ ei �q�kon1�ð Þz

A1�y ¼ sin qzð Þ� icos qzð Þ½ 
e�ikon1�z ¼ � ið Þei �q�kon1�ð Þz

Because

�q� kon1� ¼ �ko

ffiffi
e
p
� ko2

ffiffi
e
p
¼ � ko

ffiffi
e
p

,

we have

~A1� ¼
1

� i

� �
e�i �koð Þ

ffiffi
e
p

z (2.156)

Eigenmode 1 is left-handed circularly polarized and propagates in the þz direction with a speed of

c=
ffiffi
e
p

. Eigenmode 2 is also left-handed circularly polarized but propagates in the �z direction with a

speed of c=
ffiffi
e
p

. The instantaneous electric field pattern is of the opposite sense to the cholesteric helix

which is right-handed.

From Equation (2.130) we have

n2� ¼ � eþ e� 4e2 þ d2
� �1=2

h i1=2

¼ �i
d

2
ffiffi
e
p (2.157)

which is imaginary. The corresponding polarization is

~A0o2� � a

1

i n2
e þ

d2

4e
�e

 !#
2
ffiffi
e
p
�id=2

ffiffi
e
p� �h

0
@

1
A ¼ a

1

� 1þ d
4e

 !0
@

1
A� 1ffiffiffi

2
p

1

�1

� �
(2.158)
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which makes an angle of �45� with the x0 axis. In the lab frame, the polarization is

A2�x ¼ cos qzð Þ� sin qzð Þ½ 
e�ikon2�z ¼ cos qzð Þ� sin qzð Þ½ 
e�kodz= 2
ffiffi
e
p
ð Þ

A2�y ¼ sin qzð Þ � cos qzð Þ½ 
e�ikon2�z ¼ sin qzð Þ � cos qzð Þ½ 
e�kodz= 2
ffiffi
e
p
ð Þ

~A2� ¼
cos qzð Þ� sin qzð Þ
sin qzð Þ � cos qzð Þ

� �
e�kodz= 2

ffiffi
e
p
ð Þ ð2:159Þ

Because the refractive index is imaginary, these eigenmodes are non-propagating waves. The

instantaneous electric field pattern of these eigenmodes varies in space in the same way as the

cholesteric helix. The light intensity decays as these eigenmodes propagate into the liquid crystal. This

means that the cholesteric liquid crystal reflects circularly polarized light with the same handedness

and the same periodicity. The reflection band can be calculated from the equation a2 þ e
� 4a2eþ d2
� �1=2¼ 0, which gives

l1 ¼
ffiffiffiffi
ek

p
P ¼ neP ð2:160Þ

l2 ¼
ffiffiffiffiffiffiffi
e?
p

P ¼ noP ð2:161Þ

When noP< l< neP, the refractive index is imaginary. The width of this region is

Dl ¼ l1 � l2 ¼ ne � noð ÞP ¼ DnP (2.162)

At l2, a ¼ no, n2 ¼ 0, the polarization of the eigenmodes is ~AT
2 ¼ 0; 1ð Þ (i.e., linearly polarized

perpendicular to the liquid crystal director). At l1, a ¼ ne, n2 ¼ 0, the polarization of the eigenmodes

is ~AT
2 ¼ 1; 0Þð (i.e., linearly polarized parallel to the liquid crystal director). When the wavelength

changes from l1 to l2, the angle w between the electric vector and the liquid crystal director changes

from 08 to 908. For light having a wavelength in the region from l2 to l1 (in a vacuum), w varies in such

a way that the wavelength of the light inside the cholesteric liquid crystal is equal to the helical pitch.

2.4.2 Reflection of cholesteric liquid crystals

Now we consider the reflection of the cholesteric liquid crystal [10]. In the wavelength region from
l2 ¼ noPð Þ to l1 ¼ nePð Þ, for light which is circularly polarized with the same helical sense as the helix of
the liquid crystal, the angle between the electric vector of the light and the liquid crystal director is
fixed as the light propagates along the helical axis. Light reflected from different positions is always
in phase, and they interfere constructively and result in strong reflection. We calculate the reflection
from a cholesteric film in a simple case in which media below and above this film are isotropic and
have refractive index n ¼ ne þ noð Þ=2, as shown in Figure 2.8. The film thickness is h¼mp,where m is an
integer. The incident light is right-handed circularly polarized and has field amplitude u. The electric
field is

~Ei ¼
uffiffiffi
2
p

1

i

� �
e�ikonz (2.163)

The reflected light is also right-handed circularly polarized and has amplitude r. The field is

~Er ¼
rffiffiffi
2
p

1

�i

� �
eikonz (2.164)

66 PROPAGATION OF LIGHT IN ANISOTROPIC OPTICAL MEDIA



Generally speaking, there are four eigenmodes inside the cholesteric film. Two of the eigenmodes
(eigenmodes 1 and 2) are left-handed circularly polarized (one propagating in the þz direction and the
other propagating in the�z direction). The other two eigenmodes (eigenmodes 3 and 4) are right-handed
circularly polarized (one propagating in the þz direction and the other propagating in the �z direction).
The amplitudes of the left-handed circularly polarized eigenmodes are zero. For the right-handed
eigenmodes (in the cholesteric liquid crystal),

~B ¼ 1

io
r�~E ¼ �q

io
~E

For the incident, reflected, and transmitted right-handed circularly polarized light (outside the liquid

crystal),

~B ¼ 1

io
r�~E ¼ �kon

io
~E

In and near the reflection band, kon� q. If the boundary conditions for the electric field are satisfied,

the boundary conditions for the magnetic field are also satisfied. Therefore we do not need to consider

the boundary conditions for the magnetic field. The electric field in the cholesteric film is

~Ech ¼
v1ffiffiffi

2
p

1

w

� �
e�ikon2z þ v2ffiffiffi

2
p

1

�w

� �
eþikon2z (2.165)

where

w ¼ i n2
e � n2

2 � a2
� �

=2an2 (2.166)

and v1 and v2 are the electric field amplitudes of eigenmodes 3 and 4. Note that the local frame is the
same as the lab frame at the bottom and top surface of the cholesteric film because the film has m

pitches, and thus the rotation matrix is omitted in Equation (2.165). Above the cholesteric film, there
is only light propagating in the þz direction, which is the transmitted light that is right circularly
polarized and has the field

~Et ¼
tffiffiffi
2
p

1

i

� �
e�ikonz (2.167)

where t is the amplitude of the wave. The relations between u, r, v1, v2, and t can be found by using the

boundary conditions at the surface of the cholesteric film. At the interfaces, the tangential components

of the electric field are continuous. We consider a cholesteric film with h=P an integer. The boundary

hz =

iE  rE  

tE  

1E  2E

z

0=z

Ch

Figure 2.8 Schematic diagram showing the reflection of the cholesteric (Ch) film
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conditions at z ¼ h are

te�ikonh ¼ v1e�ikon2h þ v2eikon2h ð2:168Þ

ite�ikonh ¼ v1we�ikon2h � v2weikon2h ð2:169Þ

From these two equations we get

v1 ¼
t

2
e�ikonh wþ ið Þeikon2h ð2:170Þ

v2 ¼
t

2
e�ikonh w� ið Þe�ikon2h ð2:171Þ

The boundary conditions at z ¼ 0 are

uþ r ¼ v1 þ v2 ð2:172Þ

u� r ¼ �iwv1 þ iwv2 ð2:173Þ

From these two equations we get

u ¼ 1

2
1� iwð Þv1 þ

1

2
1þ iwð Þv2 ð2:174Þ

r ¼ 1

2
1þ iwð Þv1 þ

1

2
1� iwð Þv2 ð2:175Þ

The reflectance is given by [11]

R ¼ r

u

��� ���2¼ 1þ wið Þ þ 1� wið Þ v2=v1ð Þ
1� wið Þ þ 1þ wið Þ v2=v1ð Þ

����
����2¼ w2 þ 1

� �
1� e�i2kon2h
� �

2w 1þ e�i2kon2hð Þ � i w2 � 1ð Þ 1� e�i2kon2hð Þ

�����
�����
2

(2.176)

The calculated reflection spectra of cholesteric films with a few film thicknesses are shown

in Figure 2.9 [12, 13]. For a sufficiently thick cholesteric film, within the reflection band,

e�i2kon2h� 0,

R� w2þ1ð Þ
2w�i w2�1ð Þ

����
����2¼ 1

The thickness dependence of the reflectance can be estimated in the following way. At the center of the
reflection band, l ¼

ffiffi
e
p

P, w ¼ 1, and n2 ¼ �id= 2
ffiffi
e
p� �
� � iDn=2. The reflectance is given by

R ¼ 1� expð�2Dnph=n̄PÞ
1þ expð�2Dnph=nP

� �2

(2.177)

2.4.3 Lasing in cholesteric liquid crystals

Cholesteric liquid crystals are periodic optical media. When doped with fluorescent dyes, they can be
used to make cavity-free lasers [14, 15]. In lasers, one of the important properties is the spontaneous
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emission rate W, which is proportional to the density of states r, as pointed out by Purcell [16]. The
density of states function is given by

r ¼ dk

do
¼ d nkoð Þ

d 2pC=lð Þ ¼
d 2pn=lð Þ
d 2pC=lð Þ ¼

1

C
n� l

dn

dl

� �
(2.178)

For the eigenmodes corresponding to the refractive index

n2 ¼ l=Pð Þ2þ e� 4 l=Pð Þ2eþ d2
h i1=2

$ %1=2

the density of states function has the term

dn2

dl
¼ 1

2n2

dg

dl

where

g ¼ l=Pð Þ2þe� 4 l=Pð Þ2eþ d2
h i1=2

At the edges of the reflection band of the cholesteric liquid crystal, the density of states is very large
because n2 ¼ 0. Therefore lasing can occur at the edges of the reflection band.

Homework Problems

2.1 Calculate and draw the endpoint of the electric field vector at a fixed position in space as a function
of time for all the polarization states listed in Table 2.1.

2.2 Consider a homogeneously aligned nematic film of thickness h shown in Figure 2.10. The ordinary
and extraordinary refractive indices of the liquid crystal are no and ne. Light with wavelength l is

Figure 2.9 Reflection spectra of cholesteric films with various film thicknesses. The refractive

indices used are 1.7 and 1.5
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incident on the film at an angle y. The refractive angles of the ordinary and extraordinary rays are ye

and yo, respectively. Prove that the phase difference between the extraordinary ray and ordinary ray
when they come out of the film is

G ¼ 2ph

l
neff cos ye � no cos yo

� �
¼ h kez � kozð Þ

where sin y ¼ no sin yo, sin y ¼ neff sin ye ¼ none sin ye= n2
o cos2 ye þ n2

e sin2 ye

� �1=2
, and kez and

koz are the projections in the film normal direction of the wavevectors of the extraordinary and
ordinary rays, respectively.

2.3 What is the transmittance of a stack of three ideal polarizers? The angle between the transmission
axes of the first and third polarizers is 908. The transmission axis of the second polarizer is 458 with
respect the transmission axes of the other polarizers.

2.4 Linearly polarized light is normally incident on a uniformly aligned nematic liquid crystal cell that
has a pretilt angle of 458. The refractive indices of the liquid crystal are no ¼ 1:5 and ne ¼ 1:7. If the
polarization is in the plane defined by the director and the wavevector, determine the angle that the
Poynting vector makes to the wavevector.

2.5 A wedge cell is filled with a homogeneously aligned nematic liquid crystal whose director is aligned
along the wedge direction. The angle of the wedge is 38. The wedge is sandwiched between two
crossed polarizers with the entrance polarizer placed at 458 to the director. When the cell is
illuminated at normal incidence with light at a wavelength of 620 nm and viewed in transmission
with a microscope, dark fringes are observed at intervals of 100 microns along the wedge. What is
the birefringence of the liquid crystal?

2.6 Crossed polarizer with compensation films. Consider two crossed O-type polarizers. A uniaxial a

plate and a uniaxial c plate are sandwiched between the two polarizers. The a plate has its optic axis
parallel to the transmission axis of the first polarizer and has a retardation of l=4 Dndð Þa¼ l=4

� �
.

The c plate has a retardation of 2l=9 Dndð Þc¼ 2l=9
� �

. Calculate the transmission of the system at
the azimuthal angle of 458 as a function of the polar angle y.

2.7 A liquid crystal optical switch based on total internal reflection is shown in Figure 2.11. It consists of
two thick glass plates with a thin layer of liquid crystal sandwiched between them. On the left side,
the liquid crystal is aligned homeotropically by a homeotropic alignment layer and serves as a beam
splitter. On the right side, the liquid crystal is aligned homogeneously (in the direction perpendicular
to the plane of the paper) by a homogeneous alignment layer and serves as a switch. The refractive
index of the glass is 1.7. The refractive indices of the liquid crystal are no ¼ 1:5 and ne ¼ 1:7,
respectively. The incident light is unpolarized. When the liquid crystal on the right side is in the
field-off state, light is switched to Exit 1. When the liquid crystal on the right side is switched into

n  e ray 

o ray 

e  

o

q

q

q

Figure 2.10
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the homeotropic state by an external field applied across the cell, light is switched to Exit 2. What are
the polarization states of Beams 1 and 2? Alio, explain how the switch works.
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3

Optical Modeling Methods

For many liquid crystal devices, their optical properties cannot be calculated analytically because their
refractive indices vary in space. In this chapter we will discuss methods which can be used to numerically
calculate the optical properties of liquid crystal devices.

3.1 Jones Matrix Method

3.1.1 Jones vector

For a light beam with frequency o propagating in a uniform medium, the electric field vector is
sufficient to specify the beam. In this chapter, the coordinate frame is always chosen in such a way that
the propagation direction is the z direction except when otherwise specified. In this section, we
only consider the case where the light propagation direction is parallel to the normal direction of
the optical film, i.e., normal incident light. As discussed in Chapter 2, light is a transverse wave. If the
medium under consideration is isotropic, the electric field vector lies in the x–y plane. If the medium is
uniaxial and its optic axis is in the x–y plane or parallel to the z axis, the electric field vector is also in the
x–y plane. In these cases, the only quantities needed to specify a light beam are its electric field
components, Ex and Ey, in the x and y directions. Thus the wave can be represented by the Jones vector
defined by [1, 2]

~E ¼
Ex

Ey

� �
ð3:1Þ

If we are interested only in the polarization state of the wave, it is convenient to use the normalized Jones

vector, which satisfies

~E� �~E ¼ 1 ð3:2Þ

Fundamentals of Liquid Crystal Devices D.-K. Yang and S.-T. Wu
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where~E� is the complex conjugate. For light linearly polarized along a direction making an angle f with

respect to the x axis, the Jones vector is

~LðfÞ ¼
cosf

sinf

� �
ð3:3Þ

The Jones vectors for right- and left-handed circularly polarized light are

~CR ¼
1ffiffiffi
2
p

1

i

� �
ð3:4Þ

~CL ¼
1ffiffiffi
2
p

1

�i

� �
ð3:5Þ

respectively. The Jones vector of various polarization states is listed in Table 2.1.

3.1.2 Jones matrix

In the Jones representation, the effect of an optical element can be represented by a 2� 2 matrix known
as the Jones matrix. We first consider the Jones matrix of a uniaxial birefringent film with ordinary and
extraordinary refractive indices no and ne, respectively. A uniformly aligned nematic liquid crystal is
such an example. As discussed in Chapter 2, in the uniaxial birefringence film there are two eigenmodes
whose electric field eigenvectors do not change in space. If the optic axis (the uniaxis, also called the c

axis) is along the x axis of the lab frame, one of the eigenmodes has its eigenvector along the x axis and
propagates at speed c=ne; the other eigenmode has its eigenvector along the y axis and propagates at
speed c=no. If ne > no, the x axis is called the slow axis and the y axis is called the fast axis. If the incident
light on the film has the Jones vector ~E T

i ¼ ðExi;EyiÞ, when the component of the electric vector along
the x axis propagates through the film, its amplitude remains as Exi and its phase changes according to
e�2pnez=l. When the component of the electric vector along the y axis propagates through the film, its
amplitude remains as Eyi and its phase changes according to e�2pnoz=l. Therefore the Jones vector
~E T

o ¼ ðExo;EyoÞ of outgoing light will be

~Eo ¼
Exo

Eyo

� �
¼ e�i½pðneþnoÞh=l� e�iG=2 0

0 eiG=2

 !
Exi

Eyi

� �
ð3:6Þ

where G is the phase retardation and is given by G ¼ 2pðne � noÞh=l, where h is the thickness of the

film and l is the wavelength of the light in vacuum. Uniform birefringent films are also called

retardation films or wave plates. If G ¼ p=2, the film is called a quarter-wave plate. If G ¼ p, the film

is called a half-wave plate. The phase factor e�i½pðneþnoÞh=l� can be neglected when the absolute phase

is not important. Defining the Jones matrix of retardation as

G
$ ðGÞ ¼ e�iG=2 0

0 eiG=2

 !
ð3:7Þ

Equation (3.6) becomes

~Eo ¼ G
$ �~Ei ð3:8Þ

If the optic axis makes an angle b with the x axis of the lab frame, as shown in Figure 3.1, the
eigenvectors are no longer in the x and y directions. For incident light not polarized along the optic axis,
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its polarization will vary in space when propagating through the film. In this case, we have to use the
principal frame x0y0 whose x0 is parallel to the optic axis of the film. In the principal frame, Equation (3.6)
is valid. The Jones vector ~E0i of the incident light in the principal frame is related to the Jones vector ~Ei in
the lab frame by

~E0i ¼
E0xi

E0yi

 !
¼

cos b sinb

�sinb cos b

� �
Ex

Ey

� �
¼

cos b sinb

�sinb cos b

� �
~Ei ð3:9Þ

We define the matrix for the rotation of the frame as

R
$ðbÞ ¼

cos b �sinb

sinb cos b

� �
ð3:10Þ

Note that R
$�1ðbÞ ¼ R

$ð�bÞ. Then

~E0i ¼ R
$�1ðbÞ �~Ei ð3:11Þ

In the principal frame, the amplitudes of the electric fields in the x0 and y0 directions do not change with

position z, but propagate with different speeds given by c=ne and c=no, respectively, and thus their

phase delays are different. The outgoing light in the principal frame is given by

~E0o ¼
E0xo

E0yo

 !
¼ e�iG=2 0

0 eiG=2

 !
E0xi

E0yi

 !
¼ G
$
ðGÞ �~E0i ð3:12Þ

The Jones vector of the outgoing light in the lab frame is

~Eo ¼
Exo

Eyo

� �
¼

cos b �sinb

sinb cos b

� �
E0xo

E0yo

 !
¼ R
$ðbÞ � G$ðGÞ � R$�1ðbÞ~Ei ð3:13Þ

From Equations (3.10) and (3.12) we have

~Eo ¼
cos2be�iG=2 þ sin2beiG=2 sin bcos bðe�iG=2 � eiG=2Þ
sin bcos bðe�iG=2 � eiG=2Þ sin2be�iG=2 þ cos2beiG=2

 !
~Ei ð3:14Þ

x
 

y

z

h
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x ′

y ′  

b

Figure 3.1 Schematic diagram showing a light beam propagating through a uniaxial birefringent film
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The polarization of a light beam can be changed into any other polarization state by using a proper
birefringent film. If the incident light is linearly polarized along the x axis and the uniaxial birefringent
film is a quarter-wave plate with its slow axis (the uniaxial axis) at 45� with respect to the x axis,
~Eo

T ¼ ð1=
ffiffiffi
2
p
Þð1;�iÞ, and the outgoing light is left-handed circularly polarized. If the slow axis is at

�45� with respect to the x axis, ~E T
o ¼ ð1=

ffiffiffi
2
p
Þð1; iÞ, and the outgoing light is right-handed circularly

polarized. If the film is a half-wave plate and the slow axis is at 45�, ~E T
o ¼ ð�iÞð0; 1Þ, and the outgoing

light is linearly polarized along the y axis.
If the birefringent film is sandwiched between two polarizers with the transmission axis

of the (bottom) polarizer along the x axis, then ~E T
i ¼ ð1; 0Þ. The polarization of the outgoing light

is

~Eo ¼
cos2be�iG=2 þ sin2beiG=2 sinb cos bðe�iG=2 � eiG=2Þ

sinb cos b e�iG=2 � eiG=2
� �

cos2be�iG=2 þ sin2beiG=2

0
@

1
A 1

0

� �

¼ cos2be�iG=2 þ sin2beiG=2

sinb cos bðe�iG=2 � eiG=2Þ

 ! ð3:15Þ

If the transmission axis of the analyzer (top polarizer) is along the y axis, only the y component of the

outgoing light can pass the analyzer, and the transmittance is

T ¼ jEyoj2 ¼ jsinb cos bðe�iG=2 � eiG=2Þj2 ¼ sin2ð2bÞsin2ðG=2Þ ð3:16Þ

When b ¼ p=4 and G ¼ p, the maximum transmittance T ¼ 1 is obtained.

Birefringent films are used as compensation films to improve the viewing angle of liquid crystal
displays. They can be divided into three groups according to the orientation of the uniaxis (c axis) with
respect to the normal of the film:

(1) a plate: the c axis is perpendicular to the film normal.

(2) c plate: the c axis is parallel to the film normal.
(3) o plate: the c axis makes a angle a ð6¼ 0�; 6¼ 90�Þ with respect to the film normal.

3.1.3 Jones matrix of non-uniform birefringent film

When light propagates through films in which the slow and fast axes as well as the refractive indices are a
function of position z, the Jones matrix method can still be used as an approximation method as long
as the refractive indices do not change much in one wavelength distance. We divide the film into N slabs
as shown in Figure 3.2. When the thickness Dh ¼ h=N of the slabs is sufficiently small, then within each
slab, the slow axis can be considered fixed.

For layer j, the angle of the slow axis with respect to the x axis is b j and the phase retardation is
G j ¼ 2p½neðz ¼ jDhÞ � noðz ¼ jDhÞ�Dh=l. In the lab frame, the Jones vector of the incident light on the
layer is ~E ji, which is the same as the Jones vector, ~Eð j�1Þo, of the light exiting layer ð j� 1Þ , and the
Jones vector of the outgoing light is ~E jo [3]:

~E jo ¼ R
$ðb jÞ � G

$ðG jÞ � R
$�1ðb jÞ~E ji ¼ R

$ðb jÞ � G
$ðG jÞ � R

$�1ðb jÞ �~Eð j�1Þo ð3:17Þ
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The Jones vector, ~Eo, of the outgoing light is related to the Jones vector, ~Ei, of the incident light by

~Eo ¼ ½R
$ðbNÞ � G

$ðGNÞ � R
$�1ðbNÞ��

½R$ðbN�1Þ � G
$ðGN�1Þ � R

$�1ðbN�1Þ��

. . . �

½R$ðb1Þ � G
$ðG1Þ � R

$�1ðb1Þ� �~Ei

¼ P
N

j¼1
R
$ðb jÞ � G

$ðG jÞ � R
$�1ðb jÞ

h i
�~Ei

ð3:18Þ

Usually the multiplication of the matrices is carried out numerically. Analytical solutions can be

obtained in some special cases.

The Jones matrix method has the limitation that it only works well for normally incident and paraxial
rays. It neglects reflection and refraction from the interface between two optic media whose refractive
indices are different. The extended Jones matrix method takes into account the reflection and refraction,
but still neglects multiple reflection, and can be used to calculate the optical properties of media for
obliquely incident light [4–7].

3.1.4 Optical properties of twisted nematic liquid crystals

Nematic liquid crystals are usually uniaxial. Twisted nematic (TN) liquid crystals have been used in
many applications, especially in flat-panel displays [8]. A TN cell consists of two parallel substrates with
a nematic liquid crystal sandwiched between them. The inner surfaces of the cell are coated with
homogeneous anchoring alignment layers. At the surface, the liquid crystal director is aligned along the
alignment direction. The alignment directions of the bottom and top alignment layers are different. The
angle between the alignment directions is Fwhich is referred to as the total twist angle. The liquid crystal
director twists at a constant rate from the bottom to the top to match the boundary condition. The twist
rate is t ¼ F=h, where h is the thickness.

In the calculation of the optical properties, the TN film is divided into N thin slabs of thickness
Dh ¼ h=N . Within each slab, the liquid crystal director can be approximately considered uniform. If the
alignment direction of the liquid crystal director at the entrance plane is along the x axis, the rotation
matrix of the ith layer is

S
$

iðbiÞ ¼
cosbi �sinbi

sinbi cosbi

� �
¼

cos½iDb� �sin½iDb�
sin½iDb� cos½iDb�

� �
�~SðiDbÞ ð3:19Þ

Layer # 

1
2
3

1−i
i

1+i

1−N

N

xiE

Incident light 

tE

Transmitted light

z

Figure 3.2 Schematic diagram showing the propagation of light through a birefringent film with

varying slow axis
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where Db ¼ ðDh=hÞF ¼ F=N. The Jones matrix of the ith layer in the principal frame is

G
$

iðGiÞ ¼
e�iDG=2 0

0 eiDG=2

 !
�G
$ðDGÞ ð3:20Þ

where DG ¼ 2pðne � noÞDh=l ¼ 2pDnDh=l. The Jones vector of the outgoing light is related to that of

the incident light by

~Eo ¼
YN
i¼1

½S$iðbiÞ � G
$

iðGiÞ � S
$

i
�1ðb1Þ� �~Ei ¼

YN
i¼1

½S$ðiDbÞ � G$ðDGÞ � S$�1ðDbÞ� �~Ei

Note that

S
$�1

i ðbiÞS
$
ði�1Þðbði�1ÞÞ ¼

cos½Db� sin½Db�
�sin½Db� cos½Db�

� �
�~SðDbÞ

Therefore

~Eo ¼ S
$ðNDbÞ � G

$ðgÞ � S$�1ðDbÞ
h iN

�~Ei ð3:21Þ

We define a new matrix A
$

:

A
$ ¼ G

$ðDGÞ � S$�1ðDbÞ ¼ e�iG=2cosDb �e�iG=2sinDb

eiG=2sinDb eiG=2cosDb

 !
ð3:22Þ

Because A
$

is a 2� 2 matrix, from Cayley–Hamilton theory [9], A
$N can be expanded as

A
$N ¼ l1 I

$
þ l2A

$ ð3:23Þ

where l1 and l2 are found from the equations

qN
1 ¼ l1 þ l2Aq1 ð3:24Þ

qN
2 ¼ l1 þ l2Aq2 ð3:25Þ

where q1 and q2 are the eigenvalues of A
$

and can be calculated from the following equation:

e�iG=2cosDb� q �e�iG=2sinDb

eiG=2sinDb eiG=2cosDb� q

�����
����� ¼ 0

which is

1� 2 q cosðDbÞcosðDG=2Þ þ q2 ¼ 0 ð3:26Þ

Defining angle y by

cosy ¼ cosðDbÞcosðDG=2Þ ð3:27Þ

Equation (3.26) becomes ðq� cosyÞ2 ¼ �sin2y, and therefore the solutions are

q ¼ cosy� isiny ¼ e�iy ð3:28Þ
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Equations (3.24) and (3.25) become eiNy ¼ l1 þ l2eiy and e�iNy ¼ l1 þ l2e�iy, and the solutions are

l1 ¼ �sinðN � 1Þy=siny and l2 ¼ sinNy=siny. From Equation (3.23) we have

A
$N ¼� sinðN � 1Þy

sin y
I
$ þ sin Ny

sin y
A
$

¼

sin Ny
sin y

cosDbe�iDG=2 � sinðN � 1Þy
sin y

sin Ny
sin y

sinDbe�iG=2

� sin Ny
sin y

sinDbeiG=2 sin Ny
sin y

cosDbeiG=2 � sinðN � 1Þy
sin y

0
BBBB@

1
CCCCA ð3:29Þ

We also have

S
$ðNDbÞ ¼

cos½NDb� �sin½NDb�
sin½NDb� cos½NDb�

� �
¼

cosF �sinF

sinF cosF

� �
ð3:30Þ

The total phase retardation is

G ¼ NDG ¼ 2p
l
ðne � noÞh ð3:31Þ

When N!1, Db! 0, and G! 0, we have sinDb ¼ Db, cosDb ¼ 1 and sinðG=2Þ ¼ G=2,

cosðG=2Þ ¼ 1. Also from Equation (3.27) we have

y ¼ ðDbÞ2 þ ðDG=2Þ2
h i1=2

ð3:32Þ

Ny ¼ F2 þ ðG=2Þ2
h i1=2

�Y ð3:33Þ

ðA$NÞ11¼
sin Ny
sin y

cosDb cos
DG
2

� �
� isin

DG
2

� �� �
� sin Ny cos y� sin y cos Ny

sin y

¼ sin Ny
sin y

cosDbcos
DG
2

� �
� i

sinNy
sin y

cosDbsin
DG
2

� �
� sin Ny cos y� sin y cos Ny

sin y

�sin Ny
sin y

cos y� i
sin Ny

y
�1 � DG

2

� �
� sin Ny cos y� sin y cos Ny

sin y

¼cosY� i
DG
2y

sinY

¼cosY� i
G

2Y
sinY

ðA$NÞ12 ¼
sin Ny
sin y

sinDbe�iG=2 ¼ Db
y

sinY ¼ F
Y

sinY

ðA$NÞ21 ¼ �
F
Y

sinY

ð~ANÞ22 ¼ cosYþ i
G

2Y
sinY
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Equation (3.21) becomes

~Eo ¼
cosF �sinF

sinF cosF

� � cosY� i
ðG=2Þ
Y

sinY
F
Y

sinY

� F
Y

sinY cosYþ i
ðG=2Þ
Y

sinY

0
BB@

1
CCA �~Ei ð3:34Þ

A TN liquid crystal is the same as a cholesteric liquid crystal. The pitch P is related to the film

thickness h and the total twist angle F by P ¼ h=ðF=2pÞ. It should be noted that in the derivation of

Equation (3.34), reflection and interference effects have not been considered, which are important

when the wavelength is comparable to the pitch.

We consider the optical properties of a TN liquid crystal film in a few special cases.

(1) DnP� l

The twisting rate is t ¼ F=h. The retardation angle per unit length is 2pDn=l. When DnP� l (the
Mauguin condition) [10], t=ð2pDn=lÞ ¼ l=½Dn � h=ðF=2pÞ� ¼ l=DnP� 1. In this case, the twisting
rate is low: Db=ðDG=2Þ ¼ ðF=NÞ=ðpDnh=NlÞ ¼ ðF=pÞðl=DnhÞ� 1. Therefore F=Y� 1, G=2Y� 1,
and Equation (3.34) becomes

~Eo ¼
cosF �sinF

sinF cosF

� �
e�iG=2 0

0 eiG=2

 !
~Ei ¼

cosFe�iG=2 �sinFeiG=2

sinFe�iG=2 cosFeiG=2

 !
~Ei ð3:35Þ

When the incident light is linearly polarized along the liquid crystal director at the entrance plane (the

E mode), namely ~ET
i ¼ ð1; 0Þ, then ~ET

o ¼ ðcosF; sinFÞe�iG=2. This indicates that the polarization

remains parallel to the liquid crystal director as the light propagates through the TN liquid crystal and

the propagating speed is c=ne. When the incident light is linearly polarized perpendicular to the liquid

crystal director at the entrance plane (the O mode), namely ~ET
i ¼ ð0; 1Þ, then ~ET

o ¼ ð�sinF;
cosFÞeiG=2. This indicates that the polarization remains perpendicular to the liquid crystal director as

the light propagates through the TN liquid crystal and the propagating speed is c=no. This result is the

same as that obtained by solving the Maxwell equation in Section 2.4.

(2) DnP� l

The twisting rate is very high (much larger than the retardation angle per unit length 2pDn=l):
G=F ¼ ð2pDnh=lÞ=F ¼ DnP=l ¼ Dn=a� 1, where a ¼ l=P, and

Y ¼ F2 þ G
2

� �2
" #1=2

�Fþ Dn2

8a2
F ¼ Fþ Dn2

8a
2ph

l

� �
ð3:36Þ

Equation (3.34) becomes

~Eo ¼
cosF �sinF

sinF cosF

� �
cosY sinY

�sinY cosY

� �
~Ei ð3:37Þ

If the incident light is right-handed circularly polarized, namely

~Ei ¼
1ffiffiffi
2
p

1

i

� �
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the outgoing light is

~Eo ¼
1ffiffiffi
2
p

cosF �sinF

sinF cosF

� �
cosY sinY

�sinY cosY

� �
1

i

� �
¼ 1ffiffiffi

2
p

1

i

� �
eiðY�FÞ ð3:38Þ

which is still right-handed circularly polarized. Therefore right-handed circular polarization is an

eigenmode. Recall the omitted factor e�i2pnh=l. Then the total phase angle is

Y� F� 2pnh

l
¼ � 2pnh

l
þ Dn2

8a
2ph

l

� �
� � 2pn1h

l
ð3:39Þ

and the corresponding refractive index is

n1 ¼ n� Dn2

8a
ð3:40Þ

This result is the same as Equation (2.131) when a� n .

If the incident light is left-handed circularly polarized, namely

~Ei ¼
1ffiffiffi
2
p

1

�i

� �

the outgoing light is

~Eo ¼
1ffiffiffi
2
p

cosF �sinF

sinF cosF

� �
cosY sinY

�sinY cosY

� �
1

�i

� �
¼ 1ffiffiffi

2
p

1

�i

� �
eiðF�YÞ ð3:41Þ

which is still left-handed circularly polarized. Therefore left-handed circular polarization is another

eigenmode. The total phase angle is

F�Y� 2pnh

l
¼ � 2pnh

l
� Dn2

8a
2ph

l

� �
� � 2pn2h

l
ð3:42Þ

and the corresponding refractive index is

n2 ¼ nþ Dn2

8a
ð3:43Þ

This result is the same as Equation (2.128) when a� n.

Now we consider a TN display whose geometry is shown in Figure 3.3 [11,12]. The TN liquid crystal
is sandwiched between two polarizers. The x axis of the lab frame is chosen parallel to the liquid crystal
director at the entrance plane. The angles of the entrance and exit polarizers are ai and ao, respectively.
The Jones vector of the incident light is ~ET

i ¼ ðcos ai; sin aiÞ. The Jones vector of the existing light is
given by

~Eo ¼
cosF �sinF

sinF cosF

� � cosY� i
ðG=2Þ
Y

sinY
F
Y

sinY

� F
Y

sinY cosYþ i
ðG=2Þ
Y

sinY

0
BB@

1
CCA cos ai

sin ai

� �
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The exit polarizer is along the direction represented by the unit vector ~PT
exit ¼ ðcos ao; sin aoÞ. The

electric field of the light which can pass through the exit polarizer is given by

Eexit¼~Pexit �~Eo

¼ðcosao; sinaoÞ
cosF �sinF

sinF cosF

� � cosY� i
ðG=2Þ
Y

sinY
F
Y

sinY

�F
Y

sinY cosYþ i
ðG=2Þ
Y

sinY

0
BB@

1
CCA cosai

sinai

� �

¼cosY cosðao�ai�FÞ�F
YsinY sinðao�ai�FÞ� i

ðG=2Þ
Y

sinY cosðaoþai�FÞ

ð3:44Þ

The intensity of the light is

Io ¼ jEexitj2¼ cos2ðao � ai � FÞ � sin2 Y sin ½2ðao � FÞ�sinð2aiÞ

�F2

Y2
sin2 Y cos½2ðao � FÞ�cosð2aiÞ �

F
2Y

sinð2YÞsin½2ðao � ai � FÞ�
ð3:45Þ

For a normal-black 908 TN display where the transmission axes of the two polarizers are parallel to the
liquid crystal director, F ¼ p=2, ai ¼ ao ¼ 0, Y ¼ ½ðp=2Þ2þ ðG=2Þ2�1=2 ¼ ðp=2Þ½1þ ð2Dnh=lÞ2�1=2,
and the transmittance of the TN cell (normalized to the light intensity before the entrance polarizer) is
given by

T ¼ 1

2

F2

Y2
sin2Y ¼

sin2

�
ðp=2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ð2Dnh=lÞ2

q �
2½1þ ð2Dnh=lÞ2�

ð3:46Þ

The transmittance T vs. the retardation u ¼ 2Dnh=l is shown in Figure 3.4. Generally the transmittance
of the display is not zero except when

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ u2
p

¼ 2i ði ¼ 1; 2; 3; . . .Þ, namely u ¼
ffiffiffi
3
p

;
ffiffiffiffiffi
15
p

; . . . . These
values are known as the first, second, etc., minimum conditions, respectively. When u� 1, the case
where the polarization rotates with the liquid crystal director, the denominator becomes very large and
the transmittance becomes very small.

3.2 Mueller Matrix Method

3.2.1 Partially polarized and unpolarized light

If light is not absolutely monochromatic, the amplitudes and relative phase between the x and y

components can both vary with time. As a result, the polarization state of a polychromatic plane wave

LC director at 
entrance plane 

y

Entrance 
polarizer 

LC director at 
exit plane 

Exit 
polarizer 

Φ

x

ao

ai

Figure 3.3 Geometry of the TN display
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may be constantly changing. If the polarization state changes more rapidly than the speed of observation,
the light is partially polarizedor unpolarized depending on the time-averaged behavior of the
polarization state. In optics, one often deals with light with an oscillation frequency of about
1014 s�1, whereas the polarization state may change in a time period of about 10�8 s. In order to
describe unpolarized and partially polarized light, the Stokes vector is introduced.

A quasimonochromatic wave, whose frequency spectrum is confined to a narrow bandwidth
DlðDl� lÞ, can still be described by

~E ¼ ½AxðtÞx̂ þ AyðtÞeidŷ �eiðot�kzÞ ð3:47Þ

where the wave is propagating in the z direction; Ax and Ay are positive numbers which may be time

dependent. At a given position, the components of the Stokes vector are defined as follows [13]:

So ¼ hExE
�

x þ EyE
�

yi ¼ hA2
x þ A2

yi ð3:48Þ

which describes the light intensity;

S1 ¼ hExE
�

x � EyE
�

yi ¼ hA2
x � A2

yi ð3:49Þ

which describes the difference in intensity between components along the x an y axes;

S2 ¼ hExE
�

y þ EyE
�

xi ¼ 2hAxAycosdi ð3:50Þ

which describes the component along the direction at �45
�
; and

S3 ¼ hiðExE
�

y � EyE
�

xÞi ¼ 2hAxAysindi ð3:51Þ

which describes the circular polarization. h i denote the average performed over a time interval tD that
is the characteristic time constant of the detection process. So specifies the intensity of the light beam. By
considering the following cases, the rationale of defining the parameters will be shown:

(1) Unpolarized light. The average amplitudes of the electric field components in the x and y directions
are the same, but the phase difference between them is completely random, i.e., hA2

xi ¼ hA2
yi,

hcosdi ¼ hsindi ¼ 0, and therefore the normalized Stokes vector is

~ST ¼ ð1; 0; 0; 0Þ ð3:52Þ
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Figure 3.4 Transmittance of normal-black 90� TN vs. retardation
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(2) Linearly polarized light along a direction which makes an angle c with respect to the x axis. The
amplitudes of the electric field components in the x and y directions are Ax ¼ cosc and Ay ¼ sinc,
respectively. The phase difference is d ¼ 0. The Stokes vector is

~ST ¼ ½1; cosð2cÞ; sinð2cÞ; 0� ð3:53Þ

When the light is linearly polarized along the x axis, ~S T ¼ ð1; 1; 0; 0Þ; when it is linearly polarized
along the y axis, ~S T ¼ ð1; �1; 0; 0Þ; when it is linearly polarized along the direction at 45

�
,

~S T ¼ ð1; 0; 1; 0Þ; and when it is linearly polarized along the direction at �45
�
, ~S T ¼ ð1; 0; �1; 0Þ.

(3) Circularly polarized. The amplitudes of the electric field components in the x and y directions are the
same, i.e., Ax ¼ Ay ¼ 1=

ffiffiffi
2
p

, and the phase difference is d. The Stokes vector is

~S T ¼ ð1; 0; 0; sin dÞ ð3:54Þ

For right-handed circular polarization, the phase difference is d ¼ p=2, and ~S T ¼ ð1; 0; 0; 1Þ; while
for left-handed circular polarization, d ¼ �p=2, and ~S T ¼ ð1; 0; 0; �1Þ.

If there were only two parameters S0 and S1, when S1 ¼ 0, there are three possibilities: (i) unpolarized,
(ii) linearly polarized along the direction at �45

�
, and (iii) circularly polarized. Therefore more

parameters are needed to differentiate them. If there were only three parameters S0, S1, and S3, when
S1 ¼ 0 and S3 ¼ 0, there are two possibilities: (i) unpolarized and (ii) linearly polarized along the
direction at�45

�
. Therefore one more parameter is needed to differentiate them. The four parameters are

necessary and also sufficient to describe the polarization of a light beam. The Stokes vectors of various
polarizations are listed in Table 2.1.

When a light beam is completely polarized, S1 þ S2 þ S3 ¼ So ¼ 1. When a light beam is unpolar-
ized, S1 þ S2 þ S3 ¼ 0. The degree of polarization can be described by

g ¼ S1 þ S2 þ S3

So
ð3:55Þ

For partially polarized light, 0< g< 1:

3.2.2 Measurement of the Stokes parameters

The light beam to be studied is incident on a combination of a quarter-wave plate and a polarizer as
shown in Figure 3.5. The slow optic axis of the wave plate is along the y axis and the retardation angle is
b ¼ 90�. The transmission axis of the polarizer is at an angle a.

x
y

A

P

α

k

Polarizer Retarder 

Figure 3.5 Schematic diagram of the setup which is used to measure the Stokes parameters
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The electric field (in Jones vector form) of the incident light (before the quarter-wave plate) is

~E ¼
Ax

Ayeid

� �
ð3:56Þ

where Ax and Ay are positive numbers which may be time dependent. After the quarter-wave plate, the

field is

~E1 ¼
Ax

AyeiðdþbÞ

� �
ð3:57Þ

At the polarizer, the electric field along the transmission axis is

E ¼ Axcos aþ AyeiðdþbÞsin a ð3:58Þ

The intensity of the outgoing light is

I ¼ hjEj2i ¼ hðAxcos aþ AyeiðdþbÞsin aÞðAxcos aþ Aye�iðdþbÞsin aÞi
¼ hA2

xicos2aþ hA2
yisin2aþ sinð2aÞðhAxAycos dicos bþ hAxAysin disin bÞ

¼ 1

2
ðSo þ S1Þcos2aþ 1

2
ðSo � S1Þsin2aþ sinð2aÞ 1

2
S2cos bþ 1

2
S3sinb

� �

¼ 1

2
½So þ S1cosð2aÞ þ sinð2aÞðS2cos bþ S3sinbÞ� ð3:59Þ

In the first step of the measurement, the quarter-wave plate is removed, which is equivalent to b ¼ 0. The
light intensity is measured when the polarizer is at the following positions:

Iðb ¼ 0; a ¼ 0Þ ¼ 1

2
ðSo þ S1Þ ð3:60Þ

Iðb ¼ 0; a ¼ 45
� Þ ¼ 1

2
ðSo þ S2Þ ð3:61Þ

Iðb ¼ 0; a ¼ 90
� Þ ¼ 1

2
ðSo � S1Þ ð3:62Þ

When the quarter-wave plate is inserted and the polarizer is at 458, the measured light intensity will be

Iðb ¼ 90
�
; a ¼ 45

� Þ ¼ 1

2
ðSo þ S3Þ ð3:63Þ

From these four equations, the Stokes parameters can be calculated.
It is impossible by means of any instrument to distinguish between various incoherent superpositions

of wave fields, having the same frequency, that may together form a beam with the same Stokes
parameters. This is known as the principle of optical equivalence.

The Stokes vectors of incoherent beams can be composed and decomposed. For example, an
unpolarized beam can be decomposed into two opposite elliptically polarized light beams (with the
same ellipticity but opposite handedness and orthogonal major axes), i.e.,

Io

1

0

0

0

0
BBB@

1
CCCA ¼ Io

2

1

cosð2nÞcosð2fÞ
cosð2nÞsinð2fÞ

sinð2nÞ

0
BBB@

1
CCCAþ Io

2

1

cosð�2nÞcos½2ðfþ p=2Þ�
cosð�2nÞsin½2ðfþ p=2Þ�

sinð�2nÞ

0
BBB@

1
CCCA ð3:64Þ
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where n and f are the ellipticity angle and azimuthal angle of the polarization ellipse, respectively (see

Sections 2.2.4 and 3.3.4 for details).

A partially polarized beam can be decomposed into a completely polarized beam and an unpolarized
beam:

So

S1

S2

S3

0
BBB@

1
CCCA ¼ ð1� gÞ

So

0

0

0

0
BBB@

1
CCCAþ

gSo

S1

S2

S1

0
BBB@

1
CCCA ð3:65Þ

where

g ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S2

1 þ S2
2 þ S2

3

q
So

A partially polarized beam can also be decomposed into two oppositely polarized beams:

So

S1

S2

S3

0
BBB@

1
CCCA ¼ ð1þ gÞ

2g

gSo

S1

S2

S3

0
BBB@

1
CCCAþ ð1� gÞ

2g

gSo

�S1

�S2

�S1

0
BBB@

1
CCCA ð3:66Þ

3.2.3 Mueller matrix

When the polarization state of a light beam is represented by the Stokes vector, the effect of an optical
element can be represented by the Mueller matrix M

$
which operates on the Stokes vector, ~Si, of the

incident light to generate the Stokes vector, ~So, of the outgoing light:

~So ¼ M
$ �~Si ð3:67Þ

The Mueller matrix M
$

has the form

M
$ ¼

m00 m01 m02 m03

m10 m11 m12 m13

m20 m21 m22 m23

m30 m31 m32 m33

0
BBB@

1
CCCA ð3:68Þ

If the Jones matrix of the optical element is

G
$ ¼

g11 g12

g21 g22

� �
ð3:69Þ

the Mueller matrix of the element is

M
$ ¼ 1

2

1 0 0 1

1 0 0 �1

0 1 1 0

0 i �i 0

0
BBB@

1
CCCA

g11g
�

11 g11g
�

12 g12g
�

11 g12g
�

12

g11g
�

21 g11g
�

22 g12g
�

21 g12g
�

22

g21g
�

11 g21g
�

12 g22g
�

11 g22g
�

12

g21g
�

21 g21g
�

22 g22g
�

21 g22g
�

22

0
BBBB@

1
CCCCA

1 1 0 0

0 0 1 �i

0 0 1 i

1 �1 0 0

0
BBB@

1
CCCA ð3:70Þ
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We first consider the Mueller matrix of an absorber. The transmission coefficients along the x and y

axes are px and py, respectively, namely

E0x
E0y

 !
¼

px 0

0 py

� �
Ex

Ey

� �
ð3:71Þ

If px ¼ py ¼ p, the absorber is a neutral density filter. If px ¼ 0 and py ¼ p ¼ 1, it is a vertical

polarizer (transmission axis parallel to the y axis). If px ¼ p ¼ 1 and py ¼ 0, it is a horizontal

polarizer. The Mueller matrix of the absorber is

M
$

P ¼
1

2

p2
x þ p2

y p2
x � p2

y 0 0

p2
x � p2

y p2
x þ p2

y 0 0

0 0 2 px py 0

0 0 0 2 px py

0
BBBB@

1
CCCCA ð3:72Þ

We now consider the Mueller matrix of a rotator. In the xy frame, the electric field vector is
~E ¼ Exx̂ þ Eyŷ . In another frame x0y0, which is in the same plane but the x0 axis makes an angle f with
the x axis, the electric vector is ~E0 ¼ E0xx̂ 0 þ E0y ŷ 0. The components of the electric field in the two frames
are transformed according to Equation (3.9). The Mueller matrix that transform the Stokes vector in the
xy frame into the Stokes vector in the x0y0 frame is

M
$

RðfÞ ¼

1 0 0 0

0 cosð2fÞ sinð2fÞ 0

0 �sinð2fÞ cosð2fÞ 0

0 0 0 1

0
BBB@

1
CCCA ð3:73Þ

The Mueller matrix of an ideal polarizer at the angle f is

M
$

PðfÞ ¼ M
$

Rð�fÞ �M
$

Pð0Þ �M
$

RðfÞ

¼ 1

2

1 cosð2fÞ sinð2fÞ 0

cosð2fÞ cos2ð2fÞ sinð2fÞcosð2fÞ 0

sinð2fÞ sinð2fÞcosð2fÞ sin2ð2fÞ 0

0 0 0 0

0
BBB@

1
CCCA ð3:74Þ

For a retarder with retardation angle G ¼ 2pDnh=l and the slow axis along the x axis,

E0x
E0y

 !
¼ eiG=2 0

0 e�iG=2

 !
Ex

Ey

� �
ð3:75Þ

the corresponding Mueller matrix is

M
$

retarderðG; 0Þ ¼

1 0 0 0

0 1 0 0

0 0 cosG �sinG

0 0 sinG cosG

0
BBB@

1
CCCA ð3:76Þ
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The Mueller matrix of a retarder, whose slow axis makes an angle f with the x axis, is

M
$

retarderðG;fÞ ¼M
$

Rð�fÞ�M
$

retarderðG;0Þ�M
$

RðfÞ

¼

1 0 0 0

0 cos2ð2fÞþsin2ð2fÞcosG sinð2fÞcosð2fÞð1�cosGÞ sinð2fÞsinG

0 sinð2fÞcosð2fÞð1�cosGÞ sin2ð2fÞþcos2ð2fÞcosG �cosð2fÞsinG

0 �sinð2fÞsinG cosð2fÞsinG cosG

0
BBB@

1
CCCA ð3:77Þ

If there is no absorption element involved, we need to consider the three-component vector
~S T ¼ ðS1 ; S2; S3Þ. The function of optical elements is described by 3�3 matrices.

M
$
¼

m11 m12 m13

m21 m22 m23

m31 m32 m33

0
B@

1
CA ð3:78Þ

3.2.4 Poincaré sphere

For completely polarized light, the normalized Stokes parameters satisfy the condition
S2

1 þ S2
2 þ S2

3 ¼ S2
o ¼ 1. Therefore a point with coordinates ðS1; S2; S3Þ is on the surface of a unit

sphere in 3-D space. This sphere is known as the Poincaré sphere and is shown in Figure 3.6.
For completely polarized light, whose Jones vector is

~E ¼
Ax

Ayeid

� �
ð3:79Þ

where Ax and Ay are time-independent positive numbers and d is a time-independent number. Generally,

it is elliptically polarized. The azimuthal angle f of the polarization ellipse is given by (Equation (2.41))

tan2f ¼ AxAycos d
ðA2

x � A2
yÞ

ð3:80Þ

a  
 

d = 0

RHC 

LHC 

 

2S  

1S

3S  

d = p

d = -p / 2

d = p / 2

b

Figure 3.6 Poincaré sphere

88 OPTICAL MODELING METHODS



The ellipticity angle n is given by (Equation (2.48))

sin 2n ¼ 2 tann
1þ tan2n

¼ 2b=a

1þ ðb=aÞ2
¼ 2ab

a2 þ b2
ð3:81Þ

where a and b are the lengths of the principal semi-axes of the polarization ellipse. From Equations

(2.45) and (2.46) we have

sin 2n ¼ 2AxAy sin d
A2

x þ A2
y

ð3:82Þ

The Stokes parameters are given by

S1 ¼ ðA2
x � A2

yÞ=ðA2
x þ A2

yÞ ð3:83Þ

S2 ¼ 2AxAy cos d=ðA2
x þ A2

yÞ ð3:84Þ

S3 ¼ 2AxAy sin d=ðA2
x þ A2

yÞ ð3:85Þ

The longitudinal angle a of the point representing the polarization on the Poincaré sphere is given
by

tan a ¼ S2

S1
¼ 2AxAycos d

A2
x � A2

y

¼ tan 2f ð3:86Þ

Therefore a ¼ 2f. The latitude angle b is given by

sin b ¼ S3 ¼ 2AxAy sin d=ðA2
x þ A2

yÞ ¼ sin 2n ð3:87Þ

Therefore b ¼ 2n. If we know the azimuthal angle f and the ellipticity angle n of the polarization ellipse,
the Stokes vector is

~S ¼
cosð2nÞcosð2fÞ
cosð2nÞsinð2fÞ

sinð2nÞ

0
B@

1
CA ð3:88Þ

If we know the angle w ¼ tan�1ðAx=AyÞ and the phase difference d, then the Stokes vector
is

~S ¼
cosð2wÞ

sinð2wÞcosd

sinð2wÞsind

0
B@

1
CA ð3:89Þ
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The points corresponding to some special polarization states are as follows:

Features of the Poincaré sphere

(1) Two diametrically opposed points on the sphere correspond to states with orthogonal polarization.
(2) For any point on a half circle connecting the north and south poles (fixed longitude), the inclination

angle f of the polarization ellipse is the same, because S2=S1 ¼ constant.
(3) For any point on a circle with fixed S3(fixed latitude) on the sphere, the ellipticity is the same.

3.2.5 Evolution of the polarization states on the Poincaré sphere

We consider how the three-component Stokes vector ~S evolves on the Poincaré sphere under
the action of retardation films. The Mueller matrix of a uniform uniaxial retarder with the retardation
angle G and the slow axis making an angle f with the x axis is given by (from Equations (3.77)
and (3.78))

M
$ðG;cÞ ¼

cos2ð2fÞ þ sin2ð2fÞcosG sinð2fÞcosð2fÞð1� cosGÞ sinð2fÞsinG

sinð2fÞcosð2fÞð1� cosGÞ sin2ð2fÞ þ cos2ð2fÞcosG �cosð2fÞsinG

�sinð2fÞsinG cosð2fÞsinG cosG

0
B@

1
CA ð3:90Þ

For a thin retardation film with thickness dz! 0, and retardation angle dG ¼ ð2pDn= lÞdz ¼
koDndz! 0, we have the approximations that cos dG ¼ 1 and sin dG ¼ dG, and the Mueller matrix
becomes

M
$ðdG;fÞ ¼

1 0 sinð2fÞdG
0 1 �cosð2fÞdG

�sinð2fÞdG cosð2fÞdG 1

0
B@

1
CA ð3:91Þ

If the Stokes vector of the incident light is ~Si, the Stokes vector of the outgoing light is
~So ¼ ~MðG;cÞ � ~Si. The change in the Stokes vector caused by the retardation film is

d~S ¼~So �~Si ¼ M
$ðdG;cÞ �~Si �~Si ¼ dG

0 0 sinð2fÞ
0 0 �cosð2fÞ

�sinð2fÞ cosð2fÞ 0

0
B@

1
CA �~Si ð3:92Þ

This can be rewritten as

d~S ¼ dG~O�~Si ð3:93Þ

North pole (0,0,1): right-handed polarized

South pole (0,0,-1): left-handed polarized

A point on the equator: linearly polarized

(1,0,0): linearly polarized along the x axis

(�1,0,0): linearly polarized along the y axis

(0,1,0): linearly polarized along 458

90 OPTICAL MODELING METHODS



where ~O is a unit vector and has the form

~O ¼
cosð2fÞ
sinð2fÞ

0

0
B@

1
CA ð3:94Þ

From Equation (3.93), we can see that the effect of the retarder is to rotate ~S around the axis represented
by ~O with the rotation angle of dG as shown in Figure 3.7. From Equation (3.94), it can be seen that the
rotation axis is on the equator and makes an angle of 2f with the S1 axis, which is twice the angle of the
slow axis (with respect to the x axis) of the retarder (in the xy frame).

For a uniform retardation film with retardation angle G, even if its thickness is not small, the Stokes
vector of the outgoing light can be derived from Equation (3.93) and is

~So ¼~Si þ G~O�~Si ð3:95Þ

One of the reasons for using the Poincaré sphere is that the effect of retardation films and the evolution

of the polarization state can be easily visualized. We consider polarization conversion in the following

special cases.

(1) Polarization conversion using quarter-wave plates

An elliptical polarization state (with inclination angle f and ellipticity angle n) can be converted into a
circular polarization state by using two quarter-wave plates [4]. This can be done in two steps. First, use a
quarter wave-plate with the c axis parallel to the major axis of the polarization ellipse. The rotation axis is
at 2f and the cone angle of the rotation cone is 2� 2n. The rotation angle is p=2. After this quarter-wave
plate, the Stokes vector is on the equator and the longitudinal angle is 2f� 2n on the Poincaré sphere,
i.e., the light is linearly polarized at an angle ð2f� 2nÞ=2 ¼ ðf� nÞ with respect to the x axis in the xy

frame. In order to convert the linear polarization into right-handed circular polarization, the rotation axis
should be at f� n� p=2 and the rotation angle should be p=2 on the Poincaré sphere. Therefore the c

axis of the second quarter-wave plate should be at an angle ðf� n� p=2Þ=2 with respect to the x axis in
the xy frame. By reversing this procedure, circularly polarized light can be converted into elliptically
polarized light by using two quarter-wave plates. By combining the above two procedures, any

2y
2S

1S

3S  

Ω

iS  

Γd  

oS  

Sd  

Ω  

iS

Γd

oS

Sd  

Figure 3.7 Schematic diagram showing the rotation of the Stokes vector under the action of the

retardation film
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elliptically polarized light can be converted into any other elliptically polarized light by using four
properly oriented quarter-wave plates.

(2) Polarization conversion using two quarter-wave plates and one half-wave plate

Elliptically polarized light at ðf1; n1Þ can be converted into elliptically polarized light at ðf2; n2Þ [4] as
follows. First, use a quarter-wave plate with its c axis at an angle f1 in the xy frame. The rotation axis is
at an angle 2f1, the cone angle is 2� 2n1, and the rotation angle is p=2 on the Poincaré sphere. After this
quarter-wave plate, the light becomes linearly polarized at the angle 2f1 � 2n2 on the Poincaré
sphere. Secondly, use a half-wave plate whose rotation axis is at an angle ½ð2f2 � 2n2Þþ
ð2f1 � 2n1Þ�=2 ¼ f2 � n2 þ f1 � n1, which will convert the linear polarization into another linear
polarization at the angle ð2f1 � 2n1Þ þ 2½ðf2 � n2 þ f1 � n1Þ � ð2f1 � 2n1Þ� ¼ 2f2 � 2n2 on the
Poincaré sphere. In the xy frame, the c axis of the half-wave plate is at an angle ðf2 � n2 þ f1 � n1Þ=2
with respect to the x axis. Thirdly, use another quarter-wave plate whose c axis is at an angle f2 with
respect to the x axis, which will convert the linear polarization into elliptical polarization at ðf2; n2Þ.

3.2.6 Mueller matrix of TN liquid crystals

We now consider the Mueller matrix of a uniform TN (or cholesteric) liquid crystal. The problem can
be simplified if we consider the Stokes vector and Mueller matrix in the local frame x0y0 in which the
liquid crystal director lies along the x0 axis. We divide the liquid crystal film into N thin slabs. The
thickness of each slab is dz ¼ h=N , where h is the thickness of the liquid crystal film. The angle between
the liquid crystal director of two neighboring slabs is dc ¼ qdz, where q is the twisting rate. The
retardation angle of a slab is dG ¼ koDndz. If the Stokes vector (in the local frame) of the light incident
on a slab is ~S0, then the Stokes vector of the light incident on the next slab is (from Equations (3.73) and
(3.76))

~S0 þd~S 0 ¼
1 2qdz 0

�2qdz 1 0

0 0 1

0
B@

1
CA

1 0 0

0 1 �koDndz

0 koDndz 1

0
B@

1
CA~S 0 ¼

1 2qdz 0

�2qdz 1 �koDndz

0 koDndz 1

0
B@

1
CA~S 0 ð3:96Þ

In deriving the above equation, only first order terms are kept when dz! 0. In component form we have

dS01
dz
¼ 2qS02 ð3:97Þ

dS02
dz
¼ �2qS01 � koDnS03 ð3:98Þ

dS03
dz
¼ koDnS02 ð3:99Þ

From Equation (3.98) we get

d2S02
dz2
¼ �2q

dS01
dz
� koDn

dS03
dz
¼ �½ð2qÞ2 þ ðkoDnÞ2�S02 ð3:100Þ

We define

w ¼ ½ð2qÞ2 þ ðkoDnÞ2�1=2 ¼ 2½F2 þ ðG=2Þ2�1=2=h ð3:101Þ
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where F and G are the total twist angle and retardation angle of the liquid crystal film, respectively.

The solution of Equation (3.100) is

S02 ¼ A21sinðwzÞ þ A22cosðwzÞ ð3:102Þ

From Equation (3.97) we get

S01 ¼
2q

w
½�A21cosðwzÞ þ A22sinðwzÞ� þ A11 ð3:103Þ

From Equation (3.99) we get

S03 ¼
koDn

w
½�A21cosðwzÞ þ A22sinðwzÞ� þ A33 ð3:104Þ

If the Stokes vector of the light incident on the liquid crystal film is~S0Ti ¼ ð S010 S020 S030 Þ, then we

have the boundary condition equations ðz ¼ 0Þ

A22 ¼ S020 ð3:105Þ

� 2q

w
A21 þ A11 ¼ S010 ð3:106Þ

� koDn

w
A21 þ A33 ¼ S030 ð3:107Þ

Also from Equation (3.98) we get

�2qA11 � koDnA33 ¼ 0 ð3:108Þ

From the above four equations we can find the four coefficients. The final results are

S01 ¼ 1� 2
2q

w

� �2

sin2 w
2

z
� �" #

S010 þ
2q

w
sinðwzÞS020 �

4qkoDn

w2
sin2 w

2
z

� �
S030 ð3:109Þ

S02 ¼ �
2q

w
S010sinðwzÞ þ S020cosðwzÞ � koDn

w
S030sinðwzÞ ð3:110Þ

S03 ¼ �
4qkoDn

w2
sin2 w

2
z

� �
S010 þ

koDn

w
sinðwzÞS020 þ 1� 2

2q

w

� �2

sin2 w
2

z
� �" #

S030 ð3:111Þ

Therefore the Stokes vector ~S0o after the TN film is related to the Stokes vector ~S0i before the film by

~S0o ¼

1� 2
F2

X2
sin2X

F
X

sinð2XÞ �2
FðG=2Þ

X2
sin2X

�F
X

sinð2XÞ cosð2XÞ � ðG=2Þ
X

sinð2XÞ

�2
FðG=2Þ

X2
sin2X

ðG=2Þ
X

sinð2XÞ 1� 2
ðG=2Þ2

X2
sin2X

0
BBBBBB@

1
CCCCCCA
:~S0i ð3:112Þ

where

X ¼ ½F2 þ ðG=2Þ2�1=2 ð3:113Þ
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We know that at the exiting plane the local frame makes an angle F with the lab frame, and at the

entrance plane the x0 axis is parallel to the x axis and therefore~S0i ¼~Si. Therefore in the lab frame we

have

~So ¼
cosð2FÞ �sinð2FÞ 0

sinð2FÞ cosð2FÞ 0

0 0 1

0
B@

1
CA�

1� 2
F2

X2
sin2X

F
X

sinð2XÞ �2
FðG=2Þ

X2
sin2X

�F
X

sinð2XÞ cosð2XÞ �ðG=2Þ
X

sinð2XÞ

�2
FðG=2Þ

X2
sin2X

ðG=2Þ
X

sinð2XÞ 1� 2
ðG=2Þ2

X2
sin2X

0
BBBBBB@

1
CCCCCCA
�~Si ð3:114Þ

This equation can also be obtained from Equations (3.34) and (3.70).

For example, for the normal-black 908 TN liquid crystal where the two polarizers are parallel to each
other, F ¼ p=2 and ~S T

i ¼ ð1; 0; 0Þ, so

~So ¼
�1 0 0

0 �1 0

0 0 1

0
B@

1
CA

1� 2
F2

X2
sin2X

F
X

sinð2XÞ �2
FðG=2Þ

X2
sin2X

�F
X

sinð2XÞ cosð2XÞ � ðG=2Þ
X

sinð2XÞ

�2
FðG=2Þ

X2
sin2X

ðG=2Þ
X

sinð2XÞ 1� 2
ðG=2Þ2

X2
sin2X

0
BBBBBB@

1
CCCCCCA

1

0

0

0
B@

1
CA

¼

�1þ 2
F2

X2
sin2X

F
X

sinð2XÞ

2
FðG=2Þ

X2
sin2X

0
BBBBBB@

1
CCCCCCA

The polarizer after the TN liquid crystal is also along the x axis. From the definition of the Stokes vector
we can get the transmittance

T ¼ ð1þ So1Þ=2 ¼ F
X

� �2

sin2X

which is the same as that given by Equation (3.46).

3.2.7 Mueller matrix of non-uniform birefringent film

In the same way that the Jones matrix can be used to numerically calculate the optical properties of
non-uniform birefringent films, the Mueller matrix can also be used to numerically calculate the optical
properties of a non-uniform birefringent film. We divide the film into N slabs as shown in Figure 3.2.
When the thickness Dh ¼ h=N of the slabs is sufficiently small, within each slab, the slow axis can
be considered fixed. For layer i, the angle of the slow axis with respect the x axis is bi and the
phase retardation is Gi ¼ 2p½neðz ¼ iDhÞ � noðz ¼ iDhÞ�Dh=l. In the lab frame, the Stokes vector of
the incident light on the layer is ~Sii, which is the same as the Stokes vector, ~Sði�1Þo, of the light exiting
the layer ði� 1Þ, and the Stokes vector of the light coming out of layer i is ~Sio [9]

~Sio ¼ M
$

rotatorðbiÞ �M
$

retardarðGiÞ �M
$�1

rotatorðbiÞ �~Sii

¼ M
$

rotatorðbiÞ �M
$

retardarðGiÞ �M
$�1

rotatorðbiÞ �~Sði�1Þo ð3:115Þ
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The Stokes vector, ~So, of the outgoing light is related to the Stokes vector, ~Si, of the incident light by

~So ¼ ½M
$

rotatorðbNÞ �M
$

retarderðGNÞ �M
$�1

rotatorðbNÞ��
½M$rotatorðbN�1Þ �M

$
retarderðGN�1Þ �M

$�1
rotatorðbN�1Þ��

. . . �
½M$rotatorðb1Þ �M

$
retarderðG1Þ �M

$�1
rotatorðb1Þ� �~Si

¼
YN
i¼1

½M$rotatorðbiÞ �M
$

retarderðGiÞ �M
$�1

rotatorðb1Þ� �~Si ð3:116Þ

Usually the multiplication of the matrices is carried out numerically.

3.3 Berreman 4 x 4 Method

For stratified optical media (whose refractive indices are only a function of the coordinate normal to the
film), Berreman introduced a 4� 4 matrix method (now known as the Berreman 4� 4 method) [14–18],
in which the electric field and magnetic field (the sum of the fields of the light beam propagating in
forward and backward directions) are considered. When the film is divided into slabs, the reflection at the
interface between the slabs is taken into account. The Berreman 4� 4 method works well for both
normal and obliquely incident light. Consider an optical film, such as a cholesteric liquid crystal in the
planar texture (TN), whose dielectric tensor is only a function of the coordinate z, which is perpendicular
to the film:

e$ðzÞ ¼
e11ðzÞ e12ðzÞ e13ðzÞ
e21ðzÞ e22ðzÞ e23ðzÞ
e31ðzÞ e32ðzÞ e33ðzÞ

0
B@

1
CA ð3:117Þ

For light incident in the x–z plane with incident angle a with respect to the z axis (see Figure 3.8), the

fields of the optical wave are

~E ¼ ~EðzÞe�ikxxþiot ð3:118Þ

~H ¼ ~HðzÞe�ikxxþiot ð3:119Þ

The Maxwell equations for the optical wave are

r � ~D ¼ r � ðeo e
$�~EÞ ¼ 0 ð3:120Þ

r �~B ¼ r � ðmo
~HÞ ¼ 0 ð3:121Þ

r �~E ¼ � @
~B

@t
¼ �imoo~H ð3:122Þ

r � ~H ¼ @
~D

@t
¼ ieoo e

$ �~E ð3:123Þ

Because of Equation (3.120), it is required that

kx ¼ ko sin a ¼ 2p
l

sin a ¼ constant ð3:124Þ
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Therefore

@

@x
¼ �ikx ð3:125Þ

Because the light is propagating in the x–z plane,

@

@y
¼ 0 ð3:126Þ

From Equation (3.122) we have

r�~E ¼ @Ez

@y
� @Ey

@z

� �
x̂þ @Ex

@z
� @Ez

@x

� �
ŷþ @Ey

@x
� @Ex

@y

� �
ẑ

¼ � @Ey

@z

� �
x̂þ @Ex

@z
þikxEz

� �
ŷþ ð�ikxEyÞẑ ð3:127Þ

¼ �imoo~H ¼ �imooðHxx̂ þ Hyŷ þ HzẑÞ

In terms of components, we have

@Ey

@z
¼ imooHx ð3:128Þ

@Ex

@z
¼ �ikxEz � imooHy ð3:129Þ

Ey ¼
moo
kx

Hz ð3:130Þ

From Equation (3.123) we get

r� ~H ¼ @Hz

@y
� @Hy

@z

� �
x̂ þ @Hx

@z
� @Hz

@x

� �
ŷ þ @Hy

@x
� @Hx

@y

� �
ẑ

¼ � @Hy

@z

� �
x̂ þ @Hx

@z
þikxHz

� �
ŷ þ ð�ikxHyÞẑ

¼ ieooe
$ �~E

In components we have

@Hy

@z
¼ �ieooðe11Ex þ e12Ey þ e13EzÞ ð3:132Þ

@Hx

@z
¼ �ikxHz þ ieooðe21Ex þ e22Ey þ e23EzÞ ð3:133Þ

Hy ¼ �
moo
kx
ðe31Ex þ e32Ey þ e33EzÞ ð3:134Þ

From Equation (3.130) we have

Hz ¼
kx

moo
Ey ¼

kx

ko

ko

moo
Ey ¼

kx

ko

ffiffiffiffiffiffiffiffiffi
eomo
p

mo

Ey ¼
kx

ko

1ffiffiffiffiffiffiffiffiffiffiffiffi
mo=eo

p Ey ¼
kx

ko

1

Zo

Ey ð3:135Þ
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where Zo ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
mo=eo

p
¼ 376:98O is known as the resistance of vacuum. Equation (3.135) can be used

to replace Hz in Equation (3.133). From Equation (3.134) we can find

Ez ¼
�1

e33
½ðkx=mooÞHy þ e31Ex þ e32EyÞ ¼

�1

e33
½ðZokx=koÞHy þ e31Ex þ e32Ey� ð3:136Þ

which can be used to replace Ez in Equation (3.129). Therefore only four components of the electric

and magnetic fields are needed to specify the light. We define the Berreman vector

~c
T ¼ ðEx; ZoHy; Ey;�ZoHxÞ ð3:137Þ

Then we have

@~c
@z
¼ �iko

�w e31

e33
�w2 1

e33
þ1 �w e32

e33
0

� e13e31

e33
þe11 �w e13

e33
� e13e32

e33
þe12 0

0 0 0 1

� e23e31

e33
þe21 �w e23

e33
�w2 � e23e32

e33
þe22 0

0
BBBBBBB@

1
CCCCCCCA
~c� � iko Q

$
�~c ð3:138Þ

where w ¼ kx=ko. Note that Q13 ¼ Q42, Q11 ¼ Q22, and Q41 ¼ Q23 because the dielectric tensor is

symmetric. Equation (3.138) is known as the Berreman equation. If the dielectric tensor does not

change in the region from z to zþ Dz, then Q
$ ðzÞ does not change in this region and the solution to

Equation (3.138) is

~cðzþ DzÞ ¼ e�ikoQ
$
ðzÞDz �~cðzÞ� P

$
ðzÞ �~cðzÞ ð3:139Þ

This equation can be used to calculate the Berreman vector in the optical film. In the calculation, the

film is divided into N slabs as shown in Figure 3.8. If the Berreman vector of the incident light is~ci, the

Cholesteric
cell

1
2
3

1−i
i

1+i

1−N
N

x

Z

iψ
Incident
light

rψ
Reflected
light

tψ
Transmitted
light

α α

α

Figure 3.8 The coordinate system used to describe light propagation in the Berreman 4� 4 method
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Berreman vector ~co of the outgoing light can be numerically calculated by

~co ¼
YN
i¼1

P
$
ðiDzÞ �~ci ð3:140Þ

In this method, in order to obtain accurate results, the thickness of the slabs must be much

thinner than l=2p and thus the computational time is long. The number of slabs can be dramatically

reduced and therefore the computation is much faster if the fast Berreman method is used

[19, 20]. The fast Berreman method utilizes the Cayley–Hamilton theory that states P
$

can be

expanded as

P
$
¼ e�ikoQ

$
Dz ¼ go I

$
þ g1ð�iko Q

$
DzÞ þ g2ð�iko Q

$
DzÞ2 þ g3ð�iko Q

$
DzÞ3 ð3:141Þ

where I
$

is the identity matrix and giði ¼ 0; 1; 2; 3Þ are the solutions of the following equations:

go þ g1ð�ikoDzqiÞ þ g2ð�ikoDzqiÞ2 þ g3ð�ikoDzqiÞ3 ¼ eð�ikoDzqiÞ i ¼ 1; 2; 3; 4 ð3:142Þ

where qiði ¼ 1; 2; 3; 4Þ are the eigenvalues of the Berreman matrix Q
$

. That is, they are solutions of

the equation

jQ
$
� q I
$
j ¼ q4 � 2Q11q3�ðQ43�Q2

11þQ12Q21Þq2� 2ðQ13Q23�Q43Q11Þq
� ðQ2

11Q43þQ21Q2
13þQ12Q2

23� 2Q11Q13Q23�Q12Q21Q43Þ ¼ 0 (3.143)

For a uniaxial liquid crystal with ordinary and extraordinary refractive indices ne and no, respectively,

when the liquid crystal director is ~n¼ ðnx;ny;nzÞ, the dielectric tensor is

e
$ ¼

e? þDen2
x Denxny Denxnz

Denxny e? þDen2
y Denynz

Denxnz Denynz e? þDen2
z

0
B@

1
CA ð3:144Þ

where e? ¼ n2
o and De¼ ek � e? ¼ n2

e � n2
o. The Berreman matrix is given by

Q
$ ¼ 1

ðe? þDen2
z Þ
�

�wDenxnz ðe? þDen2
z Þ� w2 �wDenynz 0

e? ½e? þDeðn2
x þ n2

z Þ� �wDenxnz e?Denxny 0

0 0 0 1

e?Denxny �wDenynz ðe? � w2Þðe? þDen2
z Þþ e?Den2

y 0

0
BBBB@

1
CCCCA ð3:145Þ
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The solutions of Equation (3.143) are

q1=2 ¼�ðQ43�Q13Q23=Q11Þ1=2 ¼�½e? � w2�1=2 ð3:146Þ

q3=4 ¼ Q11 � ðQ12Q21 þ Q13Q23=Q11Þ1=2

¼ �wDenxnz

e? þ Den2
z

�
ðeke? Þ1=2

e? þ Den2
z

e33 � w2 1� De
ek

n2
y

 !" #1=2

ð3:147Þ

Note that when nz! 0, Q11! 0 and Q13! 0, but not Q13=Q11. It can be derived that [16]

ð�ikoDzÞ0go ¼ �
q2q3q4e�ikoDzq1

ðq1 � q2Þðq1 � q3Þðq1 � q4Þ
� q1q3q4e�ikoDzq2

ðq2 � q1Þðq2 � q3Þðq2 � q4Þ

� q1q2q4e�ikoDzq3

ðq3 � q1Þðq3 � q2Þðq3 � q4Þ
� q1q2q3e�ikoDzq4

ðq4 � q1Þðq4 � q2Þðq4 � q3Þ ð3:148Þ

ð�ikoDzÞg1¼
ðq2q3 þ q2q4 þ q3q4Þe�ikoDzq1

ðq1 � q2Þðq1 � q3Þðq1 � q4Þ
þ ðq1q3 þ q1q4 þ q3q4Þe�ikoDzq2

ðq2 � q1Þðq2 � q3Þðq2 � q4Þ

þ ðq1q2 þ q1q4 þ q2q4Þe�ikoDzq3

ðq3 � q1Þðq3 � q2Þðq3 � q4Þ
þ ðq1q2 þ q1q3 þ q2q3Þe�ikoDzq4

ðq4 � q1Þðq4 � q2Þðq4 � q3Þ ð3:149Þ

ð�ikoDzÞ2g2¼�
ðq2 þ q3 þ q4Þe�ikoDzq1

ðq1 � q2Þðq1 � q3Þðq1 � q4Þ
� ðq1 þ q3 þ q4Þe�ikoDzq2

ðq2 � q1Þðq2 � q3Þðq2 � q4Þ

� ðq1 þ q2 þ q4Þe�ikoDzq3

ðq3 � q1Þðq3 � q2Þðq3 � q4Þ
� ðq1 þ q2 þ q3Þe�ikoDzq4

ðq4 � q1Þðq4 � q2Þðq4 � q3Þ ð3:150Þ

ð�ikoDzÞ3g3¼
q1e�ikoDzq1

ðq1 � q2Þðq1 � q3Þðq1 � q4Þ
þ q2e�ikoDzq2

ðq2 � q1Þðq2 � q3Þðq2 � q4Þ

þ q3e�ikoDzq3

ðq3 � q1Þðq3 � q2Þðq3 � q4Þ
þ q4e�ikoDzq4

ðq4 � q1Þðq4 � q2Þðq4 � q3Þ ð3:151Þ

We consider some special cases below.

(1) Isotropic medium

Consider an isotropic medium of dielectric constant e ¼ n2, where n is the refractive index. From
Equation (3.138) we have

Q
$
¼

0
�w2

e
þ1 0 0

e 0 0 0

0 0 0 1

0 0 �w2 þ e 0

0
BBBBB@

1
CCCCCA ¼

0
k2

z

ðnkoÞ2
0 0

n2 0 0 0

0 0 0 1

0 0
k2

z

k2
o

0

0
BBBBBBBB@

1
CCCCCCCCA

ð3:152Þ

In the medium the wavevector is k ¼ nko. From Equations (3.146) and (3.147) we have the eigenvalues

of the Berreman matrix

q1;3=2;4 ¼ �ðn2 � w2Þ1=2 ¼ kz

ko
¼ �n cos a ð3:153Þ
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The eigenvalues are degenerate and in this case e�ikoQ
$

Dz can be expanded as

e�ikoQ
$

Dz ¼ goI
$ þ g1ð�ikoQ

$
DzÞ ð3:154Þ

where giði ¼ 0; 1Þ are the solutions of the following equations:

go þ g1ð�ikzDzÞ ¼ e�ikzDz ð3:155Þ

go þ g1ðþikzDzÞ ¼ eþikzDz ð3:156Þ

From these two equations we find

go ¼ cosðkzDzÞ ð3:157Þ

g1 ¼
1

kzDz
sinðkzDzÞ ð3:158Þ

e�ikoQ
$

Dz ¼ cosðkzDzÞ

1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

0
BBB@

1
CCCA� iko

kz
sinðkzDzÞ

0 k2
z =k2 0 0

n2 0 0 0

0 0 0 1

0 0 n2k2
z =k2 0

0
BBBB@

1
CCCCA

¼

cosðkzDzÞ � ikz

nk
sinðkzDzÞ 0 0

� ink

kz
sinðkzDzÞ cosðkzDzÞ 0 0

0 0 cosðkzDzÞ � ik

nkz
sinðkzDzÞ

0 0 � inkz

k
sinðkzDzÞ cosðkzDzÞ

0
BBBBBBBBBB@

1
CCCCCCCCCCA

ð3:159Þ

We also know that Eiðzþ DzÞ ¼ e�ikzDzEiðzÞ and Hiðzþ DzÞ ¼ e�ikzDzHiðzÞði ¼ x; yÞ. From Equation

(3.139), in components we have

Exðzþ DzÞ ¼ e�ikzDzExðzÞ ¼ cosðkzDzÞExðzÞ �
ikz

nk
sinðkzDzÞZoHyðzÞ ð3:160Þ

ZoHyðzþ DzÞ ¼ e�ikzDzZoHyðzÞ ¼ cosðkzDzÞZoHyðzÞ �
ink

kz
sinðkzDzÞExðzÞ ð3:161Þ

Eyðzþ DzÞ ¼ e�ikzDzEyðzÞ ¼ cosðkzDzÞEyðzÞ þ
ikz

nk
sinðkzDzÞZoHxðzÞ ð3:162Þ

ZoHxðzþ DzÞ ¼ e�ikzDzZoHxðzÞ ¼ cosðkzDzÞZoHxðzÞ þ
ink

kz
sinðkzDzÞEyðzÞ ð3:163Þ
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Therefore

ZoHyðzÞ ¼
nk

kz
ExðzÞ ¼

n

cos a
ExðzÞ ð3:164Þ

�ZoHxðzÞ ¼
nk

kz
EyðzÞ ¼ n cos aEyðzÞ ð3:165Þ

The Berreman vector in the isotropic medium is

~c
T ¼ Ex

n

cos a
Ex Ey n cos aEy

� �
ð3:166Þ

From Equation (3.136) we have

Ez ¼
�1

e33
½ðZokx=koÞHy þ e31Ex þ e32Ey� ¼

�1

e
ðkx=koÞ

n

cos a
ExðzÞ ¼ �

sin a
cos a

ExðzÞ ð3:167Þ

The intensity of light is

I ¼ n jE pj2 þ jEsj2
� �

¼ n ðjExj2 þ jEzj2Þ þ jEyj2
h i

¼ n jExj2=cos2aþ njEyj2
� �

ð3:168Þ

where E p and Es are the components of the electric vector in and perpendicular to the incident plane,

respectively.

(2) Cholesteric liquid crystal

For a uniaxial cholesteric liquid crystal that has chirality qo and refractive indices no and ne, when it is in
the planar state, nx ¼ cosðqozÞ, ny ¼ sinðqozÞ, and nz ¼ 0. The dielectric tensor is

e
$ ¼

e11 e12 0

e12 e22 0

0 0 e33

0
B@

1
CA ¼ e? þ De cos2ðqozÞ De sinðqozÞcosðqozÞ 0

De sinðqozÞcosðqozÞ e? þ De cos2ðqozÞ 0

0 0 e?

0
B@

1
CA ð3:169Þ

The Berreman matrix is

Q
$
¼

0 1� w2=e? 0 0

e? þ Den2
x 0 Denxny 0

0 0 0 1

Denxny 0 ðe? � w2Þ þ Den2
y 0

0
BBBB@

1
CCCCA ð3:170Þ

From Equations (3.146) and (3.147) we get the eigenvalues of the Berreman matrix

q1=2 ¼ �½e? � w2�1=2 ð3:171Þ

q3=4 ¼ �
ek
e?

� �1=2

e? � w2 1� De
ek

n2
y

 !" #1=2

¼ � ek � w2 1

e?
ðek � Den2

yÞ
� �1=2

ð3:172Þ
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Outside the cholesteric cell, the medium is an isotropic medium with refractive index ng. On top of the

cholesteric film (incident side), there is incident light and reflected light, and the actual Berreman

vector is the sum of the Berreman vectors of the incident light and reflected light. From Equation

(3.166) we know that for the incident light, the Berreman vector is

~c
T

i ¼ Exi
n

cos a
Exi Eyi ng cos aEyi

� �
ð3:173Þ

For the reflected light, because it propagates in the reverse direction, the Berreman vector

is

~c
T

r ¼ Exr
�n

cos a
Exr Eyr � ng cos aEyr

� �
ð3:174Þ

At the bottom of the cholesteric film, there is only the transmitted light whose Berreman vector is

~c
T

t ¼ Ext
n

cos a
Ext Eyt ng cos aEyt

� �
ð3:175Þ

We divide the cholesteric film into N slabs with thicknesses Dz. The Berreman vectors at the

boundaries between the slabs are

~cð0Þ ¼ ~ci þ~cr

~cð1Þ ¼ P
$ðz1Þ �~cð0Þ

~cð2Þ ¼ P
$ðz2Þ �~cð1Þ ¼ P

$ðz2Þ � P
$ðz1Þ �~cð0Þ

..

.

~ct ¼ ~cðNÞ ¼
YN
i¼1

P
$
ðziÞðzNÞ �~cð0Þ ¼

YN
i¼1

P
$
ðziÞðzNÞ � ð~ci þ~crÞ� B

$
� ð~ci þ~crÞ

ð3:176Þ

where the P
$

for each slab can be numerically calculated by using the fast Berreman method. In

components, Equation (3.176) contains four equations: ~ci is given; ~cr and ~ct have two unknown

variables each and can be found by solving equation (3.176). We define a new vector ~ct=r:

~c
T

t=r ¼ ðEtx Ety Erx Ery Þ ð3:177Þ

The Berreman vectors of the transmitted and reflected light are related to ~ct=r by

~ct ¼

1 0 0 0

ng=cos a 0 0 0

0 1 0 0

0 ng cos a 0 0

0
BBB@

1
CCCA �~ct=r �A

$
t �~ct=r ð3:178Þ

~ct ¼

0 0 1 0

0 0 �ng=cos a 0

0 0 0 1

0 0 0 �ng cos a

0
BBB@

1
CCCA �~ct=r �A

$
r �~ct=r ð3:179Þ
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From Equation (3.176) we have

A
$

t �~ct=r � B
$
� ð~ci þ A

$
r �~ct=rÞ ð3:180Þ

~ct=r �ðA
$

t þ B
$
� A$rÞ�1 � B

$
�~ci ð3:181Þ

The reflectance can be calculated by

R ¼ ½ðExr=cos aÞ2 þ E2
yr �=½ðExi=cos aÞ2 þ E2

yi� ð3:182Þ

Therefore the transmittance can be calculated by

T ¼ ½ðExt=cos aÞ2 þ E2
yt�=½ðExi=cos aÞ2 þ E2

yi� ð3:183Þ

The reflection of a cholesteric liquid crystal in the planar texture depends on the polarization state of
the incident light and how the reflected light is measured. As an example, we consider a cholesteric liquid
crystal with the following parameters: Po ¼ 338 nm, cell thickness h ¼ 5070 nm, no ¼ 1:494, and
ne ¼ 1:616. The incident angle is 22:5�. The refractive index of the glass substrates is 1.5. On the surface
of the glass substrates there are an indium–tin–oxide (ITO) conducting film and a polyimide alignment
layer. The thickness of the ITO film is 25 nm and its refractive index is nðlÞ ¼ 2:525� 0:001271l,
where l is the wavelength of light in units of nanometers. The thickness of the polyimide is 98 nm and its
refractive index is 1.7. The reflection spectra are shown in Figure 3.9 [21]. In Figure 3.9(a) and (b), the

Figure 3.9 The reflection spectra of the cholesteric liquid crystal. (a) Incident light: s polarization

and parallel to the liquid crystal director on the entrance plane; detection: s polarization. (b) Incident

light: s polarization and perpendicular to the liquid crystal director on the entrance plane; detection: s
polarization. (c) Incident light: s polarization; detection: p polarization. (d) Incident light: unpolarized;

detection: unpolarized [21]
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incident light is linearly polarized perpendicular to the incident plane and the component of the reflected
light in the same direction is measured. In Figure 3.9(a), the polarization of the incident light is parallel to
the liquid crystal director in the entrance plane, while in Figure 3.9(b) the polarization is perpendicular to
the liquid crystal director in the entrance plane. The spectra are very different because of the interference
between the light reflected from the liquid crystal and the light reflected from the interfaces between the
glass substrate, the ITO electrode, the alignment layer, and the liquid crystal. In Figure 3.9(a) the
components interfere destructively and therefore there is a dip in the middle of the reflection band. In
Figure 3.9(b) they interfere constructively and therefore the reflection is higher in the middle of the
reflection band. In Figure 3.9(c), crossed polarizers are used. The light reflected from the interfaces
cannot go through the analyzer and is not detected. The linearly polarized incident light can be
decomposed into two circularly polarized components, and one of them is reflected. The reflected
circularly polarized light can be decomposed into two linearly polarized components, and one of them
passes through the analyzer. Therefore the maximum reflection is 25%. In Figure 3.9(d) the incident light
is unpolarized and all the reflected light is detected. The reflection in the band is slightly higher than 50%
because of the light reflected from the interfaces. The fringes are due to the finite thickness of the liquid
crystal. They exist even when the substrates have a refractive index that matches that of the liquid crystal,
but disappear for infinitely thick samples. These simulated results agree very well with experimental
results.

Homework Problems

3.1 Use the Jones matrix method to numerically calculate the transmittance of a 908 twisted nematic
display in the field-off state as a function of the retardation u ¼ 2Dnh=l. The polarizers are
parallel to each other and are also parallel to the liquid crystal director at the entrance plane.
Compare your result with Figure 3.4.

3.2 Consider a 908 twisted nematic cell sandwiched between two polarizers. Use Equation (3.45) to
calculate and plot the transmittance as a function of u ¼ 2Dnh=l in the following case. The
polarizers are parallel to each other and the transmission axis of the polarizer at the entrance plane
is parallel to the liquid crystal director.

3.3 Using the definition of the Stokes vector, derive the Mueller matrix given by Equation (3.70) of an
optical element whose Jones matrix is given by Equation (3.69).

3.4 Linearly polarized light is normally incident on a homogeneously aligned nematic liquid crystal
that acts as a half-wave plate. The polarization is along the x direction. The liquid crystal director
is at an angle of 22:5� with respect to the x axis. Sketch the polarization trajectory on the Poincaré
sphere when the light propagates through the liquid crystal.

3.5 Derive the Mueller matrix given by Equation (3.77) of a retarder whose retardation is G and its
slow axis makes an angle f with respect to the x axis.

3.6 Use Equations (3.34) and (3.70) to derive Equation (3.114).
3.7 In the Berreman 4�4 method, using r � ~D ¼ 0, prove that kx ¼ constant.
3.8 Using the Q

$
given by Equation (3.145), prove that the q given by Equations (3.146) and (3.147)

are solutions of Equation (3.143).
3.9 Cell thickness dependence of the reflection of a cholesteric liquid crystal in the planar state. The

pitch of the liquid crystal is P ¼ 350 nm. The refractive indices of the liquid crystal are ne ¼ 1:7
and no ¼ 1:5. The liquid crystal is sandwiched between two glass plates with refractive
index ng ¼ 1:6. The incident light is circularly polarized with the same helical handedness as
the liquid crystal. Neglecting the reflection from the glass–air interface, calculate the reflection
spectrum of the liquid crystal with cell thicknesses P, 2P, 5P, and 10P using first the Berreman
4 � 4 method and second a method using Equation (2.176). Compare the results from the two
methods.
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3.10 Use the Berreman 4 � 4 method to calculate the reflection spectra of the cholesteric film under
the polarization conditions specified in Figure 3.9. The parameters of the cholesteric liquid crystal
are also given in Figure 3.9.

3.11 A uniaxial birefringent film is sandwiched between two crossed polarizers. The transmission axis
of the polarizer at the entrance plane is along the x axis. Use the Jones matrix method and the
Berreman matrix method separately to calculate the transmittance pattern in the following two
cases as a function of the polar and azimuthal angles y and f of the incident light. (1) An a plate
has retardation Dnd ¼ l and its slow axis makes an angle of 458 with respect to the x axis. (2) A c

plate has retardation Dnd ¼ l. If the results obtained by the two methods are different, explain the
difference. Neglect reflection in the Berreman method.
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4

Effects of Electric Field
on Liquid Crystals

One of the main reasons, if not the only reason, that liquid crystals are of great importance in display
applications is their ready response to externally applied electric fields [1, 2]. Their direction can be
easily changed by electric fields produced by applications of a few volts across the liquid crystal cells.
They are either dielectric or ferroelectric materials with high resistivities and thus consume little energy.
When the liquid crystals reorient, their optical properties change dramatically because of their large
birefringences. In this chapter, we will first discuss how liquid crystals interact with externally applied
electric fields, and then consider their applications.

4.1 Dielectric Interaction

Uniformly oriented uniaxial nematic liquid crystals of rod-like molecules are non-polar because of the
intermolecular interaction and the resulting symmetry of D1h (in Schoenflies notation) [3]. The
continuous rotational symmetry axis is parallel to the liquid crystal director ~n. A uniformly oriented
nematic liquid crystal is invariant for a rotation of any angle around ~n. It is also invariant for the
reflectional symmetry operation about the plane perpendicular to~n. In the absence of an external electric
field, it has non-polar cylindrical symmetry. If the liquid crystal molecules have a permanent dipole
along the long molecular axis, the dipole has the same probability of pointing up and pointing down with
respect to the liquid crystal director ~n. If the permanent dipole is perpendicular to the long molecular
axis, it has the same probability of pointing in any direction perpendicular to the director. There is no
spontaneous polarization and therefore uniformly aligned nematic liquid crystals are dielectrics.

4.1.1 Reorientation under dielectric interaction

When an electric field is applied to a nematic liquid crystal, it induces polarization. As discussed in
Chapter 1, the induced polarization depends on the orientation of the liquid crystal director with
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respect to the applied field because the permittivity in the direction parallel to ~n is different from that
in the direction perpendicular to~n. When the applied field is parallel to~n, the permittivity is wk; when
the applied field is perpendicular to~n, the permittivity is w?. When the applied field is neither parallel
nor perpendicular to ~n, as shown in Figure 4.1, the applied electric field can be decomposed into a
component parallel to ~n and another component perpendicular to~n. The induced polarization is given
by

~P ¼ eowkð~E �~nÞ~nþ eow?½~E 
 ð~E �~nÞ~n� ¼ eo½w?~E þ Dwð~E �~nÞ~n� (4.1)

The dielectric constants ek and e? are related to the permittivities by ek ¼ 1þ wk and e? ¼ 1þ w?.

Therefore Dw ¼ wk 
 w? ¼ ek 
 e? ¼ De. The electric energy of the liquid crystal per unit volume is

approximately given by (a detailed discussion will be presented in Chapter 7)

felectric ¼ 

1

2
~P �~E ¼ 
 1

2
eo½w?~E þ Dwð~E �~nÞ~n� �~E ¼ 
 1

2
eow?E2 
 1

2
eoDeð~E �~nÞ2 (4.2)

When the applied field is low, De can be approximately considered as a constant independent of the field.
The first term on the right hand side of Equation (4.2) is independent of the orientation of the director
with respect to the applied field, and thus can be neglected in consisdering the reorientation of liquid
crystals in electric fields. The second term depends on the orientation of the director with respect to the
applied field. When ~n is perpendicular to ~E, ð~E �~nÞ2 ¼ 0. When ~n is parallel or anti-parallel to ~E,
ð~E �~nÞ2 ¼ E2. If the liquid crystal has a positive dielectric anisotropy (De> 0), the electric energy is
minimized when the liquid crystal director is parallel or anti-parallel to the applied field; therefore the
liquid crystal tends to align parallel (or anti-parallel) to the applied field. Conversely, if the dielectric
anisotropy is negative (De< 0), then the electric energy is low when the liquid crystal director is
perpendicular to the applied field; therefore the liquid crystal tends to align perpendicular to the applied
field. The dielectric responses of liquid crystals to DC and AC electric fields are the same (except the
dielectric constants may be frequency dependent). For most nematic liquid crystals, the dielectric
anisotrpoy is in the region from 
5 to þ30. For example, when De ¼ 10 and the applied electric
field is 1 V=mm ¼ 106 V=m, the electric energy density is 1

2 eoDeE2 ¼ 44:2 J=m3. The reorientation of
liquid crystals under dielectric interactions will be discussed in more detail in Chapters 5 and 7.

4.1.2 Field-induced orientational order

Besides aligning liquid crystals, external electric fields can also change the orientational order and thus
the electro-optical properties of liquid crystals. When the long molecular axis of a liquid crystal
molecule, whose anisotropy of polarizability is positive, is parallel to the applied field, the potential of
the molecule is low. Thus the applied field suppresses the thermal fluctuation and increases the order
parameter. Now we discuss how the orientational order of a nematic liquid crystal changes with applied
fields. Using the Landau–de Gennes theory, the free energy density of a liquid crystal in an electric field

E

//E  
⊥E  

b
n

//P  ⊥P  

q

Figure 4.1 Schematic diagram showing the field decomposed into components parallel and

perpendicular to the liquid crystal director
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(when the liquid crystal director is parallel to the field) is [4]

f ¼ 
 1

2
eoekE

2 þ 1

2
aðT 
 T�ÞS2 
 1

3
bS3 þ 1

4
cS4 (4.3)

As discussed in Section 1.5.2, ek þ 2e? ¼ constant, i.e., 3ek 
 2De ¼ constant and therefore

ek ¼ ð2=3ÞðDeþ constantÞ. Equation (1.114) shows that the dielectric anisotropy De is a linear function

of the order parameter S. At a temperature below the nematic–isotropic transition temperature and under

zero applied field, when the order parameter is So, the dielectric anisotropy is ðDeÞo. Approximately we

have

ek ¼
2ðDeÞo

3So
Sþ 2

3
 constant (4.4)

In the calculation of the order parameter by minimizing the free energy, the constant term can be

neglected. The free energy density becomes

f ¼ 
 1

2
eoaE2Sþ 1

2
aðT 
 T�ÞS2 
 1

3
bS3 þ 1

4
cS4 (4.5)

where a ¼ 2ðDeÞo=3So. The first term on the right hand side of Equation (4.5) is negative and decreases

with increasing order parameter, provided the dielectric anisotropy is positive. Therefore the applied

field tends to increase the order parameter. Even in the isotropic phase at temperatures above the

nematic–isotropic phase transition temperature, nematic order is induced by the applied electric field.

This phase with field-induced order parameter is referred to as the paranematic phase.

We define the normalized field e ¼ eoaE2=2c, the normalized temperature t ¼ aðT 
 T�Þ=c, and
b ¼ b=c. The normalized free energy density becomes

f

c
¼ 
eSþ 1

2
tS2 
 1

3
bS3 þ 1

4
S4 (4.6)

The order parameter S as a function of the applied field E can be found by minimizing the free energy:

@ð f=cÞ
@S

¼ 
eþ tS
 bS2 þ S3� 0 (4.7)

There are three solutions to Equation (4.7). At a given temperature, the real order parameter is one

that minimizes the free energy. When the applied field is low, the induced order parameter in the

paranematic phase is small. When the temperature is lowered, there is a paranematic–nematic phase

transition. At the phase transition, the order parameter changes discontinuously. As the applied field

is increased, the paranematic–nematic phase transition temperature tPN increases, as shown in

Figure 4.2(a), and the jump in the order parameter at the transition becomes smaller, as shown in

Figure 4.2(b). When the applied field is increased above a critical field Ec, the jump in the order

parameter becomes zero. The phase transition temperature, the jump in the order parameter DS at the

transition, and the critical field Ec can be derived without explicitly calculating the order parameter.

Let the order parameter in the paranematic phase be S1 and the order parameter in the nematic phase

be S2. At the transition temperature tPN, we have


eþ tPNS1 
 bS2
1 þ S3

1� 0 (4.8)
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eþ tPNS2 
 bS2
2 þ S3

2� 0 (4.9)

Also at the transition temperature tPN, the free energies corresponding to these two solutions are the
same, namely


eS1 þ
1

2
tPNS2

1 

1

3
bS3

1 þ
1

4
S4

1 ¼ 

1

2
eS2 þ

1

2
tPNS2

2 

1

3
bS3

2 þ
1

4
S4

2

which gives


4eþ 2tPNðS2 þ S2Þ 

4

3
bðS2

2 þ S1S2 þ S2
1Þ þ ðS2

2 þ S2
2ÞðS2 þ S2Þ ¼ 0 (4.10)

In Equations (4.8), (4.9), and (4.10), there are three variables S1, S2, and tPN. By solving these

three equations we can find these three variables. For example, we can take the following approach

to find them. Subtracting Equation (4.8) from Equation (4.9) give

tPNðS2 
 S1Þ 
 bðS2
2 
 S2

1Þ þ ðS3
2 
 S3

1Þ ¼ 0

or

tPN 
 bðS2 þ S1Þ þ ðS2
2 þ S2S1 þ S2

1Þ ¼ 0 (4.11)

S2  Equation ð4:9Þ 
 S1  Equation ð4:8Þ gives


eðS2 
 S1Þ þ tPNðS2
2 
 S2

1Þ 
 bðS3
2 
 S3

1Þ þ ðS4
2 
 S4

1Þ ¼ 0

or


eþ tPNðS2 þ S1Þ 
 bðS2
2 þ S1S2 þ S2

1Þ þ ðS2
2 þ S2

2ÞðS2 þ S2Þ ¼ 0 (4.12)

Equation (4.12) – Equation (4.10) gives

3e
 tPNðS2 þ S1Þ þ
1

3
bðS2

2 þ S1S2 þ S2
1Þ ¼ 0 (4.13)

E  

NITT −  
Critical point 

E  

∆S  

cE  cE  

0  

3c
2b

 
b

3ac

2

 

(a) (b) 

Figure 4.2 Schematic diagram showing how the transition temperature changes with the applied field
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4 Equation ð4:12Þ 
 3 Equation ð4:10Þ gives

8e
 2tPNðS2 þ S1Þ þ ðS2
2 þ S2

1ÞðS2 þ S1Þ ¼ 0 (4.14)

b Equation ð4:11Þ 
 3 Equation ð4:13Þ gives

S2 þ S1 ¼
btPN 
 9e

b2 
 3tPN

� h (4.15)

Substituting Equation (4.15) into Equation (4.11) we have

S2
2 þ S1S2 þ S2

1 ¼ bh
 tPN ¼
3ðt2PN 
 3ebÞ
ðb2 
 3tPNÞ

(4.16)

Substituting Equation (4.15) into Equation (4.14) we have

S2
2 þ S2

1 ¼ 2tPN 

8e

h
¼ 2ðbt2

PN þ 3etPN 
 4eb2Þ
ðbtPN 
 9eÞ (4.17)

Because 2ðS2
2 þ S2S1 þ S2

1Þ 
 ðS2
2 þ S2

1Þ ¼ ðS2 þ S1Þ2, from Equations (4.15), (4.16), and (4.17) we

have

6ðt2
PN 
 3ebÞ
ðb2 
 3tPNÞ


 2ðbt2
PN þ 3etPN 
 4eb2Þ
ðbtPN 
 9eÞ ¼ ðbtPN 
 9eÞ2

ðb2 
 3tPNÞ2
(4.18)

From Equation (4.18) the transition temperature is found to be

tNP ¼
2b2

9
þ 3e

b
(4.19)

The unnormalized transition temperature is

TPN ¼ T� þ 2b2

9ac
þ 3ceoaE2

2ab
¼ TNI þ

3ceoaE2

2ab
(4.20)

where TNI is the nematic–isotropic phase transition temperature under zero field. At the paranematic–
nematic transition

S2 þ S1 ¼
2

3
b ¼ 2b

3c
(4.21)

which is a constant independent of the applied field. The jump in the order parameter at the transition is

given by

DS ¼ S2 
 S1 ¼ ½2ðS2
2 þ S2

1Þ 
 ðS2 þ S1Þ2�1=2 ¼ 4b2

9

 12e

b

� �1=2

(4.22)
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At the critical field ec, the jump in the order parameter becomes zero, i.e., DS ¼ 0. Therefore the critical
field is

ec ¼
b3

27
(4.23)

The unnormalized critical field is

Ec ¼
2b3

27c2eoa

� �1=2

(4.24)

For example, for a liquid crystal with b ¼ 1:6 106 J=m3, c ¼ 3:9 106 J=m3, and a ¼ 10 (the
dielectric anisotropy in the nematic phase at zero field is about 10), the critical field
is Ec ¼ 15 V=mm. The induced order parameter at the critical point about is 0.15. This has been
confirmed experimentally [5]. At such a high field, attention must be paid to avoiding the heating effect
of the field on the liquid crystal cell and the electrical breakdown of the material.

4.2 Flexoelectric Effect

4.2.1 Flexoelectric effect in nematic liquid crystals

Uniformly oriented uniaxial nematic liquid crystals have non-polar cylindrical symmetry in the absence
of an external electric field. If the liquid crystal molecules have a permanent dipole along the long
molecular axis, the potential for the orientation of the dipole has reflectional symmetry about the
plane perpendicular to the director ~n and the dipole has the same probability of being parallel and
anti-parallel to the director, as shown in Figure 4.3(a). If the permanent dipole is perpendicular to the
long molecular axis, the potential for the orientation of the dipole is cylindrically symmetric around
the director and the dipole has the same probability of pointing in any direction perpendicular to the
director, as shown in Figure 4.3(c).

If the orientation of the liquid crystal is not uniform and the constituent molecules are not cylindrical,
the properties discussed in the previous paragraph are no longer true [1, 2]. For pear-shaped molecules,
because of the stero-interaction, splay deformation of the liquid crystal director will destroy the
reflectional symmetry about the plane perpendicular to the director, as shown in Figure 4.3(b). The
permanent dipole along the long molecular axis has a higher probability of pointing in one direction than

(a) (b) (c) (d) 

Polar axis  Polar axis  

Figure 4.3 Schematic diagram showing the deformation of the liquid crystal director and induced

spontaneous polarization
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the opposite direction, and therefore spontaneous polarization along ~n becomes possible. For banana-
shaped molecules, bend deformation will destroy the rotational symmetry around the director, as shown
in Figure 4.3(d). The permanent dipole perpendicular to the long molecular axis has a higher (or lower)
probability of pointing in the direction of~nr~n than in other directions perpendicular to the director
~n, and spontaneous polarization along the direction of~nr~n may occur. This director deformation-
induced polarization was first pointed out by Meyer and was called the ‘piezoelectric’ effect in analogy
to induced polarization in solid crystals by strain under externally applied pressure [6]. Because the
director deformations in nematics are usually not produced by pressure, ‘flexoelectric’ is more popularly
used in order to avoid confusion.

In the case of pear-shaped molecules, the value of the induced polarization is proportional to the splay
deformation r �~n and its direction is along ~n. In the case of the banana-shaped molecules, the induced
polarization is proportional to the bend deformation ~nr~n. Including both cases, the induced
polarization is given by

~Pf ¼ esð~nr �~nÞ þ ebð~nr~nÞ (4.25)

where es and eb are the flexoelectric coefficients and have the dimension of electric potential

(volt). The magnitude of the flexoelectric coefficients depends on the asymmetry of the molecule’s

shape and the permanent dipole moment and their sign could be either positive or negative. The

energy of the induced polarization in an electric field ~E is 
~Pf �~E.

In liquid crystals with the capability of the flexoelectric effect, in the absence of external electric
fields, the state with uniform director configuration, which has no induced polarization, is the ground
state and is stable. When an electric field is applied to the liquid crystal, the uniform orientation
becomes unstable, because any small orientational deformation produced by thermal fluctuations or
boundary conditions will induce a polarization which will interact with the electric field and result in
a lower free energy. The torque on the molecules due to the applied field and the induced
polarization tends to make the deformation grow. Of course, the deformation costs elastic energy
which is against the deformation. The electric energy of the induced polarization, which is linearly
proportional to the deformation, dominates in the beginning where the deformation is small. The elastic
energy, which is proportional to the square of the deformation, dominates when the deformation is large.
In the end, the system reaches the equilibrium state in which the electric torque and the elastic torque
balance each other.

Now we consider the experiments which can be used to study the flexoelectric effect and can also
be used in electro-optical applications. Figure 4.4 shows the geometry for studying the flexoelectric
effect in bend deformation [2, 7]. The substrates are coated with a homeotropic alignment layer with
very weak anchoring strength. The liquid crystal used has a small negative dielectric anisotropy De. In
the absence of external electric fields, the liquid crystal is in the uniform homeotropic state as shown
in Figure 4.4(a). When an electric field is applied along the 
x direction, bend deformation occurs, as

(a) 

h

z

x  

(b) 

E

0

h / 2  

h / 2−  

q

Figure 4.4 Schematic diagram showing the flexoelectric effect in the bend deformation
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shown in Figure 4.4(b), due to the flexoelectric effect. The dielectric energy in the field is neglected as
an approximation because De is very small. The free energy density is

f ¼ 1

2
K33ð~n~nr~nÞ2 
~P f �~E ¼

1

2
K33ð~n~nr~nÞ2 
 ebð~n~nr~nÞ �~E (4.26)

The components of the liquid crystal director are

nx ¼ sin yðzÞ; ny ¼ 0; nz ¼ cos yðzÞ (4.27)

When the applied voltage is low, the deformation is very small and y is very small. The divergence

r �~n ¼ 
siny@y=@z is a 2nd order small quantity and the splay elastic energy is so small as to be

negligible. The curl of ~n is

r~n ¼ cos y
@y
@z

ŷ (4.28)

and that of the bend is

~nr~n ¼ 
cos2y
@y
@z

x̂þ siny cosy
@y
@z
~z � 
 @y

@z
x̂ (4.29)

Equation (4.26) becomes

f ¼ 1

2
K33

@y
@z

� �2


ebE
@y
@z

(4.30)

Minimizing the free energy

d f

dy
¼ 
 d

dz

@ f

@y

� �
¼ 
 d

dz
K33

@y
@z

� �

 ebE

� �
¼ 0 (4.31)

Because @y=@z ¼ 0 when E ¼ 0,

@y
@z
¼ ebE

K33
(4.32)

If the anchoring of the liquid crystal at the cell surface is very weak, the solution to Equation (4.32) is

y ¼ ebE

K33
z (4.33)

It is worthwhile pointing out two characteristics of the flexoelectric effect. First, there is no threshold

for the applied field, which is different from the Freedericksz transition where there is a threshold

below which no deformation occurs. Deformation of the director configuration occurs under any

field. Secondly, the direction of the bend depends on the polarity of the applied field, which is also

different from the Freedericksz transition where the deformation is independent of the polarity of the

applied field.
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One of the experimental methods for studying the orientation of the liquid crystal
under the flexoelectric effect is to measure the retardation of the liquid crystal cell, which is given by

Dnd ¼
ðh=2


h=2

½neff ðzÞ 
 no�dz ¼ 2

ðh=2

0

½neff ðzÞ 
 no�dz (4.34)

where neff is the effective refractive index of the liquid crystal and is given (for normal incident light
with linear polarization along the x direction) by

neff ¼
nenoffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

n2
e cos2yþ n2

o sin2y
q ¼ nenoffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

n2
e 
 ðn2

e 
 n2
oÞ sin2y

q (4.35)

For small y we have the approximation neff ¼ no½1þ ð1=2Þð1
 n2
o=n2

eÞy2�. Thus

Dnd ¼
ðh=2

0

no 1
 n2
o

n2
e

� �
y2dz ¼ no 1
 n2

o

n2
e

� � ðyðz¼h=2Þ

0

y2 1

�
dy
dz

� �
dy

¼ no 1
 n2
o

n2
e

� �
1

24

eb

K33

� �2

E2h3

(4.36)

In the Freedericksz transition, when the applied field is slightly above the threshold Ec, the tilt is

proportional to
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E 
 Ec

p
and the retardation is proportional to (E 
 Ec) (see Chapter 5 for details).

In the experiment performed by Schmidt et al. on the liquid crystal MBBA [8], for a field of 0:3 V=mm,
the variation rate @y=@z was about 1 10
4 mm
1. The elastic constant was K33 ¼ 7:5 10
12 N. The
flexoelectric coefficient eb has a value of about 2:5 10
15 V.

If De were negative but not very small, the dielectric interaction would prevent the deformation of the
director configuration. We estimate the dielectric anisotropy De, which will make the flexoelectric effect
disappear, in the following way. The dielectric energy is 
ð1=2ÞeoDeð~E �~nÞ2 ¼ 
ð1=2ÞeoDeE2sin2y,
which operates against the deformation. The average tilt angle is ð@y=@zÞðh=4Þ. The average dielectric
energy is approximately 
ð1=2ÞeoDeE2½ð@y=@zÞðh=4Þ�2. The flexoelectric energy is 
ebEð@y=@zÞ,
which favors the deformation. If both energies were the same, the deformation would be hindered:

ð1=2ÞeoDeE2½ð@y=@zÞðh=4Þ�2 ¼ ebEð@y=@zÞ, which gives De ¼ 
8eb=½eoEð@y=@zÞh2�. Using the
values in the previous paragraph, we get De ¼ 
0:75. Moreover, because the flexoelectric energy is
linearly proportional to E while the dielectric energy is proportional to E2, the dielectric effect will
become dominant at high fields. Therefore, only when jDej� 0:75 and at low fields do we have a pure
flexoelectric effect. If De were positive and not very small, the liquid crystal would be aligned parallel to
the applied field under the weak anchoring condition. Therefore, in order to have the flexoelectric effect
described in the previous paragraph under a field of 0:3 V=mm, the dielectric anisotropy should be
negative and its absolute value should be much smaller than 0.75.

The geometry shown in Figure 4.4 can be used for an electrically controlled birefringence device.
For normal incident light with polarization parallel to the x axis, it encounters the refractive index no

in the field-off state. When an electric field is applied along the x direction, the liquid crystal
molecules tilt and the light will encounter the refractive index neff. Therefore the retardation of the
liquid crystal cell is changed. The flexoelectric effect can also be used in the switching of bistable
nematic displays with asymmetrical anchoring conditions [9].

Figure 4.5 shows the geometry for studying the flexoelectric effect in splay deformation [2]. The
substrates are coated with a homogeneous alignment layer with very weak anchoring strength. The
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liquid crystal used has a small positive dielectric anisotropy De. In the absence of external electric
fields, the liquid crystal is in the uniform homogeneous state as shown in Figure 4.5(a). When an
electric field is applied along the x direction, a splay deformation occurs due to the flexoelectric effect,
as shown in Figure 4.5(b). The director configuration in the equilibrium state can be calculated in a
similar way as in the bend case.

4.2.2 Flexoelectric effect in cholesteric liquid crystals

The flexoelectric effect also exists in cholesteric liquid crystals because the orientational order is
locally the same as in nematic liquid crystals. Here we consider the cell geometry shown in Figure 4.6
[2, 10–12]. The cholesteric liquid crystal is sandwiched between two parallel substrates with a
transparent electrode. A homogeneous alignment layer is coated on the inner surface of the substrates.
When the liquid crystal is cooled down from the isotropic phase under an external electric field, the
helical axis ~h of the liquid crystal is parallel to the substrate and uniformly aligned along the x axis by
the alignment layer, as shown in Figure 4.6(a) and (b). The liquid crystal with undistorted helical
structure behaves like an optically uniaxial medium (when the pitch is much smaller than the
wavelength of light) with uniaxis ~o coincident with the helical axis. The dielectric anisotropy De is
very small and the dielectric interaction is negligible. When an electric field is applied across the cell
along the z axis, the helical structure is preserved and the pitch is unchanged, and the helical axis
remains parallel to the substrate. Because the helical structure is incompatible with the planar
boundary condition, there are director deformations near the surface and thus there is induced
polarization. The applied field interacts with the induced polarization and makes the in-plane
component of the liquid crystal director tilt, as shown in Figure 4.6(c). This tilting will produce
more distortion and therefore induce more polarization.

(b) (a) 

h
x

z

E

Figure 4.5 Schematic diagram showing the flexoelectric effect in the splay deformation
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Figure 4.6 Schematic diagram showing the flexoelectric effect in the cholesteric liquid crystal
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The components of the liquid crystal director in the distorted state are

nx ¼ sinc sinðqoxÞ; ny ¼ 
cosc sinðqoxÞ; nz ¼ cosðqoxÞ (4.37)

where c is the tilt angle of the in-plane component of the director. Now the uniaxial optic axis~o is also

tilted by the same angle. The induced polarization is

~Pf ¼ esð~nr �~nÞ þ ebðnr~nÞ
¼ esqosinc sinðqoxÞcosðqoxÞ½sincx̂
 coscŷ� þ esqosinc cos2ðqoxÞẑ
þ ebqo sinc sin ðqoxÞ cos ðqoxÞ½
sincx̂þ coscŷ� þ ebqosinc sin2ðqoxÞẑ
¼ esqosincẑ

(4.38)

where the approximation es ¼ eb is used. The free energy density is

f ¼ 1

2
K11q2

osin2cþ 1

2
K22ðqo 
 qocoscÞ2 
 esqoE sinc (4.39)

where the approximation K11 ¼ K33 is used. For small c, sinc�c, ð1
 coscÞ� 0, and then we have

the approximation

f ¼ 1

2
K11q2

oc
2 
 esqoEc (4.40)

Minimizing f with respect to c, we get

c ¼ esE=K11qo (4.41)

The tilt angle is linearly proportional to E. When the polarity of the applied voltage is reversed, the optic

axis will be tilted in the opposite direction. In the rotation, the torque due to the elastic and electric

energies is balanced by the viscosity torque:

g
@c
@t
¼ 
 @f

@c
¼ 
K11q2

ocþ eqoE (4.42)

where g is an effective viscosity coefficient. If the applied field is turned off from a distorted state with tilt

angle co, the solution to Equation (4.42) is c ¼ coe
t=t. The relaxation time is t ¼ g=K11q2
o. For short-

pitch cholesteric liquid crystals, t can be as small as 100 ms [13]. This flexoelectric effect of the

cholesteric liquid crystal can be used to modulate light intensity when the liquid crystal cell is placed

between two crossed polarizers because the optic axis can be tilted by applying an electric field.

4.3 Ferroelectric Liquid Crystals

4.3.1 Symmetry and polarization

We have mentioned that it is impossible for uniformly oriented nematic liquid crystals to have
spontaneous polarization because of their Dh1 symmetry. Now let us consider the possibility of
spontaneous polarization in other liquid crystal phases. For rod-like molecules, it is impossible in any
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liquid crystal phase to have spontaneous polarization along the liquid crystal director because~n and 
~n
are equivalent.

Cholesteric liquid crystals consist of chiral molecules and therefore do not have reflectional
symmetry. The symmetry group of cholesteric liquid crystals is D2 [1,3]. A cholesteric liquid crystal is
invariant for the two-fold (1808) rotation around ~n, which rules out the possibility of spontaneous
polarization perpendicular to ~n. It is also invariant for the two-fold rotation around an axis that is
perpendicular to the ~n
~h (the helical axis) plane, which rules out the possibility of spontaneous
polarization parallel to ~n. Therefore there is no ferroelectricity in the cholesteric phase.

Smectic-A liquid crystals, besides having orientational order as nematics, possess 1-D positional
order. They have a layered structure. The liquid crystal director ~n is perpendicular to the smectic
layers. The symmetry of smectic-A crystals is D1h if the constituent molecule is achiral or D1 if the
constituent molecule is chiral. It is invariant for any rotation around ~n. It is also invariant for the two-
fold rotation around any axis perpendicular to ~n. The continuous rotational symmetry is around ~n and
therefore there is no spontaneous polarization in any direction perpendicular to ~n. Hence it is
impossible to have spontaneous polarization in smectic-A crystals even when the constituent molecule
is chiral.

Smectic-C liquid crystals are similar to smectic-A liquid crystals except that the liquid crystal director
is no longer perpendicular to the layer but tilted. For the convenience of our symmetry discussion, let us
introduce a unit vector ~a which is perpendicular to the layer. The symmetry group is C2h. The two-fold
rotational symmetry is around the axis that is perpendicular to the~n
~a plane (which contains both~n and
~a). This implies that there is no spontaneous polarization in the~n
~a plane. The reflectional symmetry is
about the ~n
~a plane, and therefore there is no spontaneous polarization perpendicular to the ~n
~a plane
either. This rules out the possibility of spontaneous polarization in smectic-C liquid crystals.

As pointed out by Meyer [14], the reflectional symmetry of smectic-C liquid crystals can be
removed if the constituent molecules are chiral, and thus it becomes possible to have spontaneous
polarization. This phase is called the chiral smectic-C or smectic-C� phase and its structure is shown
in Figure 4.7. Within a layer, the structure is the same as in the smectic-C phase. The liquid crystal

n

 q

Figure 4.7 Schematic diagram of the structure of chiral smectic-C phase
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director ~n is, however, no longer oriented unidirectionally in space but twists from layer to layer as in
the cholesteric phase [15]. The symmetry group is C2. The two-fold rotational symmetry axis is
perpendicular to both the layer normal ~a and the director ~n. Now it is possible to have spontaneous
polarization along the two-fold rotational symmetry axis.

In order to illustrate the spontaneous polarization in smectic-C� liquid crystals, the liquid crystal
molecule can be regarded as a parallelepiped with an attached arrow as shown in Figure 4.8. The
parallelepiped does not have reflectional symmetry: its top differs from its bottom, its front differs from
its back, and its left differs from its right. The arrow represents the lateral permanent dipole and is
perpendicular to the director~n. Because of the C2 symmetry, the parallelepiped has equal probability of
pointing up (parallel to ~n) and down (anti-parallel to ~n), but in both cases the dipole points out of the
paper. When the dipole points into the paper, it does not belong to the same domain because the tilt angle
is 
y. If the tilt angle y is zero, as in smectic-A liquid crystals, then the dipole has equal probability of
pointing out and pointing in. This explains why it is impossible to have spontaneous polarization in
smectic-A crystals even if the constituent molecule is chiral. In smectic-C liquid crystals, when the
constituent molecules are a racemic mixture (equal amounts of left- and right-handed molecules), if the
left-handed molecule has its permanent dipole pointing out, then the right-handed molecule has its
dipole pointing in. They cancel each other and thus there is no spontaneous polarization.

4.3.2 Tilt angle and polarization

We first consider the temperature dependence of the tilt angle y of a liquid crystal that exhibits smectic-A
and smectic-C phases. In the smectic-A phase, the tilt angle is zero. The transition from smectic-A to
smectic-C phase is a second-order transition. Below the transition, the tilt angle increases gradually with
increasing temperature. The tilt angle, y, can be used as the order parameter. Near the transition, the free
energy density of the system can be expressed in terms of the Landau expansion in powers of y [15]:

f ¼ fo þ
1

2
aðT 
 TcÞy2 þ 1

4
by4 (4.43)

where a and b are temperature-independent positive coefficients, and Tc is the smectic A–C transition

temperature. The equilibrium value of y can be obtained by minimizing the free energy:

@f

@y
¼ aðT 
 TcÞyþ by3 ¼ 0

The stable solution for temperatures below Tc is

y ¼ ða=bÞ1=2ðTc 
 TÞ1=2 (4.44)

This result is also valid for the smectic-C� phase.
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Figure 4.8 Schematic diagram showing the spontaneous polarization in smectic-C� crystals
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We now consider the relation between the tilt angle and the spontaneous polarization. In the
smectic-A phase, the director ~n is normal to the smectic layers, and the rotation around the long
molecular axis is not biased at zero applied field. If the constituent molecule has a lateral dipole, the
dipole has equal probability of pointing in any direction perpendicular to the director, independent of
whether the constituent molecule is chiral or not. The average direction of the long molecular axis is
along ~n, and therefore there is no spontaneous polarization perpendicular to ~n. In the smectic-C phase,
the tilt angle is no longer zero, and the rotational symmetry around the long molecular axis is broken.
The rotation along the long molecular axis is biased. The molecule, however, has equal probability of
pointing up and down with respect to ~n because of the symmetry that ~n and 
~n are equivalent. This
rules out the possibility that net polarization adds up in the ~a
~n plane. If the constituent molecule is
achiral, the lateral dipole has equal probability of pointing out of and into the plane of the paper (the
~a
~n plane), therefore no net polarization can add up in the direction perpendicular to the ~a
~n plane.
When the constituent molecule is chiral, the reflection symmetry about the ~a
~n plane is broken; it
becomes possible for net polarization to add up in the direction perpendicular to the ~a
~n plane.
Whether the spontaneous polarization is out of the plane or into the plane is determined by the
molecular structure.

When the tilt angle changes from y to 
y, which is the same as the rotation of the system around the
layer normal by 1808, ~Ps points in the opposite direction and the polarization changes sign. Therefore the
spontaneous polarization must be an odd function of the tilt angle. For small y, we must have

Ps ¼ c � y (4.45)

where c is a constant. The larger the tilt angle is, the more biased the rotation around the long molecular

axis becomes, and therefore the larger the spontaneous polarization is.

4.3.3 Surface-stabilized ferroelectric liquid crystals

In electro-optical devices, it is usually required that the liquid crystal director is unidirectionally
oriented. In the smectic-C� phase, however, the liquid crystal director twists from layer to layer. This
problem was overcome by Clark and Lagerwall in their invention of the surface-stabilized ferroelectric
liquid crystal (SSFLC) device [16], shown in Figure 4.9. The liquid crystal is sandwiched between two
parallel substrates with the cell gap, h, thinner than the helical pitch, P, of the liquid crystal. The inner
surface of the substrates is coated with alignment layers which promote parallel (to the substrate)
anchoring of the liquid crystal on the surface of the substrate. The smectic layers are perpendicular to
the substrate of the cell while the helical axis is parallel to the substrate. Now the helical twist is
suppressed and unwound by the anchoring. There are only two directions, ~A1 and ~A2, on the helical
cone, which are compatible with the boundary condition at the substrate surface. The cone angle is 2y,
and therefore the angle between ~A1 and ~A2 is 2y. The two orientational states can be further selected
by applying a DC electric field across the cell. For example, an electric field in the þz direction selects
the orientational state ~A1 where the spontaneous polarization, ~Ps, is pointing up and parallels the field.
Then an electric field in the 
z direction will select the orientational state ~A2 where the spontaneous
polarization, ~Ps, is pointing down. Once the liquid crystal is switched into state ~A1 (or ~A2) by an
externally applied electric field, it will remain in that state after the field is removed, because there is
an energy barrier between these two states. Therefore the SSFLC is ideally bistable, which is a very
useful property in multiplexed display applications. In reality, it is difficult to make a large-area truly
bistable SSFLC display because of surface irregularities.

In the SSFLC display, the polarizer is chosen to be parallel to one of the stable orientational states,
say ~A1, and the analyzer is perpendicular to the polarizer. When the liquid crystal is in state ~A1, the
polarization of the incident light is parallel to the liquid crystal director, and remains in this direction
when propagating through the cell. When the light comes out of the cell, its polarization is
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perpendicular to the analyzer and therefore the display is black. When the liquid crystal is switched
into state ~A2, the polarization of the incident light makes the angle 2y with respect to the liquid
crystal director, and therefore when light propagates through the liquid crystal, its polarization is
rotated. The transmittance of the display is

T ¼ sin2ð4yÞsin2 1

2

2pDnh

l

� �
(4.46)

where 2pDnh=l is the retardation angle. The maximum transmittance of 100% can be achieved if

2y ¼ p=4 and 2pDnh=l ¼ p.

For a ferroelectric liquid crystal with the spontaneous polarization ~Ps, the electric energy density in an
electric field ~E is
~Ps � ~E. A typical value of the spontaneous polarization of ferroelectric liquid crystals
is 100 nC=cm2 ¼ 10
3 C=m2. When the strength of the applied field is 1 V=mm ¼ 106 V=m and ~Ps is
parallel to ~E, the electric energy density is j 
 ~P � ~Ej ¼ 103 J=m3, which is much higher than the electric
energy density of the dielectric interaction of non-ferroelectric liquid crystals with the electric field. This
is one of the reasons for the fast switching speed of ferroelectric liquid crystal devices.

Now we consider the dynamics of the switching of the SSFLC. We only consider rotation around
the cone (Goldstone mode), as shown in Figure 4.10. The electric torque is

~Ge ¼ ~Ps ~E ¼ PsE sinfx̂ (4.47)

The viscosity torque is

G
!

v ¼ 
g~n? 
D~n
Dt
¼ 
gsiny

sinyDf
Dt

x̂ ¼ 
gsin2y
@f
@t

x̂ (4.48)

Figure 4.9 Schematic diagram of the bookshelf cell structure of the surface-stabilized ferroelectric

liquid crystal display. (a) The director is along the direction ~A1 when the applied field is up. (b) The

director is along the direction ~A2 when the applied field is down. (c) Directions of the polarizer and
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where g is the rotational viscosity coefficient. These two torques balance each other and the dynamic

equation is

PsE sinf
 g sin2y
@f
@t
¼ 0 (4.49)

The solution is

fðtÞ ¼ 2 tan
1½tanðfo=2Þet=ðg sin2y=PsEÞ� (4.50)

The response time is

t ¼ gsin2y
PsE

(4.51)

The rotation around the (small) cone is another reason for the fast switching speed. For

Ps ¼ 102 nC=cm2, E ¼ 1 V=mm, g ¼ 0:1 poise, and y ¼ 22:5�, t� 10ms.

The fast switching speed is a merit of ferroelectric liquid crystal devices. Regarding the bistability,
on the one hand, it is good because it enables multiplexed displays of the ferroelectric liquid crystal on
passive matrices; on the other hand, the bistability is a problem because it makes it difficult to produce
gray scales. Another issue with the SSFLC is that it is more challenging to achieve uniform orientation
in the SSFLC than in nematic liquid crystals.

4.3.4 Electroclinic effect in chiral smectic- liquid crystals

As discussed in Section 3.1, there is no ferroelectricity in chiral smectic-A liquid crystals (smectic-A
consisting of chiral molecules, denoted as smectic-A�). In the cell geometry of smectic-A� liquid crystals
shown in Figure 4.11(b), at zero applied field, the liquid crystal director is perpendicular to the smectic
layers. The transverse dipole moment has equal probability of pointing in any direction in the smectic
layer plane because of the unbiased rotation of the molecule along its long molecular axis. When the
temperature is lowered toward the smectic-A�–smectic-C� transition, short length-scale and time-scale
domains with smectic-C� order form because the tilt of the director away from the layer normal direction
does not cost much energy. This is known as the pretransition phenomenon, which was experimentally
demonstrated and theoretically explained by Garoff and Meyer [17]. Within each domain spontaneous
polarization occurs. The macroscopic polarization, however, is still zero because the polarizations of
the domains are random through the cell and fluctuate with time. When an electric field is applied across
the cell, the temporal domains are stabilized and reorient such that their polarizations become parallel

2q x

y

z

n

E  

sP  

⊥nn∆  

f

Figure 4.10 Schematic diagram showing the switching process in the SSFLC
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to the applied field. Thus uniform macroscopic smectic-C� structure is established and the tilt angle
becomes non-zero. This effect of field-induced tilt of liquid crystal molecules in the smectic-A� structure
is known as the electroclinic effect. Similar to the smectic-C� care, the spontaneous polarization is
perpendicular to the plane formed by the liquid crystal director ~n and the smectic layer normal ~a.
Therefore in the induced smectic-C� structure, the~n
~a plane is perpendicular to the applied field. When
a DC electric field pointing down is applied, the smectic-C� structure, say, with positive tilt angle is
induced as shown in Figure 4.11(a). When a DC electric field pointing up is applied, the smectic-C
structure with negative tilt angle is induced as shown in Figure 4.11(c).

As shown in Section 4.3.2, when the tilt angle is y, the spontaneous polarization ~Ps is given by
Equation (4.45), and the electric energy density is 
~Ps � ~E ¼ 
cEy. The free energy density is [15]

f ¼ fo þ
1

2
aðT 
 TcÞy2 þ 1

4
by4 
 cEy (4.52)

The tilt angle as a function of the applied electric field E can be found by minimizing the free energy:

@f

@y
¼ aðT 
 TcÞyþ by3 
 cE� 0 (4.53)

When the applied field is low, the tilt angle is small, and the cubic term in Equation (4.53)(4.53) can be

neglected. The tilt angle is

y ¼ cE

aðT 
 T�Þ (4.54)

The induced tilt angle is linearly proportional to the applied field. The tilt angle can be larger than 108 at

an electric field of 10 V=mm for some liquid crystals.

In the tilting of the liquid crystal molecule, the torque produced by the electric field and the elastic
force is 
@f =@y ¼ 
aðT 
 TcÞyþ cE, which is balanced by the viscosity torque 
g@y=@t:


aðT 
 TcÞyþ cE 
 g@y=@t ¼ 0 (4.55)

The solution is

yðtÞ ¼ cE

aðT 
 T�Þ ð1
 2e
t=tÞ (4.56)
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Figure 4.11 Schematic diagram showing the electroclinic effect in smectic-A� crystals
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where t ¼ g=aðT 
 T�Þ is the response time. It is found by experiment that the response time is fast and

on the order of a few tens of microseconds. The advantages of the electroclinic effect of smectic-A�

crystals are that the tilt angle, and thus the electro-optical effect, is a linear function of the applied field

and the response time is fast. The disadvantage is that the electro-optical effect is temperature dependent.

Homework Problems

4.1 The electric field-induced orientational order in a nematic liquid crystal is given by Equation (4.7).
The liquid crystal has the parameter b ¼ 0:3. Numerically calculate the order parameter S as a
function of the normalized temperature t in the region from 
0.1 to 0.1 under various normalized
electric fields e ¼ 0:0; 0:5ðb3=27Þ; 0:8ðb3=27Þ; ðb3=27Þ, and 1:2ðb3=27Þ.

4.2 Consider the flexoelectric effect in the splay geometry as shown in Figure 4.5. The cell thickness h is
5 microns. The splay elastic constant K11 of the liquid crystal is 10
11 N. The flexoelectric
coefficient es is 2:0 10
15 V. Calculate the tilt angle y at the cell surface when the applied field is
1 V=mm.

4.3 Flexoelectric effect in hybrid cell. On the top of the cell (z ¼ h) the liquid crystal is aligned
homogeneously along the x direction, while on the bottom (z ¼ 0) of the cell the liquid crystal is
aligned homeotropically (Figure 4.12). There is an induced polarization ~P due to the director
deformation. When a DC electric field ~E is applied along the y direction, the liquid crystal is
twisted in the y direction due to the interaction between ~E and ~P. Under the one elastic constant
approximation, show that the maximum twist angle (at z ¼ 0) is given by
fð0Þ ¼ 
ðes 
 ebÞEh=pK.
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5

Freedericksz Transition

Liquid crystals reorient in externally applied electric fields because of their dielectric anisotropies. The
electric energy, a part of the free energy, of a liquid crystal depends on the orientation of the liquid crystal
director in the applied electric field. Under a given electric field, the liquid crystal will be in the
equilibrium state where the total free energy is minimized.

5.1 Calculus of Variations

In a liquid crystal cell, under a given boundary condition and an externally applied field, the liquid
crystal is in a director field configuration ~nð~rÞ that minimizes the total free energy of the system.
The free energy density has two parts: (1) the elastic energy, which depends on the spatial
derivatives of ~n; and (2) the dielectric electric energy, which depends on ~n. The total free energy is
given by

F ¼
ð

f ½~nð~rÞ; ~n0ð~rÞ;~r �d3r (5.1)

Mathematically F is referred to as the functional. In order to search for the director configuration~nð~rÞ
that minimizes the total free energy, we need the calculus of variations [1].

5.1.1 One dimension and one variable

(1) Fixed boundary condition

We start with the simplest case in which the liquid crystal is sandwiched between two parallel plates
located at z ¼ 0 and z ¼ h, respectively, as shown in Figure 5.1(a). The director ~n is described by an
angle y which is only a function of z, as shown in Figure 5.1(b). The anchoring of the liquid crystal at
the substrate surface is infinitely strong so that the orientation of the liquid crystal at the top and
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bottom surface is fixed. The boundary conditions are

y ¼
y1 at z ¼ 0

y2 at z ¼ h

�
(5.2)

In this case, the total free energy (free energy per unit area) is given by

F ¼
ðh
0

f ðy; y0; zÞdz (5.3)

If the configuration given by the function y ¼ yðzÞ has the minimum or maximum free energy Fm,

i.e., F is stationary under y ¼ yðzÞ, then for a small variation aZðzÞ, where a is a constant and

infinitely small and ZðzÞ is a function, the change of the free energy is zero to first order of a [2].

Because of the fixed boundary condition, it is required that Zðz ¼ 0Þ ¼ 0 and Zðz ¼ hÞ ¼ 0. Thus

FðaÞ¼
ðh
0

f ½yþ aZðzÞ; y0 þ aZ0ðzÞ; z�dz

¼
ðh
0

f ðy; y0; zÞ þ @f

@y
½aZðzÞ� þ @f

@y0
½aZ0ðzÞ� þ Oða2Þ

� �
dz

¼
ðh
0

f ðy; y0; zÞdzþ a
ðh
0

@f

@y
ZðzÞ þ @f

@y0
Z0ðzÞ

� �
dzþ Oða2Þ

¼ Fða ¼ 0Þ þ a
ðh
0

@f

@y
ZðzÞ þ @f

@y0
Z0ðzÞ

� �
dzþ Oða2Þ

(5.4)

Therefore it is required that

dF ¼ FðaÞ�Fða ¼ 0Þ ¼ a
ðh
0

@f

@y
ZðzÞ þ @f

@y0
Z0ðzÞ

� �
dz ¼ 0
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Figure 5.1 Schematic diagram of the 1-D liquid crystal director configuration
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Using partial integration, we have

dF ¼ a
ðh
0

@f

@y
ZðzÞ þ @f

@y0
Z0ðzÞ

� �
dz ¼ a

ðh
0

@f

@y
� d

dz

@f

@y0

� �� �
ZðzÞdzþ a ZðzÞ @f

@y0

� �����h
0

¼ 0 (5.5)

The last term is zero because of the boundary condition for ZðzÞ. Therefore it is required that

ðh
0

@f

@y
� d

dz

@f

@y0

� �� �
ZðzÞdz ¼ 0

This should hold for any function ZðzÞ which satisfies the boundary condition. Hence it is required

that

df

dy
	 @f

@y
� d

dz

@f

@y0

� �
¼ 0 (5.6)

This is the Euler–Lagrange equation. The solution yðzÞ of this equation minimizes or maximizes

the total free energy F.

Next we consider how to minimize the total free energy F under a constraint G ¼
Ð h

0gðy; y0; zÞdz ¼ s,
where s is a constant. Now, besides

dF ¼
ðh
0

df

dy
dydz ¼ 0 (5.7)

it is also required that

dG ¼
ðh
0

dg

dy
dydz ¼ 0 (5.8)

because G is a constant. Therefore ðdf=dyÞ=ðdg=dyÞ must be a constant l independent of z. l is

called the Lagrange multiplier. To minimize F under the constraint is equivalent to minimizingÐ h
0½f ðy; y

0; zÞ þ lgðy; y0; zÞ�dz without the constraint. The solution found from dðf þ lgÞ=dy ¼ 0 will

depend on l. The value of l can be found by substituting the solution into G ¼
Ð h

0gðy; y0; zÞdz ¼ s.

(2) Unfixed boundary condition

If the anchoring of the liquid crystal at the substrate surface is not infinitely strong but weak, the
value of y at the boundary is not fixed. The surface energy varies with the director configuration, and
therefore must be included in the total free energy of the system:

F ¼
ðh
0

f ðy; y0; zÞdzþ fs½yðz ¼ 0Þ� þ fs½yðz ¼ hÞ� (5.9)
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Under a small variation aZðzÞ, the variation of the total free energy is

dF¼
ðh
0

f ½yþ aZðzÞ;y0 þ aZ0ðzÞ; z�dzþ fs½yðz¼ 0Þþ aZðz¼ 0Þ�þ fs½yðz¼ hÞþ aZðz¼ hÞ�

8<
:

9=
;

�
ðh
0

f ½y;y0; z�dzþ fs½yðz¼ 0Þ�þ fs½yðz¼ hÞ�

8<
:

9=
;

¼ a
ðh
0

@f

@y
� d

dz

@f

@y0

� �� �
ZðzÞdzþ a ZðzÞ @f

@y0

� �����h
0

þ a Z
@fs

@y

� �����
z¼0

þ a Z
@fs

@y

� �����
z¼h

¼ 0

¼ a
ðh
0

@f

@y
� d

dz

@f

@y0

� �� �
ZðzÞdzþ aZ

@fs

@y
� @f

@y0

� �����
z¼0

þ aZ
@fs

@y
þ @f

@y0

� �����
z¼h

¼ 0

(5.10)

If F is stationary under the director configuration yðzÞ, then besides Equation (5.6), it is also required that

� @f

@y0
þ@fs

@y

� �����
z¼0

¼ 0 (5.11a)

@f

@y0
þ @fs

@y

� �����
z¼h

¼ 0 (5.11b)

5.1.2 One dimension and multiple variables

If ~n is described by two angles y and f which are functions of z, the total free energy of the system is
given by

F ¼
ðh
0

f ðy; y0;f;f0; zÞdz (5.12)

When the free energy is minimized or maximized, it is required that

df

dy
¼ @f

@y
� d

dz

@f

@y

� �
¼ 0 (5.13a)

and

df

df
¼ @f

@f
� d

dz

@f

@f0

� �
¼ 0 (5.13b)

5.1.3 Three dimensions

If~n is described by the angle y which is a function of more than one coordinate, say, x, y, and z, the total
free energy is given by

F ¼
ð

f ðy; y0x; y0y; y0z; x; y; zÞ (5.14)
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When the free energy is minimized or maximized, it is required that

df

dy
¼ @f

@y
� d

dx

@f

@y0x

� �
� d

dy

@f

@y0y

 !
� d

dz

@f

@y0z

 !
¼ 0 (5.15)

When ~n is described by multiple variables which are a function of more than one coordinate, each

variable must satisfy the Euler–Langrage equation as Equation (5.15).

5.2 Freedericksz Transition: Statics

When a nematic liquid crystal is confined, such as when it is sandwiched between two parallel substrates
with alignment layers, in the absence of external fields, the orientation of the liquid crystal director is
determined by the anchoring condition. When an external electric field is applied to the liquid crystal, it
will reorient because of the dielectric interaction between the liquid crystal and the applied field. If the
dielectric anisotropy is positive (De> 0), the liquid crystal tends to align parallel to the applied field. If
De< 0, it tends to align perpendicular to the field. This field-induced reorientation of the liquid crystal is
referred to as the Freedericksz transition [3–5].

5.2.1 Splay geometry

The cell structure of the bend geometry is shown in Figure 5.2, which is popularly used for electrically
controlled birefringent (ECB) devices. The liquid crystal is sandwiched between two parallel plates of
cell thickness h. The easy axis of the anchoring of the top and bottom alignment layers is parallel to
the plates (the x axis). In the absence of fields, the liquid crystal director is uniformly aligned along
the x axis, as shown in Figure 5.2(a). When a sufficiently high electric field is applied across the cell
(in the z direction), the liquid crystal director will be tilted toward the cell normal direction, as shown in
Figure 5.2(b). Because of the anchoring at the surface of the plates, the liquid crystal director in the
distorted state is not uniform. This costs elastic energy and works against the transition. The liquid
crystal director is always in the x�z plane, provided De> 0, and is given by

~n ¼ cos yðzÞx̂þ sin yðzÞẑ (5.16)

The divergence of~n isr �~n ¼ cos yy0 and the curl isr�~n ¼ �sin yy0ŷ, where y0 ¼ @y=@z. The elastic

energy is positive and given by

felastic ¼
1

2
K11cos2 yy02 þ 1

2
K33sin2 yy02 (5.17)

z

0

h

easy axis 

x

V

(a)

z

θ

0

h

x

VE

(b)

n

Figure 5.2 Schematic diagram of Freedericksz transition in splay geometry
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When the tilt angle is small, the splay elastic energy dominates and the cell geometry is called splay

geometry. The electric energy is negative and is approximately given by

felectric ¼ �
1

2
eoDeð~E �~nÞ2 ¼ �

1

2
eoDeE2 sin2 y (5.18)

This is a good approximation when y is small. The free energy density is

f ¼ 1

2
ðK11 cos2 yþ K33 sin2 yÞy02 � 1

2
eoDeE2 sin2 y (5.19)

The total free energy (per unit area) of the system is

F ¼
ðh
0

1

2
ðK11 cos2 yþ K33 sin2 yÞy02 � 1

2
eoDeE2 sin2 y

� �
dz (5.20)

Using the Euler–Lagrange method to minimize the free energy, we obtain

df

dy
¼ @f

@y
� d

dz

@f

@y0

� �
¼�eoDeE2sinycosy�ðK33�K11Þsinycosyy02�ðK11cos2 yþK33 sin2 yÞy00 ¼ 0 (5.21)

When y is small, we use the approximations siny¼ y and cosy¼ 1. Neglecting second-order terms,

Equation (5.21) becomes

�eoDeE2 y�K11 y00 ¼ 0 (5.22)

The general solution is

y¼ Asin

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
eoDeE2

K11

s
z

0
@

1
AþBcos

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
eoDeE2

K11

s
z

0
@

1
A (5.23)

Now let us look at the boundary condition. Under infinitely strong anchoring, the boundary conditions
are yðz ¼ 0Þ ¼ yðz ¼ hÞ ¼ 0. Therefore B ¼ 0 and

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
eoDeE2

K11

s
h ¼ mp; m ¼ 1; 2; 3; . . . (5.24)

When the applied field is low, it can only produce distortion with the longest wavelength p=h, and thus

the threshold field Ec can be found using
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
eoDeE2

c=K11h
p

¼ p. Therefore

Ec ¼
p
h

ffiffiffiffiffiffiffiffiffi
K11

eoDe

r
(5.25)
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which is inversely proportional to the cell thickness, because the elastic energy is higher with thinner cell

thickness. The threshold voltage is

Vc ¼ hEc ¼ p

ffiffiffiffiffiffiffiffiffi
K11

eoDe

r
(5.26)

which is independent of the cell thickness. In order to see the physical meaning of the existence of the

threshold, let us consider the free energy when the tilt angle is small. Because of the boundary condition

that y ¼ 0 at z ¼ 0 and z ¼ h, y ¼ A sinðpz=hÞ. For small amplitude A, the free energy is approximately

given by

f ¼ 1

2

K11p2

h2
� eoDeE2

� �
A2 (5.27)

When

E<Ec ¼
p
h

ffiffiffiffiffiffiffiffiffi
K11

eoDe

r

in the reorientation of the liquid crystal, the decrease of the electric energy cannot compensate for the

increase of the elastic energy. The free energy of the distorted state is positive and higher than the free

energy of the undistorted state, which is zero, and therefore the transition cannot occur. When the applied

field is increased, the electric energy decreases (becomes more negative). When E>Ec, the decrease of the

electric energy can compensate for the increase of the elastic energy. The free energy of the system

decreases as the transition takes place.

In the approximation discussed above, when E<Ec, the amplitude of the distortion is A ¼ 0. When
E>Ec, A suddenly explodes because larger A gives lower free energy. This will not happen in reality
because it is not consistent with the assumption that y is small. Now we calculate the precise solution.
From Equation (5.21) we have

ðK33 � K11Þsin y cos yy02 þ ðK11 cos2 yþ K22 sin2 yÞy00 ¼ �eoDeE2 sin y cos y

Multiplying both sides by dy=dz, we obtain

d

dz

1

2
K11 cos2 yþ K33 sin2 y
� � dy

dz

� �2
" #

¼ � d

dz

1

2
eoDeE2 sin2 y

� �

Integrating, we get

ðK11 cos2 yþ K22 sin2 yÞ dy
dz

� �2

¼ C � eoDeE2 sin2 y

where C is the integration constant which can be found by considering the fact that the distortion must be

symmetric about the middle plane,

dy
dz
ðz ¼ h=2Þ ¼ 0
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The tilt angle at the middle plane is also the maximum angle ym [4]. Therefore

dy
dz

� �2

¼ eoDeE2 sin2 ym � sin2y
ðK11 cos2 yþ K33 sin2 yÞ

(5.28)ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
eoDeE2

p
dz ¼ K11 cos2 yþ K33 sin2 y

sin2 ym � sin2 y

� �1=2

dy

Using Equation (5.25) and integrating Equation (5.28) from 0 to z, over which y changes from 0 to

yðzÞ, we have

E

Ec

� �
z

h

� �
¼ 1

p

ðyðzÞ
0

cos2 aþ ðK33=K11Þsin2 a

sin2 ym � sin2 a

� �1=2

da (5.29)

The maximum angle ym is given by

E

Ec

� �
1

2

� �
¼ 1

p

ðym

0

cos2 aþ ðK33=K11Þsin2 a

sin2 ym � sin2 a

� �1=2

da (5.30)

For a given field Eð>EcÞ, ym can be found by numerically solving this integration equation. In the

calculation of ym as a function of E, instead of calculating ym for each given E, it is much easier to

calculate E for each given ym. Once ym is known, y as a function of z can be calculated by using

Equation (5.29). Instead of calculating y for a given z, it is much easier to calculate z for a given

y ð< ymÞ. The solution is symmetrical about the middle plane, yðzÞ ¼ yðh�zÞ for h=2  z  h.

We can obtain some information on how the tilt angle depends on the applied field even without
numerical calculation. For the purpose of simplicity, we assume that K11 ¼ K33, and then Equation
(5.30) becomes

E

Ec

� �
¼ 2

p

ðym

0

1

sin2 ym � sin2 a

� �1=2

da

Using a new variable c defined by sin a ¼ sin ym sinc, we have

E

Ec

� �
¼ 2

p

ðp=2

0

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� sin2 ym � sin2 c

p dc (5.31)

When the applied field is not much higher than the threshold, the tilt angle ym at the middle plane is

small, and approximately we have

E

Ec

� �
� 2

p

ðp=2

0

1þ 1

2
sin2 ym sin2 c

� �
dc ¼ 1þ 1

4
sin2 ym (5.32)
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Therefore

sin ym ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðE � EcÞ=Ec

p
(5.33)

which indicates that when the applied field is increased above the threshold, the increase of the

tilt angle with the field is rapid at the beginning, and then slows down. The numerically calculated

tilt angle at the middle plane of the cell vs. the normalized field is shown in Figure 5.3. The

numerically calculated tilt angle as a function of position at various applied fields is plotted in

Figure 5.4.

5.2.2 Bend geometry

The cell structure for bend geometry is shown in Figure 5.5 where the liquid crystal is sandwiched
between two parallel substrates with an homeotropic alignment layer. In the field-off state, the liquid
crystal is uniformly aligned perpendicular to the cell substrate because of the homeotropic anchoring
condition of the alignment layer, as shown in Figure 5.5(a). When a sufficiently high electric field is
applied parallel to the cell (in the x direction), the liquid crystal (with De> 0) will be tilted toward
the x direction, as shown in Figure 5.5(b). The liquid crystal director is always in the x�z plane and is
given by

~n ¼ sin yðzÞx̂þ cos yðzÞẑ (5.34)
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Figure 5.3 The tilt angle at the middle plane vs. the applied field in splay geometry.

K11 ¼ 6:4� 10�12 N and K33 ¼ 10� 10�11 N are used
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Figure 5.4 The tilt angle as a function of position at various fields in splay geometry.

K11 ¼ 6:4� 10�12 N and K33 ¼ 10� 10�11 N are used
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The elastic energy is given by

felastic ¼
1

2
K11 sin2 yy02 þ 1

2
K33 cos2 yy02 (5.35)

When the tilt angle is small, the bend elastic energy dominates and the cell geometry is called bend

geometry. The electric energy is negative and is approximately given by

felectric ¼ �
1

2
eoDeð~E �~nÞ2 ¼ �

1

2
eoDeE2 sin2 y (5.36)

The free energy density is

f ¼ 1

2
ðK11 sin2 yþ K33 cos2 yÞy02 � 1

2
eoDeE2 sin2 y (5.37)

In a similar way as in the splay geometry, the threshold can be found to be

Ec ¼
p
h

ffiffiffiffiffiffiffiffiffi
K33

eoDe

r
(5.38)

The tilt angle y as a function of z under an applied field E ð>EcÞ can be calculated in a similar way as

in the bend geometry.

The same phenomenon occurs if the liquid crystal has a negative dielectric anisotropy and the
applied field is along the z direction (known as the vertical alignment (VA) mode), where the electric
energy is

felectric ¼ �
1

2
eoð�jDejÞð~E �~nÞ2 ¼

1

2
eojDejE2 cos2 y ¼ constant� 1

2
eojDejE2 sin2 y

The calculated transmittance vs. applied voltage of a VA mode liquid crystal display is shown in

Figure 5.6. Light is incident normally on the liquid crystal cell. The parameters of the liquid crystal are

K11 ¼ 6:4� 10�12 N, K33 ¼ 10� 10�12 N, De ¼ �3, ne ¼ 1:57, and no ¼ 1:50. The thickness of the

cell is 5:0 mm. The liquid crystal is sandwiched between two crossed polarizers. In the voltage-

activated state, the plane that the liquid crystal director lies in makes an angle of 458 with respect to

z

0

h

easy axis 
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V
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Figure 5.5 Schematic diagram of Freedericksz transition in bend geometry
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the polarizers. The retardation is

G ¼ 2p
l

ðh
0

nenoffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2

e cos2 yðzÞ þ n2
o sin2 yðzÞ

q � 1

0
B@

1
CAdz

The transmittance is T ¼ sin2ðG=2Þ. In the voltage-off state, the retardation is zero and the

transmittance is zero for any wavelength. The retardation of the voltage-activated states is wavelength

dependent and therefore the voltages for R, G, and B light to reach maximum transmittance are

different.

5.2.3 Twist geometry

The twist geometry is shown in Figure 5.7 where the liquid crystal is sandwiched between
two parallel plates with a homogeneous alignment layer. In the absence of an external field, the
liquid crystal director uniformly orients parallel to the cell surface in the y direction because of the
homogeneous anchoring condition of the alignment layer, as shown in Figure 5.7(a). When a
sufficiently high electric field is applied along the x direction, the liquid crystal (with De> 0) is tilted
toward the field direction, as shown in Figure 5.7(b). The liquid crystal director is in the x�y plane
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Figure 5.6 Transmittance of the VA mode liquid crystal display: R, 650 nm; G, 550 nm; B, 450 nm
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Figure 5.7 Schematic diagram of Freedericksz transition in bend geometry
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and is given by

~n ¼ sin yðzÞx̂þ cos yðzÞ y

�

(5.39)

In this geometry, only twist elastic energy is involved and the elastic energy is given by

felastic ¼
1

2
K22y02 (5.40)

The electric energy is negative and is approximately given by

felectric ¼ �
1

2
eoDeð~E �~nÞ2 ¼ �

1

2
eoDeE2 sin2 y (5.41)

The free energy density is

f ¼ 1

2
K22y02 �

1

2
eoDeE2 sin2 y (5.42)

In a similar was as in the splay geometry, the threshold can be found to be

Ec ¼
p
h

ffiffiffiffiffiffiffiffiffi
K22

eoDe

r
(5.43)

5.2.4 Twisted nematic cell

One of the most important liquid crystal displays is the twisted nematic (TN) display shown in
Figure 5.8. The liquid crystal is anchored parallel to the cell surface by the alignment layers. The
angle between the two alignment directions is F, referred to as the total twist angle, which can be any
value in general. In the particular case shown in Figure 5.8, F ¼ 90

�
and the twisting is counter-

clockwise when looking down from the top. In the absence of external electric fields, the liquid
crystal is in the planar twisted state, where the liquid crystal director twists at a constant rate from
the bottom to the top of the cell, as shown in Figure 5.8(a). The boundary conditions can also be
satisfied if the director twists the complementary angle to F in the opposite twisting direction. If the
liquid crystal is nematic, domains with the director twisting in both directions coexist in the cell. In
order to achieve a single domain, usually a chiral dopant is added to the nematic host to select one

Figure 5.8 Schematic diagram of Freedericksz transition in the twisted nematic cell
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twisting direction. The chirality of the mixture is qo ¼ 2pðHTPÞxc, where (HTP) and xx are the
helical twisting power and concentration of the chiral dopant, respectively. When a sufficiently high
electric field is applied across the cell, the liquid crystal (De> 0) is tilted toward the field direction
as shown in Figure 5.8(b). The liquid crystal director is described by the polar angle y and the
azimuthal angle f. Both angles are a function of z. The components of the director ~n are given by

nx ¼ cos yðzÞcosfðzÞ; ny ¼ cos yðzÞsinfðzÞ; nz ¼ sin yðzÞ (5.44)

We consider the case where the anchoring is finitely strong and the boundary conditions are

fðz ¼ 0Þ ¼ f1; fðz ¼ hÞ ¼ f2 (5.45)

where f2 � f1 ¼ F, and

yðz ¼ 0Þ ¼ 0; yðz ¼ hÞ ¼ 0 (5.46)

The divergence of ~n is

r �~n ¼ cos yy0 (5.47)

where y0 ¼ @y=@z. The curl is

r�~n ¼ ðsin y sinfy0 � cos y cosff0Þx̂þ ð�sin y cosfy0 � cos y sinff0Þ (5.48)

The free energy density is

f ¼ 1

2
K11 cos2 yy02 þ 1

2
K22ðqo � cos2 yf0Þ2

þ 1

2
K33 sin2 yðy0 þ cos2 yf02Þ � 1

2
DeeoE2 sin2 y (5.49)

Using the Euler–Lagrange method to minimize the total free energy,

� df

dy
¼ðK11 cos2 yþ K33 sin2 yÞy00 þ ½ðK33 � K11Þy02

þ ð2K22 cos2 y� K33 cos 2yÞf02 þ DeeoE2 � 2K22qof0�sin y cos y ¼ 0 (5.50)

� df

df
¼ðK22 cos2 yþ K33 sin2 yÞcos2 yf00 þ 2½ð�2K22 cos2 yþ K33 cos 2yÞf0

þ K22qo�y0 sin y cos y ¼ 0 (5.51)

When the applied field is slightly above the threshold, y is very small, and we have the approximations
sin y� y and cos y� 1. Keeping only first order terms, Equation (5.51) becomes�df =df ¼ K22f00 ¼ 0,
whose solution is

f ¼ zF
h

(5.52)
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Equation (5.50) becomes

� df

dy
¼ K11y00 þ ð2K22 � K33Þ

F
h

� �2

þDeeoE2 � 2K22qo
F
h

� �" #
y ¼ 0 (5.53)

Because of the boundary condition given in Equation (5.59), the solution is

y ¼ A sin
p
h

z
� �

(5.54)

The dynamics of the transition is governed by

g
@y
@t
¼ � df

dy
(5.55a)

The physical meaning of this equation is that the viscosity torque, which is the product of the

rotational viscosity coefficient g and the angular speed @y=@t, is balanced by �df=dy which is the

sum of the elastic and electric torques. Using Equations (5.53), (5.54), and (5.55a), it can be

obtained that

g
@A

@t
¼ ð2K22 � K33Þ

F
h

� �2

�K11
p
h

� �2
þDeeoE2 � 2K22qo

F
h

� �" #
A ¼ 0 (5.55b)

Initially y ¼ 0, and therefore A ¼ 0. If the applied field is low, the coefficient on the right hand side of

Equation (5.55b) is negative, meaning that A cannot grow and remains at zero. When the applied field

is sufficiently high, the coefficient becomes positive, meaning that A grows and therefore the transition

takes place. Hence the field threshold can be found by setting

ð2K22 � K33Þ
F
h

� �2

�K11
p
h

� �2
þDeeoE2

c � 2K22qo
F
h

� �
¼ 0

which gives [6, 7]

Ec ¼
p
h

ffiffiffiffiffiffiffiffiffi
K11

Deeo

r
1þ ðK33 � 2K22Þ

K11

F
p

� �2

þ 2
K22

K11

hqo

p

� �
F
p

� �" #1=2

¼ 0 (5.56)

The polar and azimuthal angles as a function of z under an applied field higher than the threshold can

only be numerically calculated and will be discussed in Chapter 7.

5.2.5 Splay geometry with weak anchoring

If the anchoring of the liquid crystal at the boundary is not infinitely strong, the tilt angle y at the
boundary is no longer fixed but changes with the applied field. Now we must consider the surface
energy in determining the equilibrium director configuration. The total free energy of the system is
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given by [5, 8]

F ¼
ðh
0

fdzþ fsjz¼0 þ fsjz¼h

¼
ðh
0

1

2
ðK11 cos2 yþ K33 sin2 yÞy02 � 1

2
eoDeE2 sin2 y

� �
dzþ 1

2
W sin2 y1 þ

1

2
W sin2 y2 (5.57)

where W is the anchoring strength, and y1 and y2 are tilt angles at the bottom and top surfaces,

respectively. The boundary conditions at the bottom and top surfaces are respectively

� @f

@y0
þ @fs

@y

� �����
z¼0

¼ �ðK11 cos2 y1 þK33 sin2 y1Þy0 þW siny1 cos y1 ¼ 0 (5.58)

@f

@y0
þ @fs

@y

� �����
z¼h

¼ ðK11 cos2 y2 þ K33 sin2 y2Þy0 þW sin y2 cos y2 ¼ 0 (5.59)

When the applied field is low, the liquid crystal director is homogeneously aligned along the x axis and

the tilt angle is zero. When the applied field is increased above a threshold, the liquid crystal director

begins to tilt. When the applied field is only slightly above the threshold, the tilt angle is small.

Approximately we have cos y� 1 and sin y� y. Equations (5.58) and (5.59) become

�K11y0jz¼0 þWy1 ¼ 0 (5.60)

K11y0jz¼h þWy2 ¼ 0 (5.61)

The Euler–Lagrange equation for the minimization of the total bulk free energy is (Equation (5.22))

�eoDeE2y� K11y00 ¼ 0 (5.62)

We define the surface extrapolation length

L ¼ K11=W (5.63)

and also the field coherence length

x ¼ K11

eoDeE2

� �1=2

(5.64)

whose physical meaning is that the applied field can produce a significant reorientation of the liquid

crystal director over the distance x. When K11 ¼ 10�11 N, De ¼ 10, and E ¼ 1 V=mm, the field

coherence length is x ¼ 0:3mm. Because the solution of Equation (5.62) must be symmetric about

z ¼ h=2, the solution is

y ¼ B cos
z� h=2

x

� �
(5.65)

FREEDERICKSZ TRANSITION: STATICS 141



Note that this is the solution for an applied field slightly above the threshold. The boundary condition

(5.60) becomes

B

x
sin

h

2x

� �
¼ B

L
cos

h

2x

� �

i.e.,

tan
h

2x

� �
¼ x

L
(5.66)

When the anchoring is infinitely strong, W ¼ 1 and thus L ¼ 0; the solution of Equation (5.66) is

h=2x ¼ p=2, which gives the field threshold Ec ¼ ðp=hÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K11=eoDe

p
. When the anchoring is weak,

e.g., W ¼ 10�5 J=m2, the surface extrapolation length is L ¼ 10�11 N=ð10�5 J=m2Þ ¼ 10�1 mm.

When the applied field is low, x is large and x=L� 1. At the field threshold, h=2x is close to p=2,

and thus we have the approximation

tan
h

2x

� �
¼ tan

p
2
� p

2
� h

2x

� �� �
� 1

p
2
� h

2x

� �
¼ x

L

#

which gives 1=x ¼ p=ðhþ 2LÞ. Therefore the field threshold is

Ec ¼
p

ðhþ 2LÞ

ffiffiffiffiffiffiffiffiffi
K11

eoDe

r
(5.67)

This result is the same as the one when the anchoring is infinitely strong and the cell gap is

increased from h to hþ 2L.

5.2.6 Splay geometry with pretilt angle

In ECB liquid crystal devices, alignment layers with non-zero pretilt angle are usually used in order
to avoid poly-domain structures resulting from opposite tilting of the liquid crystal director under
externally applied fields. The rubbing directions of the bottom and top alignment layers are anti-
parallel. Now we consider how the pretilt angle affects the reorientation of the liquid crystal under
externally applied fields. The Euler–Lagrange equation for the minimization of the total free energy
is (Equation (5.21))

df

dy
¼� eoDeE2 sin y cos y� ðK33 � K11Þsin y cos yy02

� K11 cos2 yþ K33 sin2 y
� �

y00 ¼ 0

(5.68)

When the pretilt angle is yo, we define a new variable b ¼ y� yo. When the applied field is

low, b is very small, and approximately we have and sinðbþ yoÞ� b cos yo þ sin yo and

cosðbþ yoÞ� cos yo � b sin yo; y00 ¼ b00. Neglecting higher order terms, Equation (5.68) becomes

�eoDeE2ð12 sin 2yo þ b cos 2yoÞ � ðK11cos2 yo þ K33 sin2 yoÞb00 ¼ 0 (5.69)
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The general solution is

b ¼ B cos

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
eoDeE2 cosð2yoÞ

ðK11 cos2 yo þ K33 sin2 yoÞ

s
z� h

2

� �" #
� 1

2
tanð2yoÞ (5.70)

where B is a constant which can be found from the boundary condition. Under infinitely strong

anchoring, the boundary conditions are bðz ¼ 0Þ ¼ bðz ¼ hÞ ¼ 0. Therefore

B cos

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
eoDeE2 cosð2yoÞ

ðK11 cos2 yo þ K33 sin2 yoÞ

s
h

2

" #
¼ 1

2
tanð2yoÞ

Equation (5.70) becomes

b ¼ 1

2
tanð2yoÞ

cos

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
eoDeE2 cosð2yoÞ

ðK11 cos2 yo þ K33 sin2 yoÞ

s
z� h

2

� �" #

cos

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
eoDeE2 cosð2yoÞ

ðK11 cos2 yo þ K33 sin2 yoÞ

s
h

2

" # � 1

8>>>>><
>>>>>:

9>>>>>=
>>>>>;

(5.71)

b is not zero for any non-zero applied field E. The pretilt angle breaks the reflection symmetry of

the anchoring and eliminates the threshold. When E is very small, we have

b ¼ eoDeE2 sinð2yoÞ
4ðK11 cos2 yo þ K33 sin2 yoÞ

zðh� zÞ (5.72)

The maximum tilt angle (at the middle plane) is (when K11 ¼ K33)

bm ¼
eoDeE2 sinð2yoÞh2

16K11
(5.73)

When

E ¼ Ec ¼
p
h

ffiffiffiffiffiffiffiffiffi
K11

eoDe

r

(the threshold field when the pretilt angle is zero), the maximum tilt angle is bm ¼ bmc ¼ sinð2 yoÞ=16,

which is small for small pretilt angle yo. For an applied field below Ec, bm ¼ bmcðE=EcÞ2. For an applied

field slightly above Ec, bm ¼ bmc þ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðE�EcÞ=Ec

p
.

5.3 Freedericksz Transition: Dynamics

The dynamics of the rotation of liquid crystal molecules is very complicated in general because of the
coupling between the rotational motion and the translational motion. A rotation of the liquid crystal
molecules may generate a translational motion of the molecules. A gradient of the velocity of the
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translational motion produces a torque which in term affects the rotation of the molecules. In this section
we will proceed from some simple cases to complicated ones.

5.3.1 Dynamics of the Freedericksz Transition in Twist Geometry

In the twist geometry, the rotation of the liquid crystal director is not coupled to the translational
motion of the molecules. The rotation of the liquid crystal director is governed by the overdamped
dynamics: the elastic and electric torques are balanced by the rotational viscosity toque and the
inertial term can be neglected [4]. Mathematically we have

gr

@y
@t
¼ � df

dy
(5.74)

where y is the twist angle as discussed in Section 2.3, and gr is the rotational viscosity coefficient whose

dimension is N s=m2. Using the free energy given by Equation (5.42), we obtain

gr

@y
@t
¼ K22

@2y
@z2
þ eoDeE2 sin y cos y (5.75)

We first consider the turn-off time when the applied field is turned off from the distorted state. The

anchoring is infinitely strong and the twist angle at the boundary is zero. The initial twist angle can be

expanded in terms of all the possible modes:

yoðzÞ ¼
X1
m¼1

An sin
mpz

h

� �
(5.76)

The solution of the dynamic equation is

yðtÞ ¼
X1
m¼1

Am sin
mpz

h

� �
e�t=tm (5.77)

where tm is the relaxation time of the mth mode and is given by

tm ¼
gr

K22

h

p

� �2 1

m2
(5.78)

The turn-off time toff is approximately equal to the relaxation time t1 of the slowest mode (m ¼ 1)

toff ¼
gr

K22

p
h

� �2
(5.79)

Now we consider the turn-on time. When the applied field is not much higher than the threshold, the twist

angle is small and m ¼ 1 is the only mode excited because it costs the least energy. The solution to the

dynamic equation is

yðtÞ ¼ A1et=t sin
pz

h

� �
(5.80)
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Using the approximations sin y� y and cos y ¼ 1 and substituting Equation (5.80) into Equation (5.75),

we have

gr

t
¼ �K22

p
h

� �2
þeoDeE2 ¼ K22

p
h

� �2 E

Ec

� �2

�1

" #
(5.81)

The turn-on time is

ton ¼
gr

K22

h

p

� �2 1

ðE=EcÞ2 � 1
(5.82)

Although the dynamics of the Freedericksz transition in splay geometry, bend geometry, and twisted

geometry is more complicated, the response time is still on the same order and has the same cell thickness

dependence. The rotational viscosity coefficient is of the order 0:1 N s=m2. When the elastic constant is

10�11 N and the cell thickness is 10mm, the response time is of the order 100 ms. Faster response times can

be achieved by using thinner cell gaps.

5.3.2 Hydrodynamics

Now we consider the hydrodynamics of nematic liquid crystals [4, 9, 10]. For most phenomena in
liquid crystals, it is reasonable to assume that liquid crystals are incompressible fluids. We first
consider viscosity in isotropic fluids. The viscosity of a fluid is the internal friction that hinders
neighboring layers of the fluid from sliding with respect to each other. Consider a steady shear whose
velocity is only a function of z, as shown in Figure 5.9. Then consider a fluid element with area S and
thickness dz. There are particle exchanges between the fluid element and the fluid above and below it.
If the velocity is uniform, the net momentum transfer between the fluid element and the fluid above
and below it is zero, and thus there is no force acting on it. If the velocity is not uniform but has a
gradient, say AðzÞ ð¼ @v=@zÞ, the particles moving in the fluid above have a smaller momentum than
the particles moving from the fluid above into the element, provided A> 0. The fluid element gains
momentum from the fluid above [11]. This momentum gain can be described as a force acting on the
surface of the element toward the right side, which is proportional to the area of the element and the
velocity gradient (known as a Newtonian fluid):

f2 ¼ ZA2S (5.83)

V 2

dz
Av−dz

S
2

dz
Av +

v

1f

2fz

Figure 5.9 The viscosity is the force acting on the surface of the fliud element due to the velocity gradient
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where Z is the translational viscosity coefficient, which has the dimension N=½ðm s�1=mÞðm2Þ� ¼ ½N s=m2�.
The commonly used unit is poise which is equal to 0:1 N s=m2. The viscosity coefficient of water

at room temperature is about 10�3 N s=m2. In the same way, the particles moving into the fluid

below have a larger momentum than the particles moving from the fluid below into the element. The

fluid element loses momentum to the fluid below. This momentum loss can also be described as a

force acting on the surface of the element toward the left side: f1 ¼ ZA1S. The net force acting on the

fluid element is

f ¼ f2 � f1 ¼ ðA2 � A1ÞZS ¼ ½Aðzþ dz=2Þ � Aðz� dz=2Þ�ZS ¼ dA

dz
ZS � dz (5.84)

If dA=dz ¼ 0, the net force is zero. The torque acting on the element, however, is not zero and is

given by

t ¼ ZAS � dz (5.85)

This torque plays an important role in the dynamics of liquid crystals. A non-uniform translational

motion will cause the liquid crystal to rotate.

Now we consider the hydrodynamics of an incompressible isotropic fluid. The velocity of the fluid is
~v ¼~vð~r; tÞ. Applying Newton’s law to a unitary volume of the fluid, we have [12]

r
d~v

dt
¼ r

@~v

@t
þ ð~v � rÞ~v

� �
¼ �rpþ~fv (5.86)

where r is the mass density, p is the pressure, and~fv is the viscosity force. Equation (5.86) is known as the

Navier–Stokes equation and can be rewritten as

r
@~v

@t
þ ð~v � rÞ~v

� �
¼ r � s$ (5.87)

where s
$

is the stress tensor defined by

s
$ ¼ � pI

$
þ s
$0

(5.88)

s$0 is the viscous stress tensor which arises from the velocity gradient. In order to find the relation

between the viscous stress tensor and the velocity gradient, we consider a special case where the fluid

rotates as a whole. When the angular velocity of the rotation is O
 
, the velocity is~v ¼ ~O�~r. We introduce

two new tensors: the symmetric part of the velocity gradient tensor A
$

whose components are defined

by [9]

Aij ¼
1

2

@vj

@xi
þ @vi

@xj

� �
(5.89)

where i; j ¼ 1; 2; 3, x1 ¼ x, x2 ¼ y, and x3 ¼ z, and the anti-symmetric part of the velocity gradient

tensor ~W whose components are defined by

Wi j ¼
1

2

@vj

@xi
� @vi

@xj

� �
(5.90)
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In this special case where the fluid rotates as a whole, Aij ¼ 0, Wxy ¼ Oz, Wyz ¼ Ox, and Wzx ¼ Oy.

There should be no viscous stress. Therefore the viscous stress tensor must be proportional to A
$

:

s0ij ¼ 2ZAij ¼ Z
@vj

@xi
þ @vi

@xj

� �
(5.91)

where Z is the translational viscosity coefficient. The vorticity of the flow (the angular velocity of the

rotation of the fluid as a whole) is related to W
$

by

~o ¼ 1

2
r�~v ¼ ðWyz;Wzx;WxyÞ (5.92)

Now we consider the viscous stress tensor of a nematic liquid crystal. The translational viscous stress
depends on the orientation of the liquid crystal director, the flow direction, and the gradient direction.
First we assume that the liquid crystal director is fixed. Consider a special case of shear flow as shown in
Figure 5.10(a). The velocity is along the z axis and the gradient of the velocity is along the x direction,
namely, ~v ¼ uðxÞẑ. The two non-zero components of the viscous stress are

s0xz ¼ s0zx ¼ Zðy;fÞ @u

@x
(5.93)

where Zðy;fÞ is the viscosity coefficient which depends on the orientation of the liquid crystal director

and is given by

Zðy;fÞ ¼ ðZ1 þ Z12 cos2 yÞsin2 y cos2 fþ Z2 cos2 yþ Z3 sin2 y sin2 f (5.94)

Z2 ¼ Zðy ¼ 0Þ is the smallest viscosity coefficient, corresponding to the geometry shown

in Figure 5.10(b). Z1 ¼ Zðy ¼ 90�;f ¼ 0�Þ is the largest viscosity coefficient, corresponding to the

geometry shown in Figure 5.10(c). Z3 ¼ Zð90�; 90�Þ is the intermediate one, corresponding to the

geometry shown in Figure 5.10(d). Z12 contributes most when y ¼ 45� and f ¼ 0�. At room temperature

Ziði ¼ 1; 2; 3Þ is about 10�2 N s=m2. Z12 may be very small and can be neglected.

Figure 5.10 Diagram defining the orientation of the liquid crystal director with respect to the flow of

the liquid crystal and special geometries of shear flows
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Now we consider the rotational motion of the liquid crystal director. The variation of the director ~n
associated with a fluid element with respect to time is given by

d~n

dt
¼ @~n
@t
þ ð~v � rÞ~n (5.95)

The second term of this equation is due to the flow of the liquid crystal. As shown in Figure 5.11, the local

angular velocity, ~O, of the director is related to d~n=dt by ~O dt �~n ¼ d~n. Therefore

~n� ð~O�~nÞ ¼ ~O ¼~n� d~n

dt
(5.96)

The dynamic equation of the rotation of the director per unit volume is

I
d~O
dt
¼ ~G (5.97)

where I is the moment of inertia per unit volume and ~G is the torque. The torque has three parts:

~G ¼ ~Gmol þ~Gvis þ~Gflow (5.98)

~Gmol is the molecular torque which is given by

~Gmol ¼~n�~h ¼~n� � df

d~n

� �
(5.99)

where ~h ¼ �df=d~n is the molecular field due to elastic distortion and the applied field. ~Gvis is the

rotational viscosity torque which is given by

~Gvis ¼ �g1~n� ~N (5.100)

where g1 is the rotational viscosity coefficient and ~N is the net rotational velocity of the director, which

equals the local angular velocity minus the angular velocity, ~o, of the liquid crystal rotating as a whole:

~N ¼ ð~O� ~oÞ �~n ¼ d~n

dt
� ~o�~n (5.101)

Ω  

n  
nd  

Figure 5.11 Schematic diagram showing the rotation of the liquid crystal director
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~Gflow is the torque produced by the viscosity of the translational motion as discussed above. Because only

the component of the velocity gradient parallel to the liquid crystal director can produce the torque to

cause the director to rotate, therefore

~Gflow ¼ �g2~n� ð A
$
�~nÞ (5.102)

where g2 is referred to as the second rotational viscosity coefficient. g2 has a negative value with

a magnitude comparable to that of g1. In many liquid crystal phenomena, the dynamics is over-

damped and the inertia term is negligible. Then the dynamic equation of the rotation of the director

becomes

~n� ½~h� g1
~N � g2ð A

$
�~nÞ� ¼ 0 (5.103)

This equation generally means that ½~h� g1
~N � g2ð A

$
�~nÞ�, not necessarily zero, is parallel to ~n. The

translational motion may induce a rotational motion of the liquid crystal molecules.

Now we consider how a rotational motion of the liquid crystal molecules induces a translational
motion. As an example, initially the liquid crystal molecules are aligned vertically as shown in
Figure 5.12(a). The average distance between the neighboring molecular centers in the vertical direction
is larger than that in the horizontal direction. When the molecules rotate to the horizontal direction, as
shown in Figure 5.12(b), the average distance between the neighboring molecular centers in the
horizontal direction becomes larger than that in the vertical direction. This means that the molecules
move translationally.

In the Ericksen–Leslie theory, the viscous tress tensor is given by

s
$0 ¼ a1ð~n~nÞð~n � A

$
�~nÞ þ a2~n~N þ a3

~N~nþ a4 A
$
þ a5~nð~n � A

$
Þ þ a6ð~n � A

$
Þ~n (5.104)

Figure 5.12 Schematic diagram showing how rotation of the liquid crystal molecules induces

translational motion
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The components are

s0ij ¼ a1ninjnknlAkl þ a2niNj þ a3njNi þ a4Aij þ a5ninkAkj þ a6njnkAki (5.105)

where ai ði ¼ 1; 2; 3; 4; 5; 6Þ are Leslie viscosity coefficients. The second and third terms describe the

effect of director rotation on the translational motion. The relationships between the Leslie coefficients

and the translational and rotational viscosity coefficients are [9]

Z1 ¼
1

2
ð�a2 þ a4 þ a5Þ (5.106)

Z2 ¼
1

2
ða3 þ a4 þ a6Þ (5.107)

Z3 ¼
1

2
a4 (5.108)

Z12 ¼ a1 (5.109)

g1 ¼ a3 � a2 (5.110)

g2 ¼ a6 � a5 (5.111)

a6 ¼ a2 þ a3 þ a5 (5.112)

5.3.3 Backflow

We consider the dynamics of the Freedericksz transition in the splay geometry upon removal of the
applied field [13–16]. Initially the liquid crystal director is aligned vertically by the applied field as
shown in Figure 5.13(a). When the applied field is removed, the liquid crystal relaxes back to the
homogeneous state. The rotation of the molecules induces a macroscopic translational motion known as
the backflow. The velocity of the flow is

~v ¼ ½uðzÞ; 0; 0� (5.113)

Figure 5.13 Schematic diagram showing the relaxation of the liquid crystal in the splay geometry
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The y component of the velocity is zero because of the symmetry of the cell. The z component is zero

because of the mass conservation and incompressibility of the liquid crystal. The boundary condition of

the velocity of the translational motion is

uðz ¼ �h=2Þ ¼ uðz ¼ h=2Þ ¼ 0 (5.114)

The liquid crystal director is in the x�z plane and is given by

~n ¼ nxx̂þ nzẑ ¼ cos yðz; tÞx̂þ sin yðz; tÞẑ (5.115)

The elastic energy density is

f ¼ 1

2
K11

@nz

@z

� �2

þ 1

2
K33

@nx

@z

� �2

(5.116)

The molecular field is

~h ¼ � @f

@nx
þ @

@z

@f

@ð@nx=@zÞ

� �� �
x̂þ � @f

@nz
þ @

@z

@f

@ð@nz=@zÞ

� �� �
ẑ

¼ K33
@2nx

@z2
x̂þ K11

@2nz

@z2
ẑ

¼ �K33 sin y
@2y
@z2
þcos y

@y
@z

� �2
" #

x̂þ K11 cos y
@2y
@z2
�sin

@y
@z

� �2
" #

ẑ

(5.117)

The rate of change of the director is

d~n

dt
¼ ẏð�sin yx̂þ cos yẑÞ (5.118)

where ẏ ¼ @y=@t. The velocity gradient tensor is

A
$
¼

0 0 b

0 0 0

b 0 0

0
B@

1
CA (5.119)

where b ¼ ð1=2Þ@u=@z. Thus

A
$
�~n ¼

0 0 b

0 0 0

b 0 0

0
B@

1
CA

cos y

0

sin y

0
B@

1
CA ¼

b sin y

0

b cos y

0
B@

1
CA (5.120)

The angular velocity of the liquid crystal rotating as a whole is

~o ¼ 1

2
r�~v ¼ ð0; b; 0Þ (5.121)
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The net rotation velocity of the director is

~N ¼ d~n

dt
� ~o�~n ¼ ẏð�sin yx̂þ cos yẑÞ � bŷ� ðcos yx̂þ sin yẑÞ

¼ ðẏþ bÞ½�sin yx̂þ cos yẑ�
(5.122)

The dynamic equation of the rotation of the liquid crystal director is

~n� ½~h� g1
~N � g2ð A

$
�~nÞ� ¼ 0 (5.123)

Therefore

~h� g1
~N � g2ð A

$
�~nÞ ¼ c~n (5.124)

where c is a constant. In components we have

�K33 sin y
@2y
@z2
þ cos y

@y
@z

� �2
" #

þ g1ðy
˙ þ bÞsin y� g2b sin y ¼ c cos y (5.125)

K11 cos y
@2y
@z2
� sin

@y
@z

� �2
" #

� g1ðy
˙ þ bÞcos y� g2b cos y ¼ c sin y (5.126)

Under the isotropic elastic constant assumption ðK11 ¼ K33 ¼ KÞ, multiplying Equation (5.126) by cos y
and Equation (5.125) by sin y, and subtracting, we get

g1

@y
@t
¼ K

@2y
@z2
� ½g1 þ g2ðcos2 y� sin2 yÞ�b (5.127)

Using Equations (5.110), (5.111), and (5.112), we then have

g1

@y
@t
¼ K

@2y
@z2
� 2ða3 cos2 y� a2 sin2 yÞb (5.128)

Comparing Equation (5.127) to Equation (5.75), we can see the extra term which is from the translational

motion. For the translational motion, there is only motion in the x direction. Using the dynamic equation

(Equation (5.87)), we have

r
@u

@t
¼ @

@z
szx (5.129)

When the pressure gradient is small and can be neglected, we have

szx¼a1nznxðnxnzAxzþnznxAzxÞþa2nzNxþa3nxNzþa4Azxþa5nznzAzxþa6nxnxAxz

¼½ð2a1 cos2y�a2þa5Þsin2yþa4þða6þa3Þcos2y�bþð�a2 sin2yþa3 cos2yÞ@y
@t

(5.130)
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It is difficult to calculate the hydrodynamics involved analytically. We present a qualitative discussion

here. If the applied field E is sufficiently high, the liquid crystal is aligned in the cell normal direction,

except very near the cell surfaces. In the equilibrium state under the field, the tilt angle y is p=2 in most

parts of the cell, as is shown in Figure 5.14(a). We also have

K22
@2y
@z2
¼�eoDeE2 sinycosy

which is shown in Figure 5.14(b). Right after the applied high voltage is turned off ðt¼0Þ, there is no

flow. The variational rate of y with respect to time is given by

g1

@y
@t
¼K

@2y
@z2

<0 (5.131)

The angle decreases with time. The non-zero components of the stress tensor are

szx¼sxz¼ð�a2 sin2yþa3 cos2yÞ@y
@t
¼K

g1

ð�a2 sin2yþa3 cos2yÞ@
2y
@z2

(5.132)

From Equation (5.129) we have

r
@u

@t
¼ @szx

@z
¼ K

g1

@

@z
ð�a2 sin2 yþ a3 cos2 yÞ @

2y
@z2

� �
(5.133)

u ¼ Kt

rg1

@

@z
ð�a2 sin2 yþ a3 cos2 yÞ @

2y
@z2

� �
/ @3y
@z3

(5.134)

Consider the case a3 > 0 (the final result is the same for negative a3). At a time slightly later (t ¼ t1),
the profile of the velocity of the developed translational motion is as shown in Figure 5.14(c). In the
top half of the cell, vx ¼ u> 0, i.e., the flow is in the þx direction. In the bottom half of the cell,
vx ¼ u< 0, i.e., the flow is in the �x direction. The translational motion will affect the rotation of the
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Figure 5.14 The profiles of the liquid crystal director and velocity in the relaxation of the bistable

TN liquid crystal
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liquid crystal. From Equation (5.128) we have

g1

@y
@t
¼ K

@2y
@z2
�ða3 cos2 y� a2 sin2 yÞ Kt

rg1

@2

@z2
ð�a2 sin2 yþ a3 cos2 yÞ @

2y
@z2

� �� �

�K
@2y
@z2
�ða3 cos2 y� a2 sin2 yÞ2 Kt

rg1

@4y
@z4

(5.135)

The second term on the right hand side of this expression will make the angle increase in the middle
of the cell. The translational motion makes the liquid crystal rotate in the opposite direction, which is
known as the backflow effect. The strength of the backflow depends on the initial director
configuration, which in turn depends on the initially applied field. If the applied field is high, the
effect of the backflow is stronger.

In TN and ECB displays, the backflow slows the relaxation of the liquid crystal director from the
distorted state under an applied field to the undistorted state at zero field, and may even make the
relaxation non-monotonic. The transmittance of a normal-white TN crystal as a function of time is
shown in Figure 5.15 after the applied voltage is turned off [16]. When the applied voltage is 5V, the
liquid crystal is not well aligned homeotropically. When the applied field is removed, the backflow is
not strong and the transmittance increases monotonically as shown in Figure 5.15(a). When the
applied voltage is 8V, the liquid crystal is well aligned homeotropically. When the applied field is
removed, the backflow is strong and the transmittance does not increase monotonically as shown in
Figure 5.15(b). The dip at 6 ms after the removal of the applied voltage is due to the reverse rotation
of the liquid crystal caused by the backflow.

Backflow can also be utilized in liquid crystal devices. The bistable TN crystal is such an example
[13–15], where the display cell has homogeneous alignment layers. Chiral dopant is added to the
liquid crystal in such a way that the intrinsic pitch P is twice the cell thickness h. Initially a high
voltage is applied across the cell and the liquid crystal is switched to the homeotropic state where there
is no twist. If the applied voltage is removed slowly, the tilt angle of the liquid crystal director
decreases slowly with time, and the backflow is small. The liquid crystal relaxes to the state where the
liquid crystal director is aligned homogeneously, known as the 08 twist state. The free energy of this
state is a local minimum and the liquid crystal remains in this state for quite a long period. If the
applied voltage is removed quickly, the tilt angle of the liquid crystal director decreases rapidly with
time, and the backflow is large. The liquid crystal in the middle of the cell rotates in the direction
opposite to the rotation direction of the director near the cell surfaces. The liquid crystal transforms
into a state where the director twists 3608 from the bottom to the top of the cell. The free energy of
this state is also a local minimum and the liquid crystal remains in this state for a long period.
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Figure 5.15 Transmittance vs. time of the normal-white TN crystal after the applied voltage has been

removed: (a) 5V; (b) 8V [16]
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Homework Problems

5.1 Freedericksz in the twist geometry shown in Figure 5.7. The cell thickness is h. The free energy is
given by Equation (5.42). Use the Euler–Lagrange equation for the minimization of the total
free energy to derive the twist angle as a function of the normalized position z=h when the applied
field E is above the threshold Ec. The anchoring is infinitely strong and the twist angle at the
bottom and top surfaces is zero.

5.2 Explain why the voltage threshold in the Freedericksz transition is cell thickness independent.

5.3 Freedericksz in splay geometry. Use the parameters in Figure 5.3 and Equation (5.30) to calculate
and plot the tilt angle at the middle plane as a function of the normalized field E=Ec.

5.4 Freedericksz in splay geometry. The cell thickness is h. Use the parameters in Figure 5.4 to calculate
and plot the tilt angle as a function of the normalized position z=h at the following various fields:
E=Ec ¼ 1:2, E=Ec ¼ 3:0, and E=Ec ¼ 10.

5.5 Calculate the transmittance of the VA mode liquid crystal display for R, G, and B light. The
parameters of the liquid crystal are K11 ¼ 6:4� 10�12N, K33 ¼ 10� 10�12N, De ¼ �3, ne ¼ 1:57,
and no ¼ 1:50. The thickness of the cell is 5:0 mm. The wavelengths of the R, G, and B light are
650 nm, 550 nm, and 450 nm, respectively.

5.6 Flow alignment angle. Consider a shear as shown in Figure 5.16. The shear rate dv=dx ¼ constant

and the liquid crystal director is uniformly oriented in the x�z plane. Show that when jg1=g2j< 1,
the tilt angle is given by cos 2y ¼ �g1=g2 in the steady state.

5.7 Show that in the twist geometry, it is possible to have director motion without any flow.
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6

Liquid Crystal Materials

6.1 Introduction

Liquid crystal (LC) material, although only occupying a small portion in a display or photonic device,
makes a decisive contribution to device performance. For instance, the device contrast ratio, response
time, viewing angle, and operating voltage are all related to the LC material and how they are aligned.
The refractive indices and cell gap determine the phase retardation or phase change of the LC device
employed for either amplitude or phase modulation. The dielectric constants and elastic constants jointly
determine the threshold voltage. The viscosity, cell gap, and temperature determine the response time.

Absorption is another important factor affecting the physical properties of LC material. Most of the
conjugated LC compounds have strong absorption in the ultraviolet (UV) region due to allowed
electronic transitions. These UV absorption bands and their corresponding oscillator strengths play
important roles in affecting the LC refractive indices and photostability. In the visible region, the
electronic absorption tail decays rapidly so that the absorption effect is small and can be ignored.
However, molecular vibrations appear in the mid- and long-infrared (IR) regions. The overtones of
these vibration bands extend to the near IR (�1mm). The material absorption affects the optical
transmittance and especially the power handling capability of a LC-based optical phased array for
steering a high-power IR laser beam.

In this chapter, we will first describe the origins of the LC refractive indices and their wavelength and
temperature dependencies, and then extend our discussion to dielectric constants, elastic constants, and
viscosity.

6.2 Refractive Indices

The classic Clausius–Mossotti equation [1] correlates the permittivity ðeÞ of an isotropic media with
molecular polarizability ðaÞ as follows:

e� 1

eþ 2
¼ 4p

3
Na (6.1)

Fundamentals of Liquid Crystal Devices D.-K. Yang and S.-T. Wu
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In Equation (6.1), N is the molecular packing density, or number of molecules per unit volume. In the

optical frequency regime, we substitute e ¼ n2 and obtain the Lorentz–Lorenz equation [2]:

n2 � 1

n2 þ 2
¼ 4p

3
Na (6.2)

For anisotropic LC media, there are two principal refractive indices, ne and no, which are the refractive

indices for the extraordinary ray and ordinary ray, respectively. In principle, each refractive index is

supposedly related to the corresponding molecular polarizabilities, ae and ao. An earlier approach

replaced both n2 in Equation (6.2) by n2
e;o and a by ae;o. However, this model does not fit the

experimental results well. In 1964, Vuks made an assumption that the internal field in a crystal is the

same in all directions [3]:

Ei ¼
hn2i þ 2

3
E (6.3)

where Ei is the internal field, the average field that acts on a molecule, and E is the macroscopic electric

field. With this assumption, Vuks derived the following equation for anisotropic media:

n2
e;o � 1

hn2i þ 2
¼ 4p

3
Nae;o (6.4)

where

hn2i ¼ ðn2
e þ 2n2

oÞ=3 (6.5)

Equation (6.4) is different from Equation (6.2) in two aspects: (1) the n2 term in the denominator of

Equation (6.2) is replaced by hn2i, while the n2 term in the numerator is replaced by n2
e;o; and (2) a is

replaced by ae;o. The Vuks equation (6.4) has been validated experimentally using the refractive index

data of several LC compounds and mixtures [4].

6.2.1 Extended Cauchy equations

In Equation (6.4), ne and no are coupled together through the hn2i term. By substituting Equation (6.5)
into (6.4) and through a series of expansion of the Vuks equation, ne, no, and birefringence
Dnð¼ ne � noÞ can be expressed as follows [5]:

neðl; TÞ	 niðlÞ þ GS
l2l
2

l2 � l
2
(6.6)

noðl; TÞ	 niðlÞ �
GS

2

l2l
2

l2 � l
2
(6.7)

Dnðl; TÞ	 3GS

2

l2l
2

l2 � l
2
(6.8)

where niðlÞ is the LC refractive index in the isotropic phase, hai is the average molecular

polarizability, G ¼ ð2
ffiffiffi
2
p

=3ÞpgNZðf 
e � f 
o Þ=ð1� 4=3 pNhaiÞ is a proportionality constant, and S
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is the order parameter. In the isotropic state, niðlÞ can be expressed by the traditional Cauchy

equation:

niðlÞ ¼ Ai þ
Bi

l2
þ Ci

l4
(6.9)

where Ai, Bi, and Ci are the Cauchy coefficients for the isotropic state. The temperature effect of N

(molecular packing density) and f 
e � f 
o (differential oscillator strength) is much smaller than that of

S. Thus, we can assume that G is insensitive to the temperature. Equation (6.8) is identical to the

single band birefringence dispersion model [6].

In the off-resonance region, the terms on the right of Equations (6.6) and (6.7) can be expanded by a
power series to the l�4 term and then combined with Equation (6.9) to form the extended Cauchy
equations for describing the wavelength-dependent refractive indices of anisotropic LCs:

ne;o ffi Ae;o þ
Be;o

l2
þ Ce;o

l4
(6.10)

In equation (6.10), Ae;o, Be;o, and Ce;o are three Cauchy coefficients. By measuring the refractive indices

of a LC material at three wavelengths, these Cauchy coefficients can be determined. Afterward, the

refractive indices at any particular wavelength can be extrapolated.

Although the extended Cauchy equation fits the experimental data well [7], its physical origin is not
clear. A better physical meaning can be obtained by the three-band model which takes three major
electronic transition bands into consideration.

6.2.2 Three-band model

The major absorption of a LC compound occurs in two spectral regions: namely, UV and IR. The s!s


electronic transitions take place in the vacuum UV (100–180 nm) region whereas the p!p
 electronic
transitions occur in the UV (180–400 nm) region.

Figure 6.1 shows the measured polarized UV absorption spectra of 5CB [8]. To avoid saturation,
only 1 wt% of 5CB was dissolved in a UV transparent nematic LC mixture, ZLI-2359. A quartz cell
without an indium–tin–oxide (ITO) conductive coating was used. To produce homogeneous align-
ment, a thin SiO2 layer was sputtered onto the quartz substrate. The cell gap was controlled at 6mm.
The l1 band which is centered at �200 nm consists of two closely overlapped bands. The l2 band
shifts to �282 nm. The l0 band should occur in the vacuum UV region ðl0 � 120 nmÞ which is not
shown in Figure 6.1.

If a LC compound had a longer conjugation, its electronic transition wavelength would extend to a
longer UV wavelength. In the near-IR region, some overtone molecular vibration bands appear [9]. The
fundamental molecular vibration bands, such as CH, CN, and C=C, occur in the mid- and long-IR
regions. Typically, the oscillator strength of these vibration bands is about two orders of magnitude
weaker than that of the electronic transitions. Thus, the resonant enhancement of these bands to the LC
birefringence is localized.

The three-band model takes one s!s
 transition (the l0 band) and two p! p
 transitions (the l1 and
l2 bands) into consideration. In the three-band model, the refractive indices (ne and no) are expressed as
follows [10, 11]:

ne;o ffi 1þ g0e;o
l2l2

0

l2 � l2
0

þ g1e;o
l2l2

1

l2 � l2
1

þ g2e;o
l2l2

2

l2 � l2
2

(6.11)
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In the visible region, l > l0 ð�120 nmÞ and the l0 band’s contribution in Equation (6.11) can be

approximated by a constant n0e,o so that Equation (6.11) is simplified as

ne;o ffi 1þ n0e;o þ g1e;o
l2l2

1

l2 � l2
1

þ g2e;o
l2l2

2

l2 � l2
2

(6.12)

The three-band model clearly describes the origins of refractive indices of LC compounds. However,

a commercial mixture usually consists of several compounds with different molecular structures in

order to obtain a wide nematic range. The individual li are therefore different. Under such

circumstances, Equation (6.12) would have too many unknowns to describe the refractive indices

of a LC mixture.

To model the refractive indices of a LC mixture, we could expand Equation (6.12) into a power series
because in the visible and IR spectral regions, l > l2. By keeping up to l�4 terms, the above extended
Cauchy equation (6.10) is again derived.

Although Equation (6.10) is derived based on a LC compound, it can be extended easily to include
eutectic mixtures by taking the superposition of each compound. From Equation (6.10), if we measure
the refractive indices at three wavelengths, the three Cauchy coefficients (Ae,o, Be,o, and Ce,o) can
be obtained by fitting the experimental results. Once these coefficients are determined, the refractive
indices at any wavelength can be calculated. From Equations (6.8) and (6.10), both refractive indices
and birefringence decrease as the wavelength increases. In the long-wavelength (IR and millimeter
wave) region, ne and no are reduced to Ae and Ao, respectively. The coefficients Ae and Ao are
constants; they are independent of wavelength, but dependent on temperature. That means that, in the
IR region, the refractive indices are insensitive to wavelength, except for the resonance enhancement
effect near the local molecular vibration bands. This prediction is consistent with much experimental
evidence [12].

Figure 6.1 Measured polarized UV absorption spectra of 5CB using a homogeneous quartz cell

without ITO. k and ? represent the e-ray and o-ray, and the middle curve is for the unpolarized light.

Sample: 1 wt% 5CB dissolved in ZLI-2359 (a UV transparent nematic mixture). Cell gap is 6 mm.

T ¼ 23 �C. l1 ¼ 200 nm and l2 ¼ 282 nm
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Equation (6.10) applies equally well to both high- and low-birefringence LC materials in the
off-resonance region. For low-birefringence ðDn< 0:12Þ LC mixtures, the l�4 terms are insignificant
and can be omitted. Thus, ne and no each have only two fitting parameters. The two-coefficient Cauchy
model has the following simple form [13]:

ne;o ffi Ae;o þ
Be;o

l2
(6.13)

By measuring the refractive indices at two wavelengths, we can determine Ae,o and Be,o. Once these two

parameters are found, ne and no can be calculated at any wavelength of interest.

For most LC displays [14], the cell gap is controlled at around 4 mm so that the required birefringence
is smaller than 0.12. Thus, Equation (6.13) can be used to describe the wavelength-dependent refractive
indices. For IR applications, high-birefringence LC mixtures are required [15]. Under such circum-
stances, the three-coefficient extended Cauchy model (Equation (6.10)) should be used.

Figure 6.2 shows the fittings of experimental data of 5CB using the three-band model (solid lines) and
the extended Cauchy equations (dashed lines). The fitting parameters are listed in Table 6.1. In the
visible and near-IR regions, both models give excellent fits to the experimental data. In the UV region,
the deviation between these two models becomes more apparent. The three-band model considers the
resonance effect, but the extended Cauchy model does not. Thus, in the near-resonance region the results
from the three-band model are more accurate.

6.2.3 Temperature effect

The temperature effect is particularly important for projection displays [16]. Due to the thermal effect
of the lamp, the temperature of the display panel could reach 508C. It is important to know beforehand
the LC properties at the anticipated operating temperature. The thermal non-linearity of LC refractive
indices is also very important for some new photonic applications, such as LC photonic bandgap fibers
[17, 18] and thermal solitons [19, 20].

Figure 6.2 Wavelength-dependent refractive indices of 5CB at T ¼ 25:1 �C. Open and solid circles

are experimental data for ne and no, respectively. The solid line represents the three-band model and

dashed lines are for the extended Cauchy model. The fitting parameters are listed in Table 6.1.

Reprinted with permission from J. Li and S.-T. Wu, ‘Extended Cauchy equations for the refractive

indices of liquid crystals’, Journal of Applied Physics, February 1, 2004, Volume 95, Issue 3, pp. 896,

Figure 2, # 2004, American Institute of Physics
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Birefringence Dn is defined as the difference between the extraordinary and ordinary refractive
indices, Dn ¼ ne � no, and the average refractive index hni is defined as hni ¼ ðne þ 2noÞ=3. Based on
these two definitions, ne and no can be rewritten as follows:

ne ¼ hni þ
2

3
Dn (6.14)

no ¼ hni �
1

3
Dn (6.15)

To describe the temperature-dependent birefringence, the Haller approximation has been commonly
employed when the temperature is not too close to the clearing point [21]:

DnðTÞ ¼ ðDnÞoð1� T=TcÞb (6.16)

In Equation (6.16), ðDnÞo is the LC birefringence in the crystalline state (or T ¼ 0 K), the exponent b is a

material constant, and Tc is the clearing temperature of the LC material under investigation. On the other

hand, the average refractive index decreases linearly with increasing temperature as [22]:

hni ¼ A� BT (6.17)

because the LC density decreases with increasing temperature.

Figure 6.3 plots the temperature-dependent density of 5CB [23]. At room temperature, the density
of 5CB is around 1.02 g/cm3, slightly heavier than that of water because of its higher molecular
weight. As the temperature increases, the density decreases almost linearly. Due to the second-order
phase transition, a disrupt density change occurs at T � 35:3�C. In the isotropic state, the 5CB density
continues to decrease linearly as the temperature increases.

By substituting Equations (6.16) and (6.17) back into Equations (6.14) and (6.15), the four-parameter
model for describing the temperature dependence of the LC refractive indices is derived [24]:

neðTÞ	A� BT þ 2ðDnÞo
3

1� T

Tc

� �b

(6.18)

noðTÞ	A� BT � ðDnÞo
3

1� T

Tc

� �b

(6.19)

The parameters [A, B] and [ðDnÞo, b] can be obtained respectively by two-stage fittings. To obtain
[A, B], we fit the average refractive index hni ¼ ðne þ 2noÞ=3 as a function of temperature using

Table 6.1 Fitting parameters for the three-band model and the extended Cauchy equations. LC: 5CB

at T ¼ 25:1�C. The units of Cauchy’s B and C coefficients are mm2 and mm4, respectively

Model ne no

Three-band n0e g1e g2e n0o g1o g2o

model 0.4618 2.1042 1.4413 0.4202 1.2286 0.4934

Cauchy Ae Be Ce Ao Bo Co

model 1.6795 0.0048 0.0027 1.5187 0.0016 0.0011
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Equation (6.15). To find [ðDnÞo, b], we fit the birefringence data as a function of temperature using
Equation (6.14). Therefore, these two sets of parameters can be obtained separately from the same set of
refractive indices but in different forms.

Figure 6.4 plots the temperature-dependent refractive indices of 5CB at l ¼ 546, 589, and 633nm.
As the temperature increases, ne decreases, but no gradually increases. In the isotropic state ne ¼ no

and the refractive index decreases linearly with increasing temperature.

Figure 6.3 Temperature-dependent density of 5CB. Reprinted Figure 1 with permission from

H. R. Zeller, ‘Dielectric relaxation in nematics and Doolittle’s law’, Physical Review A, Volume 26,

Issue 3, pp. 1785, February 4, 1982, # 1982 by the American Physical Society
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Figure 6.4 Temperature-dependent refractive indices of 5CB at l ¼ 546, 589, and 633 nm. Squares,
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6.2.4 Temperature gradient

Based on Equations (6.18) and (6.19), we can derive the temperature gradient for ne and no, respectively:

dne

dT
¼ �B� 2bðDnÞo

3Tcð1� T=TcÞ1�b
(6.20)

dno

dT
¼ �Bþ bðDnÞo

3Tcð1� T=TcÞ1�b
(6.21)

In Equation (6.20), both terms on the right hand side are negative, independent of temperature. This
implies that ne decreases as the temperature increases throughout the entire nematic range. However,
Equation (6.21) consists of a negative term (�B) and a positive term which depends on the temperature.
In the low-temperature regime (T < Tc), the positive term could be smaller than the negative term
resulting in a negative dno=dT . As the temperature increases, the positive term also increases. As T

approaches Tc, dno=dT jumps to a large positive number. In the intermediate region, there exists a
transition temperature where dno=dT ¼ 0. Let us define this temperature as the crossover temperature To

for no. To find To, we simply solve dno=dT ¼ 0 from Equation (6.21).
Figure 6.5 depicts the temperature-dependent values of �dne=dT and dno=dT for two Merck LC

mixtures, MLC-9200-000 and TL-216. In Figure 6.5, the values of �dne=dT for both LC mixtures
remain positive throughout their nematic range. This means that ne, the extraordinary refractive index,
decreases monotonously as the temperature increases in the entire nematic range. However, dno=dT
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Figure 6.5 Temperature gradient for ne and no of MLC-9200-000 and TL-216 at l ¼ 546 nm.

Black and gray solid lines represent the calculated dno=dT curves for MLC-9200-000 and

TL-216, respectively, while the dashed lines represent the calculated �dne=dT curves. The

crossover temperatures for MLC-9200-000 and TL-216 are around 80.1 and 52.7 8C, respectively.

Reproduced with permission from J. Li et al., ‘High temperature-gradient refractive index liquid

crystals’, Optical Express, Volume 12, pp. 2002–2010 (May 3, 2004), Figure 6.5, # 2004, Optical

Society of America
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changes sign at the crossover temperature To. The values of dno=dT are negative when the temperature is
below To, but becomes positive when the temperature is beyond To. This implies that no, the ordinary
refractive index, decreases as the temperature increases when the temperature is below To, but increases
with temperature when the temperature is above To.

6.2.5 Molecular polarizabilities

Since the Vuks equation correlates the macroscopic refractive index with the microscopic molecular
polarizability, if we know the refractive index, then we can calculate the molecular polarizability, or
vice versa. For instance, if we know the ne and no data of a LC, then we can calculate its ae and ao

values at different temperatures and wavelengths.
In Equation (6.4), there is still an unknown parameter N, the number of molecules per unit volume.

However, N is equal to rNA=M , where r is the LC density, M is the molecular weight, and NA is the
Avogadro number. Rearranging Equation (6.4), we find

ae ¼
3M

4prNA
� n2

e � 1

hn2i þ 2
(6.22)

ao ¼
3M

4prNA
� n2

o � 1

hn2i þ 2
(6.23)

Let us use 5CB (cyano-biphenyl) as an example to calculate the molecular polarizabilities. For 5CB, the
molecular weight is M ¼ 249:3 g=mol and the density rðTÞ is taken from Figure 6.3. Using the measured
refractive indices at l ¼ 589 nm, we can calculate the ae and ao of 5CB from Equations (6.22) and
(6.23).

Figure 6.6 plots the temperature-dependent ae, ao, and hai of 5CB at l ¼ 589 nm. In the isotropic
state, ae and ao are equal. From Figure 6.6, ae decreases while ao increases as the temperature
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increases. However, the average polarizability hai is quite insensitive to the temperature. The average
polarizability for 5CB at l ¼ 589 nm is found to be hai � 3:3� 10�23 cm�3, which agrees very well
with the calculated value (hai � 3:25� 10�23 cm�3) published by Sarkar et al. [25].

6.3 Dielectric Constants

The dielectric constants of a LC affect the operation voltage, resistivity, and response time. For example,
in a vertical alignment (VA) cell the threshold voltage (Vth) is related to the dielectric anisotropy
(De ¼ ek � e?) and bend elastic constant (K33) as [26]:

Vth ¼ p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
eoK33=De

p
(6.24)

Thus, low threshold voltage can be obtained by either enhancing the dielectric anisotropy, or reducing

the elastic constant, or a combination of both. However, a smaller elastic constant slows down the

response time because of the weaker restoring torque.

Dielectric constants of a LC are mainly determined by the dipole moment (m), its orientation angle (y)
with respect to the principal molecular axis, and order parameter (S), as described by the Maier and
Meier mean field theory [27]:

ek ¼ NhF
n
haki þ ðFm2=3kTÞ½1� ð1� 3 cos2yÞS�

o
(6.25)

e? ¼ NhF
n
ha?i þ ðFm2=3kTÞ½1þ ð1� 3 cos2yÞS=2�

o
(6.26)

De ¼ NhF
n
ðhaki � ha?iÞ � ðFm2=2kTÞð1� 3 cos2yÞS

o
(6.27)

Here, N stands for the molecular packing density, h ¼ 3e=ð2eþ 1Þ is the cavity field factor,
e ¼ ðek þ 2e?Þ=3 is the averaged dielectric constant, F is the Onsager reaction field, and haki and ha?i
are the principal elements of the molecular polarizability tensor.

From Equation (6.27), for a non-polar compound, m � 0 and its dielectric anisotropy is very small
(De< 0:5). In this case, De is determined mainly by the differential molecular polarizability, i.e., the first
term in Equation (6.27). For a polar compound, the dielectric anisotropy depends on the dipole moment,
angle y, temperature (T), and applied frequency. If a LC has more than one dipole, then the resultant
dipole moment is their vector summation. In a phenyl ring, the position of the dipole is defined as

2 3

4

56

1

From Equation (6.27), if a polar compound has an effective dipole at y< 55�, then its De will be positive.
On the other hand, De becomes negative if y> 55�.

Fluoro (F) [28], cyano (CN) [29], and isothiocyanato (NCS) [30] are the three commonly employed
polar groups. Among them, the fluoro group possesses a modest dipole moment (m� 1:5 debyes), high
resistivity, and low viscosity. However, its strong negativity compresses the electron clouds and,
subsequently, lowers the compound’s birefringence. As a result, the fluorinated compounds are more
suitable for visible display applications where the required birefringence is around 0.1.
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For IR applications, a higher birefringence (Dn> 0:3) compound is needed in order to compensate
for the longer wavelength. To obtain a higher birefringence, two approaches can be taken to enhance
the electron conjugation length: (1) by elongating the core structure, e.g., tolane and terphenyl; and (2)
by attaching an electron acceptor polar group, such as CN and NCS. The CN group has a larger dipole
moment (m� 3:9 debyes) than NCS (m� 3:7 debyes) because of its linear structure. However, due to
the very strong polarization of the carbon–nitrogen triple bond, the Huckel charges of carbon and
nitrogen are high and well localized. Accordingly, dimers are formed by the strong intermolecular
interactions between the nitrile group and phenyl ring. Thus, a relatively high viscosity is observed in
the cyano-based LC mixtures. On the other hand, the Huckel charges of nitrogen, carbon, and sulfur
are smaller in the NCS group. The predicted intermolecular interactions by the NCS group in the
isothiocyanato-benzene systems are smaller than those in the nitrile-based systems. The dimers are not
formed and, therefore, the viscosity of such molecular systems is lower than that of nitrile-based ones.
Due to the longer p-electron conjugation, the NCS-based LC compounds exhibit a higher birefrin-
gence than the corresponding CN compounds.

6.3.1 Positive De LCs active matrix LC displays

Positive De LCs have been used in twisted nematic (TN) [31] and in-plane switching (IPS) [32, 33]
displays, although IPS can also use negative De LCs. For displays based on the thin-film-transistor
(TFT), the employed LC material must possess a high resistivity [34]. Fluorinated compounds exhibit a
high resistivity and are the natural candidates for TFT LCD applications [35, 36]. A typical fluorinated
LC structure is shown below:

F

(F)

(F)

R1 ðIÞ

From Equation (6.27), to obtain the largest De for a given dipole, the best position for the fluoro
substitution is along the principal molecular axis, i.e., in the 4 position. The single fluoro compound
should have De � 5. To further increase De, more fluoro groups can be added. For example, compound
(I) has two more fluoro groups in the 3 and 5 positions [37]. Its De should increase to �10, but its
birefringence would slightly decrease (because of the lower molecular packing density) and its
viscosity increases substantially (because of the higher moment of inertia). Besides fluoro, the OCF3

group is found to exhibit a fairly low viscosity. Low-viscosity LC is helpful for improving response
times [38].

The birefringence of compound (I) is around 0.07. If a higher birefringence is needed, the middle
cyclohexane ring can be replaced by a phenyl ring. The elongated electron cloud will increase the
birefringence to about 0.12. The phase transition temperatures of a LC compound are difficult to
predict beforehand. In general, the lateral fluoro substitution would lower the melting temperature of
the parent compound because the increased molecular separation leads to a weaker intermolecular
association. Thus, a smaller thermal energy is able to separate the molecules. That means that the
melting point is decreased.

6.3.2 Negative De LCs

For VA [39], the LC employed should have a negative dielectric anisotropy. From Equation (6.27), in
order to obtain a negative dielectric anisotropy, the dipoles should be in the lateral (2, 3) positions.
Similarly, in the interests of obtaining high resistivity, the lateral difluoro group is a favorable choice.
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A typical negative De LC compound is shown below [40]:

OC2H5

FF

C3H7
ðIIÞ

Compound (II) has two lateral fluoro groups. Their dipole components in the horizontal axis are
perfectly cancelled. On the other hand, the vertical components add up. As a result, De is negative. The
neighboring alkoxy group also contributes to enhance the negative De. However, its viscosity is
somewhat larger than that of an alkyl group. The estimated De of compound is about �4. To further
increase De, more fluoro groups need to be substituted. That would increase the viscosity unfavorably.
This is a common problem of negative LCs. It is not easy to increase De value without tradeoffs.

6.3.3 Dual-frequency LCs

Dual-frequency LC (DFLC) [41, 42] exhibits a unique feature where its De changes from positive at low
frequencies to negative as the frequency passes the crossover frequency (fc), as Figure 6.7 shows. The
frequency when De ¼ 0 is called the crossover frequency. The major attraction of a DFLC device is its
fast response time. During the turn-on and turn-off processes, AC voltage bursts with low and high
frequencies are applied. As a result, rapid rise and decay times can be achieved [43].

In practice, a DFLC mixture is composed of some positive (with an ester group) and negative De
LC compounds and its crossover frequency is around a few kilohertz, depending on the molecular
structures and compositions [44]. The De of the ester compounds is frequency dependent, as shown
by the top gray line in Figure 6.7. As the frequency increases, De decreases gradually. However, De
for the negative components of the DFLC mixture remains fairly flat, as depicted by the bottom
dashed line. The resultant De is frequency dependent, as plotted by the middle solid line. In this
example, the crossover frequency occurs at about 9.2 kHz.
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6.4 Rotational Viscosity

Viscosity, especially rotational viscosity (g1), plays a crucial role in the LCD response time. The
response time of a nematic LC device is linearly proportional to g1 [45]. The rotational viscosity of an
aligned LC depends on the detailed molecular constituents, structure, intermolecular association, and
temperature. As the temperature increases, viscosity decreases rapidly. Several theories, rigorous or semi-
empirical, have been developed in an attempt to account for the origin of the LC viscosity [46, 47].
However, due to the complicated anisotropic attractive and steric repulsive interactions among LC
molecules, these theoretical results are not completely satisfactory [48, 49].

A general temperature-dependent rotational viscosity can be expressed as

g1 ¼ bS � expðE=kTÞ (6.28)

where b is a proportionality constant which takes into account the molecular shape, dimension, and

moment of inertia, S is the order parameter, E is the activation energy of molecular rotation, k is the

Boltzmann constant, and T is the operating temperature. When the temperature is not too close to the

clearing point (Tc), the order parameter can be approximated as follows:

S ¼ ð1� T=TcÞb (6.29)

In Equation (6.29), b is a material parameter. Generally, rotational viscosity is a complicated function of

molecular shape, moment of inertia, activation energy, and temperature. Among these factors, activation

energy and temperature are the most crucial ones [50]. The activation energy depends on the detailed

intermolecular interactions. An empirical rule is that for every 10 degrees of temperature rise, the rotational

viscosity drops by about two times.

From the molecular structure standpoint, a linear LC molecule is more likely to have a low viscosity
[51]. However, all the other properties need to be taken into account too. For instance, a linear structure
may lack flexibility and lead to a higher melting point. Within the same homologues, a longer alkyl chain
will in general (except for the even–odd effect) have a lower melting temperature. However, its moment
of inertia is increased. As a result, the homologue with a longer chain length is likely to exhibit higher
viscosity.

6.5 Elastic Constants

There are three basic elastic constants (splay K11, twist K22, and bend K33) involved in the electro-optics
of a LC cell depending on the molecular alignment [52]. Elastic constants affect a LC device through
threshold voltage and response time. For example, the threshold voltage of a VA cell is expressed in
Equation (6.24). A smaller elastic constant will result in a lower threshold voltage; however, the response
time, which is proportional to the visco-elastic coefficient, the ratio of g1/Kii, is increased. Therefore,
proper balance between threshold voltage and response time should be taken into consideration.

Several molecular theories have been developed for correlating the Frank elastic constants with
molecular constituents. The commonly employed one is mean field theory [53, 54]. In the mean field
theory, the three elastic constants are expressed as:

Kii ¼ aiS
2 (6.30)

where ai is a proportionality constant.

For many of the LC compounds and mixtures that have been studied, the magnitude of elastic
constants has the following order: K33>K11>K22. Therefore, LC alignment also plays an essential role in
achieving a fast response time. For example, a VA cell (K33 effect) should have a faster response time
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than an IPS cell (K22 effect) due to the elastic constant effect, provided that all the other parameters such
as cell gap and viscosity remain the same. Usually, the lateral difluoro substitutions increase viscosity to
a certain extent because of the increased molecular moment of inertia.

6.6 Figure-of-merit (FoM)

To compare the performance of different LC materials, a figure-of-merit (FoM) has been defined as [55]:

FoM ¼ KðDnÞ2=g1 (6.31)

In Equation (6.31), K is the elastic constant for a given molecular alignment. For example, K ¼ K33 for a
VA cell, and K ¼ K11 for a planar (homogeneous) cell. K, Dn, and g1 are temperature dependent. Using
Equations (6.16), (6.28), (6.29), and (6.30) for the corresponding temperature dependency, the FoM is
derived as follows:

FoM ¼ ðai=bÞðDnoÞ2ð1� T=TcÞ3b � expð�E=kTÞ (6.32)

Equation (6.32) has a maximum at an optimal operating temperature Top:

Top ¼
E

6bko
½
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 12bkoTc=E

p
� 1� (6.33)

The quantity 12bk0Tc/E in Equation (6.33) is small, and the square root term can be expanded into a
power series. Keeping the lowest order terms, we find:

Top� Tcð1� 3bkoTc=E þ . . .Þ (6.34)

Figure 6.8 shows the temperature-dependent FoM of Merck MLC-6608, a negative De LC mixture.
The results were measured using a He–Ne laser with l ¼ 633 nm. The clearing temperature of
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MLC-6608 is Tc ¼ 92.18C. From fitting to Equation (6.32), b ¼ 0.272 and E ¼ 325 meV are
obtained. At room temperature, the FoM is about 0.8. As the temperature increases, the FoM
increases gradually and reaches a peak (�1.6) at Top � 708C and then drops sharply. The optimal
operating temperature is about 208C below Tc. For a LCD TV application, about 50% of the backlight
is absorbed by the polarizer, which is laminated onto the glass substrates. The absorbed light will be
converted to heat. As a result, the LC temperature could reach about 35–40 8C. From Figure 6.8, the
FoM at T � 408C is about 60% higher than that at room temperature.

6.7 Index Matching Between LCs and Polymers

Polymer-dispersed LC (PDLC) [56] and polymer-stabilized LC have been used for displays [57] and
photonic devices [58]. In a PDLC, the refractive index difference between the LC droplets and
polymer matrix plays an important role in determining the voltage-off and voltage-on state transmit-
tance. In a normal-mode PDLC, the droplet size is controlled at �1mm, which is comparable to the
wavelength of visible light. In the voltage-off state, the droplets are randomly oriented. The index
mismatch between the LC (whose average refractive index is given by hni ¼ ðne þ 2noÞ=3 and
polymer matrix ðnpÞ affects the light-scattering capability. For a given droplet size, the larger the
index mismatch, the higher the light scattering. Conversely, in the voltage-on state the LC directors
inside the droplets are reoriented along the electric field direction so that the refractive index becomes
no, the ordinary refractive index. If no � np, then the PDLC becomes isotropic and will have an
excellent transmittance. Therefore, the preferred LC material for PDLC is not only of high
birefringence ðDn ¼ ne � noÞ but also a good index match between no and np. In a polymer-stabilized
LC system, polymer networks help to improve the response time. A good index match would reduce
light scattering.

6.7.1 Refractive index of polymers

NOA65 (Norland Optical Adhesive 65) is a commonly used photocurable polymer because
its refractive index (np � 1.52) is close to the no of many commercial LC mixtures. Before UV
curing, NOA65 is a clear and colorless liquid. The measurement of the monomer is fairly simple.
However, in a practical device, such as a PDLC, all the monomers are cured to form a polymer matrix.
Therefore, it is more meaningful to measure the refractive index of the cured polymers than the
monomers.

To prepare a polymer film, the monomer is infiltrated into an empty cell with a 1 mm gap using
capillary flow [59]. During the experiment, the cells were placed on a hot plate at a constant
temperature (T � 508C) and then illuminated with a uniform UV light (I ¼ 14 mW/cm2,
l � 365 nm) for 40 minutes because of the large cell gap. Afterward, the glass substrates were
peeled off and the thick polymer film was removed under a high temperature (T �1208C). The film
was kept in a stove at a constant temperature of 508C for 12 hours to age completely. The cured
polymer film of NOA65 was quite flexible. In order to get an accurate measurement, the films were cut
into rectangular parallelepipeds 15 mm long, 9 mm wide, and 1 mm thick. The bottom surface of the
samples was polished so that it completely contacted the main prism surface of the Abbe refract-
ometer. First, a small drop of contact liquid (monobromonaphthalene) was placed on the main prism
before the sample. It is essential to spread the contact liquid evenly between the sample and the main
prism and get rid of any dust or bubbles between the solid sample and the main prism. A lighting glass
was used to compensate for the weak light because the samples are thin. Similarly, a small amount of
the contact liquid was spread on the top surface of the sample and the lighting glass was placed on top
of the contact liquid. The thin contact liquid should be spread evenly between the sample and the
lighting glass. At this stage, the contact liquid is sandwiched as films between the main prism and the
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sample, and between the sample and the lighting glass. The incident light entered the sample slightly
aslant from the upside.

Table 6.2 lists the measured refractive indices of NOA65 at various wavelengths and temperatures.
The refractive index of NOA65 was also measured in the monomer state. After UV curing, the

refractive index of the cured polymers increases by 1.7% for NOA65. This slight refractive index
increase originates from the increased density of the polymer after cross-linking.

For a normal-mode PDLC, the light scattering in the voltage-off state depends on the
LC birefringence: the higher the birefringence, the higher the scattering efficiency. In the voltage-
on state, the transmittance depends on the refractive index match between the LC (no) and the polymer
matrix ( np). If no � np, then the on-state will be highly transparent. After measuring the np of NOA65,
two commercial high-birefringence LC series are selected with their no close to np. The two LC series
are the BL-series (BL038, BL006, and BL003) and E-series (E48, E44, and E7). To measure the
refractive indices, the LCs are aligned perpendicular to the main and secondary prism surfaces of
the Abbe refractometer by coating these two surfaces with a surfactant consisting of 0.294 wt%
hexadecyletri-methyle-ammonium bromide (HMAB) in methanol solution.

6.7.2 Matching refractive index

For a linearly conjugated LC, a high no often leads to a high Dn. Most of the commercially available
high-birefringence (Dn � 0.20–0.28) LCs have no� 1.50–1.52. These are mixtures of cyano-biphe-
nyls and cyano-terphenyls, e.g., the Merck E-series and BL-series. Only a few high-birefringence
(Dn 5 0.4) LCs have no > 1.55. These are mainly isothiocyanato-tolane mixtures. Thus, let us focus
on the index matching phenomena of some Merck E-series (E7, E44, and E48) and BL-series (BL003,
BL006, and BL038) LC with NOA65.

Figure 6.9 shows the measured refractive index of the UV-cured NOA65 and the ordinary refractive
index of E48, E44, and E7, as a function of wavelength at T ¼ 208C. The fitting parameters A, B, and C

are listed in Table 6.3. From Figure 6.9, E48, E44, and E7 all have a reasonably good index matching
with NOA65. The mismatch is within 0.005 at l ¼ 550 nm. More specifically, E44 has the best match in
the red spectral region while E7 and E48 have the best match in the blue region. In the green region
ðl ¼ 546 nmÞ where the human eye is most sensitive, E44 has a slightly higher index, while E7 and E48
are slightly lower than NOA65, but the difference is in the third decimal.

Figure 6.10 shows the refractive index of the cured NOA65 and the ordinary refractive indices of
BL038, BL006, and BL003 as a function of wavelength at T ¼ 20�C. In Figure 6.10, BL038, BL006, and
BL003 have a similar trend in noðlÞ. The index matching with NOA65 is quite good in the green and red

Table 6.2 The measured refractive index (n) of cured NOA65 film at l ¼ 450, 486, 546, 589, 633,

and 656 nm at different temperatures

l (nm)

T(8C) 450 486 546 589 633 656

20 1.5396 1.5352 1.5301 1.5275 1.5255 1.5243

25 1.5391 1.5347 1.5296 1.5270 1.5250 1.5239

30 1.5386 1.5343 1.5292 1.5266 1.5246 1.5235

35 1.5377 1.5335 1.5282 1.5254 1.5233 1.5225

40 1.5363 1.5324 1.5272 1.5245 1.5222 1.5214

45 1.5352 1.5311 1.5261 1.5235 1.5211 1.5204

50 1.5340 1.5305 1.5248 1.5223 1.5202 1.5192

55 1.5330 1.5298 1.5243 1.5217 1.5194 1.5187
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spectral regions. A larger deviation is observed in the blue region, but the difference is still in the third
decimal (see Table 6.3).

In a PDLC system, good index matching (no � np) between the employed polymer and LC helps
to improve the transmittance in the voltage-on state. On the other hand, a larger index mismatch
(hni> np), i.e., a higher birefringence LC, enhances the light-scattering efficiency in the voltage-off
state. However, refractive index match or mismatch is not the only factor deciding the PDLC
performance. UV stability of LC and miscibility between polymers and LC also play important roles
affecting the PDLC properties. From the above discussion, the E-series and BL-series LC all have a
good index match with NOA65. All of them are good candidates for PDLC applications when NOA65
is used. In the visible spectrum, E48 and E7 have very similar ordinary refractive indices at T ¼ 20�C,
as do BL038 and BL003. However, E48 has a higher birefringence than E7 and BL038 has a higher
birefringence than BL003. Therefore, E48 and BL038 are somewhat better choices than E7 and BL003
for NOA65-based PDLC systems.

Homework Problems

6.1 The following building blocks are given: two alkyl chains C3H7, C5H11; three polar groups F, CN,
and NCS; a cyclohexane ring; and a phenyl ring. Assuming that each alkyl chain and polar group can
be used only once in each compound, except for the rings:
(1) Construct a two-ring compound with the largest positive dielectric anisotropy.
(2) Construct a two-ring compound with the largest negative dielectric anisotropy.
(3) Construct a three-ring compound with Dn � 0:05 which is suitable for reflective TFT LCDs.

6.2 Compare the physical properties (at the same reduced temperature) of the following compounds:

CNC3H7

(a)

C3H7 NCS

(b)

FC3H7

(c)

(1) Dielectric anisotropy: ( ) > ( ) > ( )
(2) Birefringence: ( ) > ( ) > ( )
(3) Rotational viscosity: ( ) > ( ) > ( )

6.3 Prove that the extended Cauchy equations (Equation (6.10)) derived from LC compounds can be
applied to LC mixtures. Hint: See Ref. 13.

Table 6.3 The fitting parameters for the refractive index (Equation (6.10)) of NOA65 and the

ordinary refractive indices of E48, E44, E7, BL038, BL006, and BL003 at T ¼ 20�C

Cauchy

coefficients NOA65 E48 E44 E7 BL038 BL006 BL003

A 1.5130 1.5027 1.5018 1.4995 1.5042 1.5034 1.5056

B (mm2) 0.0045 0.0055 0.0089 0.0068 0.0065 0.0085 0.0057

C (mm4) 1:8� 10�4 5:6� 10�4 1:0� 10�4 4:1� 10�4 4:7� 10�4 1:9� 10�4 5:9� 10�4
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6.4 A TFT LC mixture has Dn ¼ 0:090 at l ¼ 589 nm and 0.085 at l ¼ 633 nm. What is the
extrapolated birefringence at l ¼ 550 nm?

6.5 Prove that ne, no, and Dn reach saturation values beyond the near-IR region.
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7

Modeling Liquid Crystal
Director Configuration

Liquid crystal director configuration and optical modeling methods are well developed and reliable and
widely used in the design of liquid crystal devices [1–7]. In the modeling, the equilibrium director
configuration is obtained by minimizing the total free energy of the system (elastic energy plus electric
energy). The popular numerical methods used in liquid crystal modeling are the finite-difference method

(FDM) [1, 8] and finite-element method (FEM) [7, 9, 10]. FDM is simple and easy to understand while
FEM is versatile in modeling arbitrary liquid crystal device structures. We will only discuss FDM in this
chapter.

7.1 Electric Energy of Liquid Crystals

In order to model the liquid crystal director configuration, we first must know how liquid crystals interact
with externally applied electric fields. Many liquid crystal devices make use of uniaxial nematic liquid
crystals which are dielectrics. We consider the electric energy of nematic liquid crystals in externally
applied electric fields through dielectric interaction. A typical liquid crystal device cell is shown in
Figure 7.1, where the liquid crystal is sandwiched between two parallel substrates with transparent
electrodes. The electric energy of the liquid crystal is given by [11–13]

Ue ¼
Z
V

1

2
~E � ~Dd3r (7.1)

where the volume integration is over the liquid crystal. The internal energy (including the electric

energy) of the system is U. The change of internal energy dU in a process is equal to the sum of the heat

absorbed dQ, the mechanical work dWm done on the system, and the electric work dWe done on the
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system by external sources:

dU ¼ dQþ dWm þ dWe (7.2)

When the liquid crystal undergoes a change in its director configuration, the electric field may change

and the electric work dWe depends on whether the liquid crystal cell is connected to a voltage source or

not. We will consider several cases in the following sections.

7.1.1 Constant charge

In the first case, the liquid crystal cell is disconnected from the voltage source. The free charge on the
interface between the liquid crystal and the electrode is fixed, and this case is called fixed charge. The
external voltage source does not do electric work, i.e., dWe ¼ 0. At constant temperature and pressure,
the Gibbs free energy

G ¼
Z

felastic þ
1

2
~E � ~D

� �
d3r (7.3)

is minimized in the equilibrium state. As an example, we consider a 1-D case where the liquid crystal

director~n is confined in the x–z plane and is only a function of the coordinate z that is parallel to the cell

normal. Inside the electrode,~E ¼ 0. The tangential boundary condition gives Ex ¼ Ey ¼ 0 everywhere.

Therefore ~E ¼ EðzÞẑ. From Figure 7.2 the electric displacement is found to be

~D ¼ eofekð~E �~nÞ~nþ e?½~E 
 ð~E �~nÞ~n�g ¼ eo½e?~E þ Deð~E �~nÞ~n�

¼ eo½e?~E þ DeE cos y~n�
(7.4)

The surface free charge density s1 ¼ Dzðz ¼ 0Þ ¼ s on the bottom surface and the surface free charge

density s2 ¼ 
Dzðz ¼ hÞ on the top surface are fixed. In the 1-D case here, ~D ¼ ~DðzÞ and

Liquid 
crystal V

x
y

z = 0

z = h

E

z

Figure 7.1 Schematic diagram of the liquid crystal cell connected to a voltage source

E  

//E⊥E  

b  

x

z

θ

n
D

Figure 7.2 Schematic diagram showing the field decomposed into components parallel and

perpendicular to the liquid crystal director, respectively
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r � ~D ¼ @Dz=@z ¼ 0; therefore Dz is a constant across the cell:

DzðzÞ ¼ Dzðz ¼ hÞ ¼ eoe?E þ eoDeE cos2y ¼ s (7.5)

The electric field is given by

E ¼ s=½eoðe? þ De cos2yÞ� (7.6)

When the liquid crystal undergoes a configurational change, y changes and thus E changes. The electric

energy density is

felectric ¼
1

2
~E � ~D ¼ 1

2
E � Dz ¼

s2

2eoðe?þ De cos2yÞ (7.7)

In the equilibrium state, the Gibbs free energy

G ¼
Z

felastic þ
1

2
~E � ~D

� �
dV ¼

Z
felastic þ

s2

2eoðe?þ De cos2yÞ

� �
d3r (7.8)

is minimized. Note that s is a constant. The voltage across the cell is

V ¼
Zh
0

Ezdz ¼
Zh
0

s
eoðe? þ Decos2yÞ dz (7.9)

which is not a constant and changes with the director configuration. If De> 0, when ~nk~E, y ¼ 0,

the electric energy is minimized; therefore the liquid crystal molecules tend to align parallel to the

field. If De< 0, when ~n?~E, y ¼ p=2, the electric energy is minimized; therefore the liquid crystal

molecules tend to align perpendicular to the field.

7.1.2 Constant voltage

Next, we consider the second case where the liquid crystal cell is connected to the voltage source
such that the voltage V applied across the cell is fixed. The electric potential in the cell is fðzÞ.
On top of the cell ðz ¼ hÞ, the potential fðz ¼ hÞ ¼ f2 is low. At the bottom of the cell ðz ¼ 0Þ,
the potential fðz ¼ 0Þ ¼ f1 is high. f1 
 f2 ¼ V . The electric field is in the þz direction. The
free surface charge density on the top surface of the liquid crystal is s2 ¼ 
s, which is negative.
The free surface charge density on the bottom surface of the liquid crystal is s1 ¼ s, which is
positive. When the liquid crystal undergoes an orientational configuration change, s may vary.
During the reorientation of the liquid crystal, the charge dQ ¼

R
S2
ð
ds2ÞdS is moved from the top

plate to the bottom plate by the voltage source and the electric work done by the voltage source to
the liquid crystal is

dWe ¼ VdQ¼ ðf1 
f2ÞdQ¼ ðf1 
f2Þ
Z
S2

ð
ds2ÞdS¼
Z
S2

f2ds2dSþ
Z
S1

f1ds1dS (7.10)
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The electric energy of the liquid crystal is

Z
Vol

1

2
~D �~Ed3r ¼

Z
Vol

1

2
~D � ð
rfÞd3r ¼ 


Z
Vol

1

2
r � ðf~DÞdV þ

Z
Vol

1

2
fðr �~DÞd3r (7.11)

The last term is zero because r �~D¼ 0. The surface normal vector points out of the liquid

crystal:



Z
V

1

2
r � ðf~DÞdV ¼
1

2

I
S

f~D � d~S¼
1

2

Z
S2

f2Dzðz¼ hÞdS
 1

2

Z
S1

f1Dzðz¼ 0Þð
dSÞ

The free surface charge densities are given by s2 ¼ 
Dzðz¼ hÞ and s1 ¼ Dzðz¼ 0Þ. Therefore

Z
Vol

1

2
~D �~Ed3r ¼ 1

2

Z
S2

f2ds2dSþ
Z
S1

f1ds1dS

0
B@

1
CA (7.12)

Comparing Equations (7.10) and (7.12), we have

dWe ¼ d
Z
Vol

~D �~Ed3r (7.13)

In a reorientation of the liquid crystal, as discussed in Chapter 1, the change of entropy of the

system is given by dS�dQ=T ¼ ðdU
 dWm 
 dWeÞ=T ¼ ðdUþPdV 
 dWeÞ=T. At constant tem-

perature and pressure, dðU
WeþPV 
 TSÞ � 0, i.e.,

d
Z
ðfelastic þ felectric 
~D �~EÞd3r

� �
¼ d

Z
felastic 


1

2
~D �~E

� �
d3r

� �
� 0

Therefore at the equilibrium state

R¼
Z

felastic 

1

2
~D �~E

� �
d3r (7.14)

is minimized. Using Equation (7.6), we have

R¼
Z

felastic

s2

2eoðe? þDecos2yÞ

� �
d3r (7.15)

At first glance, it seems that in order to minimize R, provided De>0, ~n should be perpendicular to
~Eðy¼ p=2Þ, in contrast to the result of the constant charge case. The liquid crystal molecules do not

know whether the charge is fixed or the voltage is fixed and the liquid crystal (De>0) always tends

to align paralell to the applied field. This paradox can be resolved by noting that, in Equation (7.15),
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s is no longer a constant, because

V ¼
Zh
0

Ezdz ¼
Zh
0

s
eoðe?þ De cos2yÞ dz

¼ 1

A

Z
s

eoðe?þ De cos2yÞ d
3r ¼ a fixed constant

ð7:16Þ

where A is the surface area of the cell. When yðzÞ changes, s must vary in order to keep V fixed. R is a

functional of y and s. Equation (7.16) is the constraint under which R is minimized. The constraint can

be removed if we use a Lagrange multiplier [14], and minimize

V ¼
Z

felastic 

s2

2eoðe?þ Decos2yÞ þ l � s
eoðe?þ Decos2yÞ

� �
d3r (7.17)

where l is the Langrange multiplier. Minimizing V with respect to s2, we have

@V

@s
¼ 
 2s

2eoðe?þ Decos2yÞ þ l � 1

eoðe?þ Decos2yÞ ¼ 0 (7.18)

Hence l ¼ s. We minimize

V ¼ G ¼
Z

felastic þ
s2

2eoðe?þ Decos2yÞ

� �
d3r (7.19)

with s treated as a constant and without the constraint given by Equation (7.16). This is the same as

Equation (7.8) for the case of constant charge.

In reality, the voltage is usually fixed and known. We can use the following strategy to calculate
the director configuration for a given voltage V: (1) Assume s is fixed and has a trial value st.
(2) Use the Euler–Lagrange method to minimize the Gibbs free energy given by Equation (7.8) and
find the solution y ¼ yðzÞ. (3) Calculate the corresponding voltage

Vtry ¼
Zh
0

st

eoðe?þ De cos2yÞ dz

If Vtry 6¼V , try a new surface charge density sn ¼ st þ aðV 
 VtÞeoe?=h, where a is a numerical

constant which may be chosen to be 0.5. Repeat the above process until jVt 
 V j is sufficiently small.

7.1.3 Constant electric field

When the orientation of the liquid crystal is uniform in space, y is a constant independent of z.
For a fixed V, the electric field E ¼ Ez ¼ V=h is a constant independent of the orientation of
the liquid crystal. In the equilibrium state, R, given by Equation (7.14), is minimized:

ð1=2Þ~D � ~E ¼ 
ð1=2Þeoe?E2 
 ð1=2Þeo Deð~E �~nÞ2. Because 
ð1=2Þeoe?E2 is a constant indepen-
dent of the orientation of the liquid crystal, Equation (7.14) becomes

R ¼
Z

felastic 
 ð1=2ÞeoDeð~n �~EÞ2
h i

d3r (7.20)
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In the equilibrium state R is minimized. If De> 0, when ~nk~E, y ¼ 0, the electric energy is

minimized; therefore the liquid crystal molecules tend to align parallel to the field. If De< 0,

when~n?~E, y ¼ p=2, the electric energy is minimized; therefore the liquid crystal molecules tend to

align perpendicular to the field.

7.2 Modeling the Electric Field

Multiplexed displays have many pixels where liquid crystals are sandwiched between two substrates
with conducting films. Electric fields are produced by applied electric voltage across the conducting
coatings. The pixels are separated by gaps where the conducting coating is etched off. Fringe fields are
produced at the edge of the pixels, which may cause serious problems in microdisplays where the gap
between pixels is not much smaller than the pixel (linear) size. In this section we will consider how to
numerically calculate electric fields in multiplexed displays.

Electric field ~E is related to electric potential f by ~E ¼ 
rj. Liquid crystals are dielectric media
and there are usually no free charges inside them. From the Maxwell equations we have

r � ~D ¼ r � ð e$ �~EÞ ¼ 
r � ð e$ � rjÞ ¼ 0 (7.21)

We first consider a simple case where the medium is isotropic and uniform. Equation (7.21) becomes

r2j ¼ 0 (7.22)

which is known as the Laplace equation. Several approaches have been developed to solve the Laplace

equation. The simple and dominant method is the finite-difference method (FDM) [1, 15, 16].

In the FDM, a regular mesh is used on the region in which a solution is to be found. As an example,
the region to be considered is a rectangle with lengths Lx and Ly in the x and y directions. We
superimpose a mesh on the rectangle. The unit cell of the mesh is a square with length D. At each
lattice point of the mesh, the potential is jði; jÞ, and the Laplace equation is approximated by

jðiþ 1; jÞ þ jði
 1; jÞ 
 2jði; jÞ
D2

þ jði; jþ 1Þ þ jði; j
 1Þ 
 2jði; jÞ
D2

¼ 0 (7.23)

where i ¼ 0; 1; 2; . . . ;NxðNx ¼ Lx=DÞ and j ¼ 0; 1; 2; . . . ;NyðNy ¼ Ly=DÞ. Rearranging Equation

(7.23) we have

jði; jÞ ¼ 1

4
½jðiþ 1; jÞ þ jði
 1; jÞ þ jði; jþ 1Þ þ jði; j
 1Þ� (7.24)

Usually the potential at the boundary is given. Assume an initial condition joði; jÞ that is consistent

with the boundary condition. The potential at any mesh point can be calculated from the assumed

potentials at its nearest neighbor mesh points by using the above equation. In the calculation the

latest available values of the potential are always used on the right hand side of the equation. The

solution to the Laplace equation can be calculated iteratively. This process has the shortcoming that

it converges quite slowly to the solution of the Laplace equation. The rate of convergence can be

improved by using the ‘over-relaxation’ method:

jtþ1ði; jÞ ¼ ð1
 aÞjtði; jÞ þ a
4

h
jtðiþ 1; jÞ þ jtði
 1; jÞ

þ jtði; jþ 1Þ þ jtði; j
 1Þ
i

(7.25)
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where t is the order of the iteration and a is the relaxation constant, which should be a

positive constant smaller than 1.5 in order to obtain a stable solution. Equation (7.25) can be rewritten

as

jtþ1ði; jÞ ¼jtði; jÞ þ a
4

h
jtðiþ 1; jÞ þ jtði
 1; jÞ 
 2jtði; jÞ

þ jtði; jþ 1Þ þ jtði; j
 1Þ 
 2jtði; jÞ
i

that is,

jtþ1ði; jÞ ¼ jtði; jÞ þ aD2

4

@2jt

@x2
ði; jÞ þ @

2jt

@y2
ði; jÞ

� �
(7.26)

As jði; jÞði; jÞ approaches the actual solution to the Laplace equation, the change Djtði; jÞ ¼
jtþ1ði; jÞ 
 jtði; jÞ becomes smaller and smaller. When jtði; jÞ no longer changes, i.e.,

@2jt

@x2
ði; jÞ þ @

2jt

@y2
ði; jÞ ¼ 0

the Laplace equation is satisfied. In the numerical calculation, the iteration is stopped when the

maximum jDjmj of the absolute values of Djtði; jÞ at the lattice points on the mesh is smaller than a

specified value. For a 3-D non-uniform anisotropic medium, the potential can be numerically

calculated by

jtþ1ði; jÞ ¼ jtði; j; kÞ þ aD2

4
r � ð e$ � rjÞtði; j; kÞ

¼ jtði; j; kÞ þ aD2

4

@

@x
e11

@j
@x

� �
þ @

@x
e12

@j
@y

� �
þ @

@x
e13

@j
@z

� �� �t
ði; j; kÞ

þ aD2

4

@

@y
e21

@j
@x

� �
þ @

@y
e22

@j
@y

� �
þ @

@y
e23

@j
@z

� �� �t
ði; j; kÞ

þ aD2

4

@

@z
e31

@j
@x

� �
þ @

@z
e32

@j
@y

� �
þ @

@z
e33

@j
@z

� �� �t
ði; j; kÞ ð7:27Þ

As an example, we calculate the electric field in a cell where the stripe electrode is along the y

direction. The widths of the stripe electrode and the gap between the electrodes are both 10 mm. The

cell thickness is 5mm as shown in Figure 7.3. The dielectric constant of the glass substrate is eG ¼ 6:5.

The dielectric constant of the liquid crystal is assumed to be isotropic and equal to eLC ¼ 10:0 in

the calculation of the electric field. The voltage on the bottom electrode is 0 V and that on the

top electrode is 10 V. On the top substrate, in the gap region between the electrodes, the electric

potential is unknown, and the electric displacement is continuous because there is no free surface

charge. An imagined boundary can be placed far away from the surface of the top substrate. The

boundary condition at the imagined boundary can be either j ¼ 0 or Ez ¼ @j=@z ¼ 0. To be correct,

the imagined boundary should be at z ¼ 1. Since the mesh cannot be infinite in the simulation, the

imagined boundary is at z ¼ zo ¼ 50 mm. If the boundary condition of jðzoÞ ¼ 0 is used, the error will
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be on the order of 1=zo. If the boundary condition of EzðzoÞ ¼ ð@j=@zÞðzoÞ ¼ 0 is used, the error will

be on the order of e
zo. A periodic boundary condition is used in the x direction.

7.3 Simulation of Liquid Crystal Director Configuration

In many liquid crystal devices the liquid crystal director configuration cannot be calculated analytically
and must be computed numerically. Under a given external field and boundary condition, when a liquid
crystal is in the equilibrium state, the total free energy is minimized. If the system is initially not in the
equilibrium state, it will relax into a state with lower free energy. As the liquid crystal director
configuration evolves, the free energy decreases. The change of the director configuration stops when the
minimum free energy is reached. The dynamic equation for the change of the liquid crystal director can
be used to numerically calculate the equilibrium director configuration, which is referred to as the
relaxation method.

7.3.1 Angle representation

In some cases, it is simpler to describe the liquid crystal director ~n in terms of the polar angle y and
azimuthal angle f. The angles may vary in one, two, or three dimensions. We first consider a
simple case: the Freedericksz transition in the splay geometry. The liquid crystal director is represented
by the tilt angle y:~n ¼ cosyðzÞx̂þ sinyðzÞẑ where the z axis is in the cell normal direction. The electric
field is applied in the cell normal direction. From Equations (4.17) and (7.8) we have the free energy
density

f ¼ 1

2
ðK11 cos2yþ K33 sin2yÞ y02 þ s2

2eoðe?þ De sin2yÞ
(7.28)

where s is the free surface charge density and y0 ¼ @y=@z. Note that here y is the angle

between the liquid crystal director and the x axis. In the equilibrium state, the total free energy

F ¼
R h

0 fdz is minimized, and the director configuration is yeqðzÞ which satisfies the Euler–Lagrange

Z

x

10 V  

0 V  

Electrode 

Electrode 

zo = 50 ∂ϕ/∂z = 0 

Equal-potential lines 

Figure 7.3 Electric field in the display cell with striped electrodes along the y direction. The unit of

length is the micron

186 MODELING LIQUID CRYSTAL DIRECTOR CONFIGURATION



equation:


 df

dy eq

¼ 
 @ f

@y

 d

dz

@ f

@y0

� �� ������
�����
eq

¼ ðK11 cos2yeq þ K33 sin2yeqÞy00eq þ ðK33 
 K11Þsin yeq cos yeq y02eq

þ s2De sin yeq cos yeq

eoðe?þ De sin2yeqÞ2

� uðyeqÞy00eq þ wðyeq; y0eqÞ ¼ 0 ð7:29Þ

If initially the system is not in the equilibrium state, yðzÞ ¼ yinðzÞ. It will relax toward the equilibrium

state. The dynamic equation governing the relaxation of the system is given by Equation (4.74):

gr

@y
@t
¼ 
 df

dy
¼ 
 @f

@y
þ d

dz

@f

@y0

� �
¼ uðyÞy00 þ wðy; y0Þ (7.30)

Using this equation, the angle at time t þ Dt can be calculated from the angle at time t

ytþDt ¼ yt þ Dt

gr

�
uðytÞy00t þ wðyt; y0tÞ

�
(7.31)

When the system reaches the equilibrium state, the director configuration no longer changes and

@y=@t ¼ 
df=dy ¼ 0. Equation (7.30) may not describe the actual dynamic process because the

hydrodynamic effect is not considered, but the final director configuration obtained is the actual one of

the equilibrium state.

In the numerical calculation, the liquid crystal cell is discretized into a 1-D mesh with N lattice sites.
The length of the lattice unit is Dz ¼ h=N . At step t, the tilt angle at the lattice site i is
yðiÞði ¼ 0; 1; 2; 3; . . . ;NÞ. The derivatives are calculated by

y0tðiÞ ¼ ytðiþ 1Þ 
 ytði
 1Þ
2Dz

(7.32)

y00tðiÞ ¼ ytðiþ 1Þ þ ytði
 1Þ 
 2ytðiÞ
ðDzÞ2

(7.33)

The angle at step tþ 1 can be calculated by

ytþ1ðiÞ ¼ ytðiÞ þ DytðiÞ (7.34)

DytðiÞ ¼ aðDzÞ2 u½ytðiÞ�y00tðiÞ þ w½ytðiÞ; y0tðiÞ�
� �

(7.35)

where a is a relaxation constant which must be sufficiently small in order to avoid unstable solutions.

In the numerical calculation, if the change DytðiÞ at all the lattice sites is calculated first using the

angles at step t, and then the angles at all the lattice sites are updated, a must be smaller than

0:5=u½ytðiÞ� in order to avoid unstable solutions. If the change DytðiÞ at each lattice site is calculated
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and then the angle at that the lattice site is immediately updated, known as the over-relaxation method,

an a larger than 1=u½ytðiÞ� can be used. In the numerical calculation, the total change of the angle

Ty ¼
XN

i¼0

jDytðiÞj

in each step must be monitored. Ty decreases as the relaxation proceeds and becomes zero when the

equilibrium configuration is reached. In reality, in the numerical calculation, Ty decreases but will

never become exactly zero. When Ty becomes sufficiently small, the calculation can be stopped.

If the anchoring of the liquid crystal at the boundaries is infinitely strong, the angle at the boundary is
fixed. If the pretilt angles at the boundaries z ¼ 0 and z ¼ h are y1 and y2, respectively, the boundary
conditions are yð0Þ ¼ y1 and yðNÞ ¼ y2. If the anchoring is weak with anchoring energy W, the
boundary conditions are y0ð0Þ ¼ ðW=K11Þyð0Þ and y0ðNÞ ¼ 
ðW=K11ÞyðNÞ (from Equations (5.60)
and (5.61)), which give yð0Þ ¼ yð1Þ=ð1þ DzW=K11Þ and yðNÞ ¼ yðN 
 1Þ=ð1
 DzW=K11Þ.

The angle representation is a valid method when the change of the angle within the cell is less than
908. Otherwise it must be handled carefully in the case where the liquid crystal directors at two
neighboring lattice sites are anti-parallel. The numerical calculation may produce a large elastic energy
while the actual elastic energy is zero, because ~n and 
~n are equivalent.

If two angles, say yðzÞ andfðzÞ, are needed to describe the orientation of the liquid crystal director, the
total free energy is given by

F ¼
Zh
0

f ½y;f; y0;f0; zÞdz (7.36)

In the numerical relaxation method, the angles at the lattices sites can be calculated by

ytþ1ðiÞ ¼ ytðiÞ þ aðDzÞ2 
 df

dy

t
ðiÞ

� �
(7.37)

ftþ1ðiÞ ¼ ftðiÞ þ bðDzÞ2 
 df

df

t
ðiÞ

� �
(7.38)

where a and b are the relaxation constants.

As an example, we numerically calculate the polar angle y and azimuthal angle F in
the Freedericksz transition in the twisted nematic geometry. The parameters of the
liquid crystal are K11 ¼ 6:4� 10
12 N, K22 ¼ 3:0� 10
12 N, K33 ¼ 10:0� 10
12 N, and
De ¼ 10. The thickness h of the cell is 10 microns. The intrinsic pitch of the liquid crystal is
P ¼ ð2p=FÞh, where F is the total twist angle. The polar angle is the angle between the liquid
crystal director and the x–y plane. When the twist angle F is 908, the polar and azimuthal angles
as a function of z at various applied voltages are as shown in Figure 7.4. The voltage threshold
calculated from Equation (5.56) is Vth ¼ 0:996 V .

The change of the polar angle as a function of the applied voltage depends on the total twist angle
F as shown in Figure 7.5. The threshold increases with increasing F for the two reasons. First, in the
field-activated states, there is twist elastic energy that increases with F. Secondly, the bend elastic
energy increases with F when the polar angle is small. The saturation voltage does not increase
much with increasing F because there is no bend deformation in the saturated state. Therefore the
transition region (the region between the threshold voltage and the saturation voltage) decreases with
increasing F. When F is increased above 2708, the polar angle has two different values for a given
voltage, i.e., there is a hysteresis in the Freedericksz transition. Twisted nematic cells with twist
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angles larger than 908 are known as super-twisted nematic (STN) cells. Because of their steep
transition, they are used to make multiplexed displays on passive matrices.

If the angle y of the liquid crystal director varies in three dimensions, i.e., y ¼ yðx; y; zÞ, the total free
energy is given by

F ¼
ZZZ

f ðy; y0; x; y; zÞdxdydz (7.39)

In the numerical calculation, a 3-D mesh with unit cell size ðDxÞ3 is used. The angle at the lattice sites

ði; j; kÞ is calculated by

ytþ1ði; j; kÞ ¼ ytði; j; kÞ þ aðDxÞ2 
 df

dy

t
ði; j; kÞ

� �
(7.40)
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Figure 7.4 The polar and azimuthal angles of the liquid crystal director as functions of z in the 908
twisted nematic cell under various applied voltages
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Figure 7.5 The polar angle at the middle plane vs. the applied voltage in twisted nematic cells with

the twist angles 08, 458, 908, 1358, 1808, 2258, and 2708
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The derivatives at step t are calculated by

y0 tx ði; j; kÞ ¼ ytðiþ 1; j; kÞ 
 ytði
 1; j; kÞ
2Dx

(7.41)

y00 tx ðiÞ ¼
ytðiþ 1; j; kÞ þ ytði
 1; j; kÞ 
 2ytði; j; kÞ

ðDxÞ2
(7.42)

y00txy ðiÞ¼
ytðiþ1; jþ1;kÞþytði
1; j
1;kÞ
ytði
1; jþ1;kÞ
ytðiþ1; j
1;kÞ

4DxDy
(7.43)

and so on.

7.3.2 Vector representation

The liquid crystal director ~n can also be specified by its three components ðnx; ny; nzÞ. The free energy
density (with constant voltage) is then expressed as a function of the components and their spatial
derivatives:

f ¼ 1

2
K11ðr �~nÞ2þ

1

2
K22ð~n �r�~nÞ2þ

1

2
K33ð~n�r�~nÞ2þqoK22~n �r�~n


1

2
~D �~E (7.44)

In component form, we have

r�~n¼ @ni

@xi
(7.45)

where i¼ x;y;z and the convention of summing over repeating indices is used. Then

ðr �~nÞ2 ¼ @ni

@xi
� @n j

@x j
(7.46)

r�~n ¼ eijk
@nk

@x j
x̂i (7.47)

where eijk is the Levi–Civita symbol (exyz ¼ eyzx ¼ ezxy ¼ 
exzy ¼ 
ezyx ¼ 
eyxz ¼ 1 and all other

eijk ¼ 0). Thus

ðr �~nÞ2 ¼ @nl

@xk

@nl

@xk

 @nk

@xl

@nl

@xk
(7.48)
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~n � r �~n ¼ eijkni
@nk

@x j
(7.49)

~n�r�~n ¼ elmieijknm
@nk

@x j
x̂l ¼ nk

@nk

@xl

 nk

@nl

@xk

� �
x̂l ¼ 
nk

@nl

@xk
x̂l (7.50)

Note that

nk
@nk

@xl
¼ 1

2

@ðnknkÞ
@xl

¼ 1

2

@ðn2
x þ n2

y þ n2
z Þ

@xl
¼ 1

2

@ð1Þ
@xl
¼ 0

ð~n�r�~nÞ2 ¼ 
nk
@nl

@xk

� �

ni

@nl

@xi

� �
¼ nkni

@nl

@xk

@nl

@xi
(7.51)

ð~n � r �~nÞ2 ¼ ðr �~nÞ2 
 ð~n�r�~nÞ2

¼ @nl

@xk

@nl

@xk

 @nk

@xl

@nl

@xk

� �

 nkni

@nl

@xk

@nl

@xi

(7.52)

The electric energy is


 1

2
~E � ~D ¼ 
 1

2
~E � ð~e �~EÞ ¼ 
 1

2
~E � ½eoe?~E þ eoDeð~E �~nÞ~n�

¼ 
 1

2
eoe?E2 
 1

2
eoDeEiE jnin j

ð7:53Þ

The first term on the right hand side of Equation (7.52) is a constant independent of ni and thus it

does not affect the orientation of the liquid crystal and can be omitted. The bulk free energy density

becomes

f ¼ 1

2
K11

@ni

@xi

@n j

@x j
þ 1

2
K22

@n j

@xi

@n j

@xi

 @ni

@x j

@n j

@xi

� �
þ 1

2
ðK33 
 K22Þnin j

@nk

@xi

@nk

@x j

þ qoK22eijkni
@nk

@x j

 1

2
eoDeEiE jnin j ð7:54Þ

In the equilibrium state, the total free energy is minimized. The director components ni ði ¼ x; y; zÞ
in space in the equilibrium state can also be calculated numerically by the relaxation method. At the

lattice site ðlx; ly; lzÞ of the mesh the changes of the director components from step t to step ðtþ 1Þ
are calculated from the values of the director components at step t:

Dntþ1
i ðlx; ly; lzÞ ¼ aðDxÞ2 
 d f

dni

� �t

ðlx; ly; lzÞ (7.55)

The variation of the free energy with respect to ni is

df

dni
¼ @f

@ni

 @

@x j

@f

@n0i; j

 !
(7.56)
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where n0i; j ¼ @ni=@x j. Thus

@f

@ni
¼ @

@ni

1

2
ðK33 
 K22Þnln j

@nk

@xl

@nk

@x j
þqoK22el jknl

@nk

@x j

 1

2
eoDeElE jnln j

� �

¼ 1

2
ðK33 
 K22Þ diln j

@nk

@xl

@nk

@x j
þdi jnl

@nk

@xl

@nk

@x j

� �

þqoK22dileljk
@nk

@x j

 1

2
eoDeðdilElE jn j þ di jElE jnlÞ

¼ 1

2
K33 
 K22Þðn j

@nk

@xi

@nk

@x j
þnl

@nk

@xl

@nk

@xi

� �

þqoK22eijk
@nk

@x j

 1

2
eoDeðEiE jn j þ ElEinlÞ

¼ ðK33 
 K22Þn j
@nk

@xi

@nk

@x j
þ qoK22eijk

@nk

@x j

 eoDeEiE jn j ð7:57Þ

@f

@n0i; j
¼ @

@n0i; j

1

2
K11

@nl

@xl

@nm

@xm
þ 1

2
K22

@nm

@xl

@nm

@xl

 @nl

@xm

@nm

@xl

� ��

þ 1

2
ðK33 
 K22Þnlnm

@nk

@xl

@nk

@xm
þqoK22elmknl

@nk

@xm
�

¼ K11di j
@nm

@xm
þK22

@ni

@x j

 @n j

@xi

� �
þ ðK33 
 K22Þn jnm

@ni

@xm
þqoK22eljinl ð7:58Þ

@

@x j

@f

@n0i; j

 !
¼ @

@x j
K11di j

@nm

@xm
þK22

@ni

@x j

 @n j

@xi

� �
þ ðK33 
 K22Þn jnm

@ni

@xm
þqoK22eljinl

� �

¼ K11
@2nm

@xm@xi
þK22

@2ni

@x2
j


 @2n j

@x j@xi

 !

þðK33 
 K22Þ n jnm
@2ni

@xm@x j
þ n j

@ni

@xm

@nm

@x j
þ nm

@ni

@xm

@n j

@x j

� �
þ qoK22elji

@nl

@x j
ð7:59Þ


 df

dni
¼ ðK11 
 K22Þ

@2n j

@x j@xi
þ K22

@2ni

@x2
j

þðK33 
 K22Þn jnk
@2ni

@xk@x j

þðK33 
 K22Þ n j
@ni

@xk

@nk

@x j
þ nk

@ni

@xk

@n j

@x j

n j

@nk

@xi

@nk

@x j

� �


2qoK22eijk
@nk

@x j
þeoDeEiE jn j

ð7:60Þ

In this representation, one must be careful that~n is a unit vector, i.e., nini ¼ 1. This issue can be taken

care of by two methods: (1) the Lagrange multiplier method and (2) the renormalization method. In the

first method, the Lagrange multiplier lðnini 
 1Þ should be added to the free energy density. In the

second method, the values of the director components at step tþ1 are calculated by

ntþ1
i ðlx; ly; lzÞ¼

nti ðlx; ly; lzÞþDntþ1
i ðlx; ly; lzÞ

f½ntjðlx; ly; lzÞþDntþ1
j ðlx; ly; lzÞ� � ½ntjðlx; ly; lzÞþDntþ1

j ðlx; ly; lzÞ�g
1=2

(7.61)

192 MODELING LIQUID CRYSTAL DIRECTOR CONFIGURATION



If the anchoring of the liquid crystal at the cell surface is infinitely strong, then ~n is fixed at the

boundary. If the anchoring is weak, the surface energy must be considered in the minimization of the

total free energy. Expressed in terms of the liquid crystal director, the surface energy is given by [17]

fs¼
1

2
Wij ni nj (7.62)

where Wij is the anchoring tensor, which is symmetric. In the principal frame of the anchoring, the

anchoring tensor is diagonalized. As an example, in a cell with homogeneous anchoring along the x

axis and the cell normal direction along the z axis, the anchoring matrix is given by

W
$
¼

0 0 0

0 Wa 0

0 0 Wp

0
B@

1
CA (7.63)

where Wp and Wa are the polar and azimuthal anchoring strengths, respectively. In this

representation, the same problem occurs as in the angle representation: an incorrect free energy

may be numerically calculated when the liquid crystal directors at two neighboring lattice sites are

anti-parallel. In that case, the numerical calculation will generate a large elastic energy, while the

actual elastic energy is zero because ~n and 
~n are equivalent.

7.3.3 Tensor representation

In order to avoid the problem of incorrect calculation of the free energy when the liquid crystal
directors at two neighboring lattice sites are anti-parallel, the tensor representation was introduced
[5, 18, 19], where the orientation of the liquid crystal director is represented by the tensor defined by

Q
$
¼~n~n
 1

3
I
$

(7.64)

where I
$

is the identity tensor. Its components are given by

Qi j ¼ nin j 

1

3
di j (7.65)

where di j is the Kronecker delta. The elastic energy is calculated from Q
$

. When the liquid crystal

directors at two neighboring lattice sites are anti-parallel, the Q
$

tensor is the same. The actual zero

elastic energy is calculated. The elastic energy (Equation (7.43)) has four terms, and therefore four

terms of the derivatives of Q
$

are needed:

G1 ¼
@Q jk

@xl

@Q jk

@xl
¼ @ðn jnkÞ

@xl

@ðn jnkÞ
@xl

¼ 2
@n j

@xl

@n j

@xl
(7.66)

Note that @ðn jn jÞ=@xl ¼ 0. From Equations (7.44) and (7.49) we have

r � ð~nr �~nþ~n�r�~nÞ ¼ @

@xl
nl
@nk

@xk

 nk

@nl

@xk

� �
¼ @nl

@xl

@nk

@xk

 @nk

@xl

@nl

@xk

þ nl
@2nk

@xl@xk

 nk

@2nl

@xl@xk
¼ @nl

@xl

@nk

@xk

 @nk

@xl

@nl

@xk

ð7:67Þ
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Substituting Equations (7.45), (7.47), and (7.66) into Equation (7.65), we have

G1 ¼ 2½ðr �~nÞ2 þ ðr�~nÞ2 
r � ð~nr �~nþ~n�r�~nÞ�
¼2½ðr �~nÞ2 þ ð~n � r �~nÞ2 þ ð~n�r�~nÞ2 
r � ð~nr �~nþ~n�r�~nÞ� ð7:68Þ

The last term on the right hand side of this equation becomes a surface term when integrated over

the volume and can usually be neglected:

G2 ¼
@Q jk

@xk

@Q jl

@xl
¼ @ðn jnkÞ

@xk

@ðn jnlÞ
@xl

¼ @nk

@xk

@nl

@xl
þ nknl

@n j

@xk

@n j

@xl

¼ ðr �~nÞ2 þ ð~n�r�~nÞ2 ð7:69Þ

In obtaining this Equation (7.68), we used Equations (7.45) and (7.50):

G4 ¼ e jklQ jm
@Qkm

@xl
¼ e jkl n jnm 


1

3
d jm

� �
@ðnknmÞ
@xl

¼ e jkln j
@nk

@xl
¼ 
~n�r�~n (7.70)

G6 ¼ Q jk
@Qlm

@x j

@Qlm

@xk
¼ n jnk 


1

3
d jk

� �
@ðnlnmÞ
@x j

@ðnlnmÞ
@xk

¼ n jnk
@ðnlnmÞ
@x j

@ðnlnmÞ
@xk


 1

3

@ðnlnmÞ
@x j

@ðnlnmÞ
@x j

¼ 2n jnk
@nm

@x j

@nm

@xk

 1

3

@ðnlnmÞ
@x j

@ðnlnmÞ
@x j

¼ 2ð~n�r�~nÞ2 
 1

3
G1 ð7:71Þ

From Equations (7.67), (7.68), (7.69), and (7.70) we get the free energy density

f ¼ 1

12
ð
K11 þ 3K22 þ K33ÞG1 þ

1

2
ðK11 
 K22ÞG2

þ 1

4
ð
K11 þ K33ÞG6 
 qoK22G4 


1

2
eoDeEiE jnin j

(7.72)

The relaxation method is used in the numerical calculation. The change of the director component ni

on lattice site ðlx; ly; lzÞ of the mesh at step tþ 1 is given by

Dntþ1
i ðlx; ly; lzÞ ¼ aðDxÞ2 
 df

dni

t
ðlx; ly; lzÞ

� �
(7.73)

The variation of the free energy with respect to ni can be expressed in terms of the variation of the free

energy with respect to Q jk:

df

dni
¼ df

dQ jk

@Q jk

@ni
¼ df

dQ jk

@ðn jnkÞ
@ni

¼ df

dQ jk
ðn jdik þ nkdi jÞ ¼ 2n j

df

dQ ji
(7.74)
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H1¼
dG1

dni
¼ 2n j

dG1

dQ ji
¼ 2n j

@G1

@Q ji

 @

@xl

@G1

@Q ji;l

� �� �

¼ 
2n j
@

@xl

@ðQuv;wQuv;wÞ
@Q ji;l

� �
¼ 
2n j

@ð2Quv;wd judivdlwÞ
@xl

¼ 
4n j
@2Q ji

@xl@xl
ð7:75Þ

H2 ¼
dG2

dni
¼ 2n j

dG2

dQ ji
¼ 
2n j

@2Q jl

@xi@xl
þ @2Qil

@x j@xl

� �
(7.76)

H4 ¼
dG4

dni
¼ 2n j

dG4

dQ ji
¼ 
2n j e jkl

@Qli

@xk
þ eikl

@Ql j

@xk

� �
(7.77)

H6 ¼
dG6

dni
¼ 2n j

dG6

dQ ji
¼ 
2n j 2
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where Q jk;l ¼ @Q jk=@xl. Expressed in terms of H1;H2;H4; and H6, the change of the director

component ni at each lattice site is

Dntþ1
i ¼ aðDxÞ2½
 1

12
ð
K11 þ 3K22 þ K33ÞHt

1 

1

2
ðK11 
 K22ÞHt

2


 1

4
ð
K11 þ K33ÞHt

6 þ K22qoHt
4 þ DeeoðEiE jn jÞ� ð7:79Þ

Because~n is a unit vector, the director components must be renormalized by using Equation (7.60). In

this representation, the problem of incorrect calculation of the free energy when the liquid crystal

directors at two neighboring lattice sites are anti-parallel is avoided. A different problem, however,

may exist when a real pi-wall defect is artificially removed [20]. Therefore the computer-simulated

results should be carefully compared to the experimental results in order to prevent mistakes.

As an example, we consider a vertical alignment (VA) mode microdisplay [21, 22]. The pixel size is
15mm and the inter-pixel gap is 0:9 mm. The cell thickness is 2:3mm. Homeotropic alignment layers are
coated on the inner surface of the cell. The parameters of the liquid crystal are: K11 ¼ 16:7� 10
12 N,
K22 ¼ 7� 10
12 N, K33 ¼ 18:1� 10
12 N, ek ¼ 3:6, and e? ¼ 7:8. The voltage applied across the on-
pixel is Von ¼ 5 V and the voltage applied across the off-pixel is Voff ¼ 0:7 V. The simulated director
configuration is shown in Figure 7.6. In the field-off state, the liquid crystal is aligned homeotropically.

Voff Von Voff 

LC 
director

Electric 
field

x

z xb

Figure 7.6 Simulated liquid crystal director configuration in the VA mode microdisplay
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When a sufficiently high field is applied across the cell, the liquid crystal director is tilted toward the x

direction because of the negative dielectric anisotropy. Because of the fringing effect, the electric field is
not exactly in the z direction near the fringes of the pixel. The liquid crystal director is tilted in opposite
directions at the two edges of the pixel; thus a defect wall is formed at the position xb. If the liquid crystal
director were confined in the x–z plane, there would be a large splay and bend distortion. The figure
shows that the liquid crystal director escapes in the y direction because of the small twist elastic constant.

Homework Problems

7.1 In the display cell shown in Figure 7.3, calculate and plot the electric field in the cell. Also calculate
the equal-potential lines for the following voltages: 2 V, 4 V, 6 V, and 8 V.

7.2 Use the angle representation and numerically calculate the tilt angle in the splay geometry as a
function of the coordinate z at the following applied fields: E ¼ 1:05Ec, E ¼ 1:3Ec, E ¼ 1:5Ec,
E ¼ 2:0Ec, and E ¼ 5:0Ec, where Ec is the threshold field of the Freedericksz transition. The cell
thickness is 5 mm. The elastic constants are K11 ¼ 6:4� 10
12 N and K33 ¼ 10� 10
12 N.
Compare your results with Figure 5.4.

7.3 908 twisted nematic display. (1) Use the angle representation to numerically calculate the polar and
azimuthal angles as a function of the coordinate z at the following applied voltages: V ¼ 1:0 V,
V ¼ 1:2 V, V ¼ 1:5 V, V ¼ 2:0 V, and V ¼ 5:0 V. The parameters of the cell and the liquid crystal
are given in Figure 7.4. (2). Use the Jones matrix method to calculate the transmittance of the display
as a function of applied voltage. The back polarizer is parallel to the liquid crystal director at the
entrance plane and the front polarizer is parallel to the liquid crystal director at the exit plane. The
refractive indices are ne ¼ 1:6 and no ¼ 1:5.

7.4 Use the tensor representation to numerically calculate the liquid crystal director configuration of a
cholesteric liquid crystal in a hybrid cell. The cell thickness and length are Lz ¼ 10 mm and
Lx ¼ 20mm, respectively. The director is only a function of x (parallel to the cell surface) and z

(perpendicular to the cell surface). On the top surface of the cell the liquid crystal is anchored
homoetropically, while at the bottom of the cell it is anchored homogeneously. The pitch P of the
liquid crystal is 5mm. Initially the liquid crystal in the cell is in the isotropic state. The parameters of
the liquid crystal are K11 ¼ 6� 10
12 N, K22 ¼ 3� 10
12 N, and K33 ¼ 10� 10
12 N. Using
periodic boundary conditions in the x direction, plot the director configuration in the x–z plane.

7.5 Use the tensor representation to numerically calculate the liquid crystal director configuration of the
cholesteric liquid crystal in the cell discussed in the previous problem. A voltage of 5 V is applied
across the cell. The dielectric constants of the liquid crystals are e? ¼ 5 and ek ¼ 15. Using periodic
boundary conditions in the x direction, plot the director configuration in the x–z plane.
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8

Transmissive Liquid
Crystal Displays

8.1 Introduction

Three types of liquid crystal displays (LCDs) have been developed: (1) transmissive, (2) reflective, and
(3) transflective. A transmissive LCD uses a backlight for illuminating the LCD panel which results in a
high brightness and high contrast ratio. Some transmissive LCDs do not use phase compensation films or
a multi-domain approach so that their viewing angle is limited and are more suitable for single viewer
applications, such as notebook computers and games. With proper phase compensation, direct-view
transmissive LCDs exhibit a wide viewing angle and have been used extensively for multiple viewers,
such as desktop computers and televisions. Transmissive LCDs can also be used for projection displays,
such as in data projectors. There, a high-power arc lamp or light-emitting diode (LED) arrays are used as
the light source. To reduce the size of the optics and save on the cost of the projection system, the LCD
panel is usually made small (less than 25 mm in the diagonal). Thus, polysilicon thin-film transistors
(TFTs) are commonly used.

Similarly, reflective LCDs can be subdivided into direct-view and projection displays. In principle, a
direct-view reflective LCD does not require a backlight so its weight is light and power consumption is low.
A major drawback is poor readability under weak ambient light. Thus, a reflective LCD is more suitable for
projection TVs employing liquid-crystal-on-silicon (LCoS) microdisplay panels. In a LCoS, the reflector
employed is an aluminum metallic mirror. The viewing angle is less critical in projection displays than
direct-view displays.

For outdoor applications, the displayed images of a transmissive LCD could be washed out by
sunlight. A reflective LCD would be a better choice. However, such a reflective display is unreadable in
dark ambient conditions. Transflective LCDs integrate the features of a transmissive display and a
reflective display. Thus, in dark ambient conditions the backlight is turned on and the display works
primarily in the transmissive mode, while in bright ambient conditions, the backlight is switched off and
only the reflective mode is operational.

Fundamentals of Liquid Crystal Devices D.-K. Yang and S.-T. Wu
# 2006 John Wiley & Sons, Ltd. ISBN: 0-470-01542-X



Two monographs have been dedicated to projection displays [1] and reflective displays [2]. Therefore,
in this chapter we will focus on mainstream TFT-addressed wide-view transmissive LCDs. We will start
by introducing the twisted nematic (TN) mode, and then delve into in-plane switching (IPS) and multi-
domain vertical alignment (MVA). Phase compensation methods for achieving wide viewing angles will
be addressed.

8.2 Twisted Nematic Cells

The 908 twisted nematic (TN) cell [3] has been used extensively for notebook computers where the
viewing angle is not too critical. Figure 8.1 shows the LC director configurations of the normal-white TN
cell in the voltage-off (left) and voltage-on (right) states.

In the voltage-off state, the top LC alignment is parallel to the optic axis of the top polarizer, while the
bottom LC directors are rotated 908 and parallel to the optic axis of the bottom analyzer. When dDn of
the LC layer satisfies the Gooch–Tarry first minimum condition [4], the incoming linearly polarized light
will follow closely the molecular twist and transmits through the crossed analyzer. In the voltage-on
state, the LC directors are reoriented to be perpendicular to the substrates, excepting the boundary layers.
The incoming light experiences little phase change and is absorbed by the analyzer, resulting in a dark
state. The beauty of the TN cell is that the boundary layers are orthogonal so that their residual phase
compensates for each other. As a result, the dark state occurs at a relatively low voltage.

8.2.1 Voltage-dependent transmittance

To compare different operating modes, let us focus on the normalized transmittance by ignoring the
optical losses from polarizers and indium–tin–oxide (ITO) layers, and the interface reflections from
substrates. The normalized transmittance (T? ) of a TN cell can be described by the following Jones
matrices as T? ¼ jM j2 [5]:

M ¼ j cosb sinb j
cosf �sinf

sinf cosf

����
���� cos X� i

G
2

sin X

X
f

sin X

X

�f sin X

X
cos Xþ i

G
2

sin X

X

�������
�������
�sinb

cosb

����
���� (8.1)
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Figure 8.1 LC and polarizer configurations of a 908 TN cell: left, V ¼ 0; right, V�Vth
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Here b is the angle between the polarization axis and the front LC director, f is the twist angle, X ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f2 þ ðG=2Þ2

q
; and G¼ 2pdDn=l, where d is the cell gap. By simple algebraic calculations, the

following analytical expression for jMj2 is derived:

jMj2 ¼ T? ¼
f
X

cosf sin X� sinfcos X

� �2

þ G
2

sin X

X

� �2

sin2ðf� 2bÞ (8.2)

Equation (8.2) is a general formula describing the light transmittance of a TN cell (without voltage) as a

function of twist angle, beta angle, and dDn=l. For a 908 TN cell, f¼ p=2 and Equation (8.2) is

simplified to

T? ¼ cos2 Xþ G
2X

cos 2b
� �2

sin2 X (8.3)

Equation (8.3) has a special solution, i.e., cos2 X ¼ 1. When cos X ¼	1 (i.e., X ¼ mp, m an integer), then

sin X ¼ 0 and the second term in Equation (8.3) vanishes. Therefore, G? ¼ 1, independent of b. By

setting X ¼ mp and knowing that G¼ 2pdDn=l, the Gooch–Tarry condition is found as follows:

dDn

l
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 � 1

4

r
(8.4)

For the lowest order m¼ 1, dDn=l¼
ffiffiffi
3
p

=2. This is the Gooch–Tarry first minimum condition for the 908
TN cell. For the second order, m¼ 2 and dDn¼

ffiffiffiffiffi
15
p

=2. The second minimum condition is used only for

low-end displays such as wrist watches because a large cell gap is easier to fabricate and the utilized

cyano-biphenyl LCs are less expensive. For notebook TFT LCDs, the first minimum is preferred because

a rapid response time is required.

Figure 8.2 depicts the normalized light transmittance (T? ) of a 908 TN cell at three primary
wavelengths R ¼ 650, G ¼ 550, and B ¼ 450 nm. Since the human eye is most sensitive to green, we
normally optimize the cell design at l ¼ 550 nm. From Equation (8.4), the first T? ¼ 1 occurs at
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Figure 8.2 Voltage-dependent transmittance of a normal-white 908 TN cell. dDn ¼ 480 nm
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dDn� 480 nm. The color dispersion (i.e., the wavelength dependency of the light transmittance) at
b ¼ 0 is not too sensitive to dDn=l beyond the first minimum. Therefore, the TN cell can be treated as an
achromatic half-wave plate. The response time depends on the cell gap and the g1=K22 of the LC mixture
employed. For a 4 mm cell gap, the optical response time is about 20–30 ms. At V ¼ 5 Vrms, the contrast
ratio (CR) reaches about 400:1. These performances, although not perfect, are acceptable for notebook
computer applications. A major drawback of the TN cell is its narrow viewing angle and gray-scale
inversion originating from the LC director’s tilt. Because of this tilt, the viewing angle in the vertical
direction is narrow and asymmetric [6].

8.2.2 Film-compensated TN cells

Figure 8.3 (left) shows the simulated iso-contrast contour of a TN LCD [7]. In the normal viewing
direction, the TN cell exhibits a good contrast ratio, but the contrast rapidly decreases in the upper
direction and in the lower diagonal directions. In the lower direction, the contrast remains high, but gray-
scale inversion is observed (not shown in Figure 8.3). The narrow viewing angle of a TN LCD is caused
by several factors, e.g., the optical anisotropy of liquid crystals, the off-axis light leakage from crossed
polarizers, the light scattering on the surface of polarizer or at the color filters, the collimation of
backlight, and light diffraction from the cell structure.

In the on-state of a TN cell, the LC directors in the upper half are reoriented along the rubbing
direction with almost no twist and that the lower half have a similar structure with the director plane
orthogonal to that of the upper half. Thus, a uniform phase compensation film, such as a uniaxial a plate,
cannot compensate the upper and lower parts simultaneously. Instead, a pair of wide-view films need to
be used separately on both sides of the TN LC cell in order to compensate each of the half layers. Fuji
Photo has skillfully developed discotic LC films for widening the viewing angle of TN cells. The
molecular structures of the wide-view (WV) discotic material are shown in Figure 8.4.

Figure 8.4 shows the structure of the Fuji WV film. A discotic material (triphenylene derivatives) is
coated on an alignment layer on a tri-acetyl cellulose (TAC) substrate. The discotic material has a
hybrid alignment structure and three important features: (1) It has p-electrons spread in a disk-like
shape, which gives rise to a high birefringence. (2) It takes on discotic nematic (ND) phase at a lower

temperature than the temperature at which the TAC substrate starts to deform; this feature enables

a uniform and monodomain film in a wide range of areas without defects. (3) It has cross-linkable

groups at all of six side chains to make the obtained film durable.

Figure 8.3 Measured iso-contrast plots for TN LCDs without (left) and with (right) wide-view films.

(Courtesy of Dr. H. Mori, Fuji Photo Film)
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When heated, the discotic material takes on the ND phase. The discotic material right next to the
alignment layer has a high degree of randomness. In the vicinity of the alignment layer, the discotic
molecules tend to align with the molecular plane almost parallel to the alignment layer surface and have
few degrees of pretilt angle in the rubbing direction of the alignment layer surface. On the other hand, in
the vicinity of the air surface the discotic molecules tend to align with the molecular plane almost
perpendicular to the air surface. With the pinned alignment on both sides, the discotic material exhibits a
hybrid alignment structure in the ND phase. When cured by UV light, the discotic material is polymerized
and the hybrid alignment structure of the polymerized discotic material (PDM) layer is fixed even after it
is cooled down to room temperature. Each film has a hybrid alignment structure in which the director
continuously changes in the PDM layer thickness direction without twist, while the direction of each
discotic molecule fluctuates. This hybrid alignment structure consists of splay and bend deformations.

The azimuthal alignment direction of the PDM layer is parallel to the longitudinal direction of the film
so that the WV film could be laminated on the polarizing film in a roll-to-roll process. Therefore, the WV
film is used with the O mode in which the transmission axis of the polarizer is perpendicular to the
adjacent rubbing direction of the TN cell. By contrast, the device configuration shown in Figure 8.1 is
called E mode. The PDM layer exhibits a non-zero and asymmetric phase retardation value at all incident
angles. This indicates that the PDM layer has an inhomogeneous alignment structure in the thickness
direction. The TAC substrate also possesses a small birefringence which plays an important role in
optical compensation. The ideal TAC substrates should be isotropic.
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Figure 8.4 Structure of the WV film and the employed discotic compound. PDM represents

polymerized discotic material
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8.2.3 Viewing angle

Figure 8.3 compares the viewing angle of a TN LCD without and with a WV Fuji discotic compensation
film. The viewing angle at a CR of 10:1 of the film-compensated TN LCD exceeds 808 in all azimuthal
directions. The viewing angle is especially enlarged in the horizontal direction where both dark-state
light leakage and yellowish color shift are reduced. The on-axis CR is also improved by 10%. The WV
Fuji film remarkably improves the viewing angle of the TN LCDs without losing any light transmittance
or deteriorating image quality. No change in the panel process is required because the conventional
polarizer is simply replaced with a new polarizer laminated with the compensation film. The discotic film
is also a cost-effective approach for obtaining a wide viewing angle compared to in-plane switching
(IPS) and multi-domain vertical alignment (MVA) modes. These features enable TN LCDs to penetrate
the larger sized LCD market segment, say the 20–25 inch diagonal. However, the reversed gray scale still
exists in film-compensated TN LCDs, which ultimately limits their competitiveness with IPS and MVA
LCDs for large-screen TVs.

8.3 IPS Mode

In the TN cell shown in Figure 8.1, the applied electric field is in the longitudinal direction. The tilted LC
directors in the bulk cause different phase retardation as viewed from the right or left direction. This
produces a narrow and asymmetric viewing angle in the vertical direction. To overcome the narrow
viewing angle issue, an elegant driving scheme using a transverse electric field was proposed in the
1970s [8, 9] and implemented in TFT LCDs in the 1990s [10, 11]. The interdigital electrodes are
arranged in the same substrate such that the generated fringing field is in the transverse plane. The LC
directors are rotated in the plane. Thus, this driving scheme is often referred as the transverse field effect
or IPS.

In an IPS mode, the interdigital electrodes are fabricated on the same substrate and the LC molecules
are initially homogeneously aligned with a rubbing angle of�108 with respect to the striped electrodes.
The transmission axis of the polarizer can be set to be parallel (E mode) or perpendicular (O mode) to the
LC directors while the analyzer is crossed to the polarizer. The in-plane electric fields induced by the
electrodes twist the LC directors, thus generating light transmission. However, due to the strong vertical
electric field existing above the electrode surface, the LC directors in these regions mainly tilt rather than
twist. As a result, the transmittance above the electrodes is greatly reduced. Overall, the conventional IPS
mode has a light efficiency about 76% of that of a TN LCD mode, when a positive dielectric anisotropy
ðDeÞ LC material is used. Although using a negative De LC in the IPS mode could enhance the light
efficiency to above 85%, the required on-state driving voltage is increased. For TFT LCDs, the preferred
operating voltage is lower than 5.5 Vrms.

8.3.1 Voltage-dependent transmittance

Figure 8.5 depicts the basic device structure of the IPS mode using a positive De LC [12, 13]. The front
polarizer is parallel to the LC directors and the rear analyzer is crossed. In the voltage-off state, the
incident light experiences no phase retardation so the outgoing beam remains linearly polarized and is
absorbed by the crossed analyzer. In a voltage-on state, the fringing field reorients the LC directors and
causes phase retardation of the incoming light and modulates the transmittance through the analyzer.

As shown in Figure 8.5, above the electrodes (region I) the electric field is unable to twist the LC
directors. As a result, the light transmittance is lower than that in region II. The average transmittance is
about 75% of the TN cell.

Based on the same operational principle, fringing field switching (FFS) [14] also utilizes the transverse
electric field to switch the LC directors. The basic structure of FFS is similar to IPS except for the much
smaller electrode gap ð‘� 0�1mmÞ. In the IPS mode, the gap (‘) between the electrodes is larger than the
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cell gap (d). The horizontal component of the electric field is dominant between the electrodes. However, in
the FFS mode where ‘< d, the fringing field exists above the electrodes. The fringing fields are able to
twist the LC directors above the electrodes. Therefore, high light transmittance is obtained. In the FFS
mode, both positive and negative De LC can be used [15]. The FFS mode using a negative De material can
achieve 98% transmittance of that of a TN cell. The idea of using a positive De LC material in the FFS
mode for achieving high transmittance (�90% of TN mode) has also been attempted [16]. Positive LCs
usually exhibit a larger De and lower viscosity than their corresponding negative De LCs because their
polar group(s) are along the principal molecular axis. However, the FFS mode employing a positive De LC
would require high-resolution photolithography to fabricate 1mm electrode widths and increase the on-state
voltage to �6.5 Vrms in order to generate sufficient twist to the LC directors.

In the FFS mode, the negative De LC tends to have a higher on-state transmittance than the positive
LC because its directors tend to align along the field so that it does not contribute to the phase retardation.
Figure 8.6 shows a FFS structure with homogeneous alignment and a positive De LC mixture. The
fringing field covers both electrodes and gaps. Unlike the IPS mode, there is no dead zone prohibiting

W = 3 µm  L = 4.5 µm

d = 4 µm 

Von = 4.5V

Figure 8.6 Device structure, simulated on-state LC director distribution, and corresponding light

transmittance of a FFS cell. Electrode width W ¼ 3 mm and electrode gap L ¼ 4:5mm
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Figure 8.5 Device structure, simulated on-state LC director distribution, and corresponding light

transmittance of an IPS cell. Electrode width W ¼ 4mm and electrode gap L ¼ 8 mm
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light transmittance. Thus, the light transmittance is improved. Both IPS and FFS modes are normally
black under crossed-polarizer conditions. The transmittance of the FFS mode reaches �95% of the TN
cell. The viewing characteristic of FFS is very similar to that of IPS; both are much wider than that of TN
LCs [17].

8.3.2 Response time

Figure 8.7 shows the electrode configuration of the IPS mode under study. The electrode gap is ‘ð� 10mmÞ
and the width is oð� 5mmÞ. When backflow and inertial effects are ignored, the dynamics of LC director
rotation is described by the following Erickson–Leslie equation [4, 9]:

g1

@f
@t
¼ K22

@2f
@z2
þ eojDejE2 sinf cosf (8.5)

In Equation (8.5), g1 is the rotational viscosity, K22 is the twist elastic constant, De is the dielectric

anisotropy, E is the electric field strength, and f is the LC rotation angle. The homogeneous LC layers

having cell gap d are along the z axis.

For simplicity, let us assume that the surface anchoring strength is so strong that the bottom and top
boundary layers are fixed at fð0Þ ¼ fðdÞ ¼ F, where F is the LC alignment (or rubbing) angle with
respect to the electrodes, as shown in Figure 8.7.

To solve the decay time, we set E ¼ 0 in Equation (8.5). After some algebra the decay time of the LC
directors can be solved relatively easily. The decay time is independent of the initial rubbing angle F:

toff ¼ g1d2=p2K22 (8.6)

From Equation (8.6), the LC director’s relaxation time is governed by the cell gap (d) and the LC visco-

elastic coefficient ðg1=K22Þ, and is independent of the rubbing angle. In a VA cell, the optical response

time is about 50% of the LC director’s response time.

From Equation (8.5), the rise (or turn-on) time is more difficult to solve because it depends on the
applied voltage and the initial rubbing angle. When the rubbing angle F ¼ 0, the LC directors are
perpendicular to the electric field and the Freedericksz transition exists. Under these circumstances, the
turn-on time can be solved [18]:

ton ¼
g1

eojDejE2
sinð2xÞ

2x
� p2

d2
K22

(8.7)
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Figure 8.7 Device configuration of a transmissive IPS cell. Left part, V ¼ 0; right part, voltage-on.

F ¼ rubbing angle rubbing angle. Polarizer and analyzer are crossed
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In Equation (8.7), x ¼
R d=2

0 xdz and x ¼ ðfm � FÞsinðpz=dÞeðt�tÞ=t; where ðfm � FÞ represents the

twisted angle of the middle LC layer under the exerted electric field. In principle, Equation (8.7) is not

limited to the small-signal regime. In the usual small-angle approximation (i.e., the electric field is only

slightly above threshold), x̄� 1 and Equation (8.7) is reduced to the following commonly known

equation:
ton ¼

g1

eojDejE2 � p2

d2 K22

(8.8)

When the rubbing angle F 6¼ 0, ton has the following complicated form:

ton ¼
g1

eojDejE2 cosð2FÞ sinð2xÞ
2x

þ sinð2FÞ cosð2xÞ
2x

� �
� p2

d2 K22

ð8:9Þ

At a given electric field, x can be obtained from fm which, in turn, is calculated from the following

elliptical equation:

Ed

2

ffiffiffiffiffiffiffiffiffiffiffiffi
eojDej

K2

s
sinfm ¼

Z fm

F

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ðsinf=sinfmÞ2

q df ð8:10Þ

Strictly speaking, when the rubbing angle F is not equal to zero the Freedericksz transition threshold

is smeared. However, in normal-black IPS mode, the transmittance is proportional to the phase

retardation d ¼ 2pdDn=l of the LC cell as T � sin2ðd=2Þ. In the small-voltage regime, the phase

retardation is small and the transmittance exhibits a threshold-like transition.

This optical threshold voltage (Vop) can be derived by assuming that the rise time is approaching
infinity at V ¼ Vop. Thus, the denominator in Equation (8.9) should vanish:

eojDejE2 cosð2FÞ sinð2x̄Þ
2x̄

þ sinð2FÞ cosð2x̄Þ
2x̄

� �
� p2

d2
K22! 0 ð8:11Þ

From Equation (8.11), the optical threshold voltage is derived as

Vop ¼ E � ‘ ¼ p‘
d

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K22

eojDej cosð2FÞ sinð2xÞ
2x

þ sinð2FÞ cosð2x̄Þ
2x̄

� �
vuuut ð8:12Þ

From Equation (8.12), when F ¼ 0 and x̄! 0, the optical threshold is reduced to the Freedericksz

threshold. As the rubbing angle is increased, the optical threshold voltage is gradually decreased. At

F ¼ 45�, the optical threshold voltage reaches a minimum; however, the on-state voltage is also increased.

To compromise for the response time and operating voltage, a typical rubbing angle is set at f� 10�.
As the rubbing angle is increased by 308, the rise time is reduced by two to three times, but the on-state
voltage is slightly increased. An optimal rubbing angle is found to be around 20–308[19].

8.3.3 Viewing angle

A common feature of IPS and FFS modes is that the LC cell is sandwiched between two crossed linear
polarizers. At normal incidence, the LC layer in the voltage-off state does not modulate the polarization
state of the incident linearly polarized light from the entrance polarizer. As a result, a good dark state is
achieved since this linearly polarized light is completely absorbed by the crossed analyzer. However, at
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oblique angles the incident light leaks through the crossed polarizers, especially at the bisectors. This
light leakage stems from two factors. First, the absorption axes of the crossed polarizers are no longer
orthogonal to each other under off-axis oblique view. As a result, the extinction ratio of these two crossed
polarizers decreases and light leakage occurs. Secondly, in some cases, due to the effective birefringence
effect of the LC layer, the obliquely incident linearly polarized light is modulated and it becomes
elliptically polarized after traversing through the LC layer. Consequently, the analyzer cannot com-
pletely absorb the elliptically polarized light leading to light leakage off-axis. This light leakage in the
dark state deteriorates the CR and thereby degrades the viewing angle performance.

To suppress the light leakage at oblique angles and further widen the viewing angle, several phase
compensation schemes using uniaxial films [20–22] and biaxial films [23–25] have been proposed.
Computer simulation and experimental results have been reported.

In this section, let us focus on the analytical solutions for the uniaxial film-compensated WV LCDs.
With these analytical solutions, the interdependency between the LC cell and film parameters can be
clearly revealed. More importantly, analytical solutions provide a clear physical description of the
compensation mechanisms.

8.3.4 Classification of compensation films

Table 8.1 lists some commercially available compensation films, classified by their refractive indices.
Different LC modes need different types of compensation films in order to obtain a satisfactory
compensation effect. For example, the IPS mode may require a biaxial compensation film with
nx > nz > ny, [26] while the VA mode needs a compensation film with nx > ny > nz [27]. Theoretical
analyses on biaxial film-compensated LCDs are rather difficult. Here, we focus on uniaxial film-
compensated WV LCDs.

Uniaxial film is an anisotropic birefringent film with only one optic axis. For simplicity, let us limit
our discussions to those non-absorption uniaxial films only. From the viewpoint of optic axis orientation,
uniaxial films can be classified into a film and c film. An a film’s optic axis is parallel to the film surface,
while a c film’s optic axis is perpendicular to the film surface.

Table 8.1 Different types of compensation films used for WV LCDs

Anisotropic

Uni-axial

Bi-axial

Oblique

Negative

Negative

Negative

Positive

Positive

Positive

A-plate

A-plate

C-plate

C-plate

X-Y optical axis

X-Z optical axis

Y-Z optical axis

NWF
Nz=

nx–nz
nx–ny

nx=ny=nz

x

z

y

nx<ny=nz
(Nz=0)

nx>ny>nz
(Nz>1)

nx>nz>ny
(0<Nz<1)

nz>nx>ny
(Nz<0)

nx>ny=nz
(Nz=1)

nx=ny>nz

nz>nx=ny
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Both a film and c film can be further divided into positive or negative films depending on the relative
values of the extraordinary refractive index ne and the ordinary refractive index no. Table 8.1 lists all the
types of compensation films and their refractive index relationship. In our analyses, we focus on uniaxial
films. As a general rule, a positive uniaxial film means ne > no, otherwise ne < no for a negative uniaxial
film.

8.3.5 Phase retardation of uniaxial media at oblique angles

Both uniaxial compensation film and the nematic LC layer can be treated as uniaxial media. When light
propagates into a uniaxial film, generally two forward eigenwaves (one ordinary wave and one
extraordinary wave) are evoked within the medium. After the light has passed through the uniaxial
medium, phase retardation occurs between these two eigenwaves. Figure 8.8 shows an arbitrary oblique
light with an incident angle y0 propagates in a uniaxial medium. Here, the x–y plane is chosen to be
parallel to the medium layer surface and the z axis is along the surface normal. In such a coordinate
system, the incident plane forms an angle f0 with respect to the x axis. The optic axis of the uniaxial
medium is oriented at tilt angle yn and azimuthal angle fn, and the extraordinary and ordinary refractive
indices of the uniaxial medium are ne and no, respectively.

In general, the phase retardation of a uniaxial medium at oblique incidence can be expressed as [28]:

G ¼ ðke;z � ko;zÞd (8.13)

where d is the layer thickness of the uniaxial medium, and ke,z and ko,z are the z axis components of the

wavevectors of the extraordinary and ordinary waves, respectively. From the Maxwell equations, these

two z axis components of wavevectors ke,z and ko,z can be solved and are given by [29]:

ke;z ¼
2p
l

neno

ezz

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ezz � 1� n2

e � n2
o

n2
e

cos2 yn sin2ðfn � f0Þ
� �

sin2 y0

s
� exz

ezz
sin y0

" #
(8.14)

and

ko;z ¼
2p
l

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2

o � sin2 y0

q
(8.15)
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Figure 8.8 Schematic view of arbitrary light impinging on a uniaxial medium
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with exz ¼ ðn2
e � n2

oÞsin yn cos yn cosðfn � f0Þ and ezz ¼ n2
o þ ðn2

e � n2
oÞsin2 yn. From Equations

(8.13)–(8.15), one can easily obtain the phase retardation G of a general uniaxial medium at an

arbitrary incident angle:

G ¼ 2p
l

d
neno

ezz

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ezz � 1� n2

e � n2
o

n2
e

cos2 yn sin2ðfn � f0Þ
� �

sin2 y0

s"

� exz

ezz
sin y0 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2

o � sin2 y0

q �
ð8:16Þ

From Equation (8.16), the phase retardation G is dependent on the optical axes orientations yn and fn as
well as the beam incident directions y0 and f0.

In the uniaxial film-compensated LCDs, both a and c films are commonly used. In these two special
cases, Equation (8.16) can be further simplified.

(1) Phase retardation of a film

For an a film, its optic axis lies in the plane parallel to the film surface, i.e., yn ¼ 0�. Consequently, the
phase retardation of the a film at an arbitrary incident angle is given by

Ga¼
2p
l

d ne

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� sin2 y0 sin2ðfn�f0Þ

n2
e

� sin2 y0 cos2ðfn�f0Þ
n2

o

s
�no

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� sin2y0

n2
o

s2
4

3
5 (8.17)

(2) Phase retardation of c film

In a c film, its optic axis is perpendicular to the film surface, i.e., yn ¼ 90�. In this case, the phase
retardation of the c film at any oblique incidence is

Gc ¼
2p
l

nod

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� sin2 y0

n2
e

s
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� sin2 y0

n2
o

s0
@

1
A (8.18)

From Equation (8.18),Gc is independent of the azimuthal angle ðf0Þ of the incident light. This is because
the c film’s optic axis is perpendicular to its surface. Hence, the optical properties of a c film are axially
symmetric around its optic axis.

8.3.6 Poincaré sphere representation

The Poincaré sphere representation is an elegant geometrical means for solving problems involving the
propagation of polarized light through birefringent and optically active media [30]. For elliptically
polarized light with long-axis azimuthal angle a and ellipticity angle b, its polarization state can be
represented by a point P on the Poincaré sphere with longitude 2a and latitude 2b, as Figure 8.9 shows.
The radius of the sphere is one unit length. Here the long-axis azimuthal angle a of the elliptically
polarized light is with respect to the x axis. For a uniaxial film with its optic axis oriented at angle g from
the x axis, it can be represented by point A, which is located at longitude 2g on the equator. Suppose the
above-mentioned elliptically polarized light (point P) passes through the uniaxial film (point A). Then
the overall effect on the Poincaré sphere is equivalent to rotating the AO axis from point P to point Q by
an angle G, which is determined by the phase retardation of the uniaxial film as expressed in Equation
(8.16). From the definition of a spherical triangle, the spherical angle PAQ is equal to the rotation angle
G. It should be pointed out that if the uniaxial film has a positive birefringence ðDn ¼ ne � no > 0Þ, then
the above-mentioned rotation from point P to point Q is clockwise; otherwise, the rotation is
counterclockwise if the uniaxial layer has a negative birefringence ðDn< 0Þ.
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For an a film, its optic axis lies in the plane parallel to the film surface. When an observer views the LCD
panel from different azimuthal and polar angles, the effective optic axis on the wave plane will change
with the viewing direction. As a result, its position on the equator of the Poincaré sphere will also change
accordingly. On the other hand, a c film’s optic axis is perpendicular to the film surface. When an
observer views the panel from different azimuthal and polar angles, the effective optic axis on the wave
plane always forms 908 with respect to the horizontal reference. Therefore, its position on the Poincaré
sphere is always the intersection of the equator and negative S1 axis, which is denoted as point C in
Figure 8.9.

8.3.7 Light leakage of crossed polarizers at oblique view

Considering a pair of crossed sheet polarizers with their absorption axes perpendicular to each other, the
effective angle between their respective absorption axes varies with different viewing directions.
Figure 8.10 shows the case when oblique light traverses through two sheet polarizers. The polarizer’s
absorption axis OM makes an angle f1 with respect to the x axis in the x–y plane, while the analyzer’s
absorption axis ON is oriented at angle f2. The shaded triangle OAB in Figure 8.10 denotes the plane of
incidence. The light beam, denoted by the wavevector OK, propagates at azimuthal angle fk and polar
angle yk inside the sheet polarizer.

(1) Effective polarizer angle on the wave plane

Although these two linear polarizers form an angle ðf2 � f1Þ in the x–y plane, their projections on the
wave plane, however, form another angle MKN, as Figure 8.10 plots. Let us call this angle MKN the
effective polarizer angle on the wave plane, which is expressed as j hereafter. The extinction ratio of the
crossed polarizers depends on this effective polarizer angle j on the wave plane, rather than the
absorption axes angle in the x–y plane.

Based on the dot product of vectors, the effective polarizer angle j can be expressed as [31]:

j ¼ cos�1 cosðf2 � f1Þ � sin2yk cosðf1 � fkÞ cosðf2 � fkÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� sin2yk cos2ðf1 � fkÞ

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� sin2yk cos2ðf2 � fkÞ
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Figure 8.9 Schematic diagram of Poincaré sphere representation and the effect of uniaxial medium

on the polarization state change of polarized incident light
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where fk ¼ f0 and yk ¼ sin�1ðsin y0=n pÞ. Here n pð� 1:5Þ is the average real refractive index of the

sheet polarizer, and f0 and y0 are the azimuthal and incident angles of the incident light measured in air,

respectively. In a LCD employing crossed polarizers, the absorption axes of the polarizer and the

analyzer are perpendicular to each other. If we set f1 ¼ 45� andf2 ¼ �45�, then the effective polarizer

angle j can be rewritten as

j ¼ cos�1 �sin2 yk cosðp=4� fkÞ cosðp=4þ fkÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� sin2 yk cos2ðp=4� fkÞ

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� sin2 yk cos2ðp=4þ fkÞ

q
2
64

3
75 (8.20)

As quick verification, under normal view ðyk ¼ 0�Þ, the effective polarizer angle j equals 908, which is

identical to the absorption axes angle in the x–y plane, i.e., f2 � f1 ¼ 90�.
To find the tendency of j when the azimuthal angle f0ð¼ fkÞ changes, let us take the first-order

derivative of j with respect to fk and obtain

@j
@fk

¼ � sin2 yk cos yksin 2fk

cos2 yk þ¼ sin4 yk cos22fk

(8.21)

Apparently, when fk ¼ f0 ¼ 0�, 908, 1808, and 2708, the effective polarizer angle j reaches extrema.

The second-order derivative

@2j

@f2
k

¼ � 2sin2 yk cos yk cos 2fk

cos2 yk þ¼ sin4 yk cos2 2fk

� sin6 yk cos yk sin2 2fk cos 2fk

ð cos2 yk þ¼ sin4 yk cos2 2fkÞ2
(8.22)

further reveals that j reaches maxima at fk ¼ f0 ¼ 0� and 1808 and minima at fk ¼ f0 ¼ 90� and

2708. By substituting fk ¼ f0 ¼ 270� into Equation (8.20), we derive the effective polarizer angle j
at the lower bisector viewing position:

j ¼ cos�1
sin2y0=n2

p

2� sin2y0=n2
p

 !
(8.23)

where y0 is the incident angle measured in air and np is the average real refractive index of the sheet

polarizer.
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Figure 8.10 Schematic view of the effective polarizer angle ’ of two sheet polarizers on the wave

plane of oblique incident light
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Figure 8.11(a) plots the dependence of effective polarizer angle j on viewing polar angle y0 and
azimuthal angle f0 as calculated from Equation (8.20). In the calculations, the average real refractive
index of the sheet polarizer is taken to be np¼ 1.5. From Figure 8.11(a), at off-axis viewing directions,
the effective polarizer angle j deviates from 908. Especially in all the bisector viewing directions, i.e.,
f0 ¼ 0�, 908, 1808, and 2708, the effective polarizer angle j deviates the farthest from 908 and reaches
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either maxima or minima. By contrast, in all on-axis viewing directions, i.e., f0 ¼ 45�, 1358, 2258, and
3158, the effective polarizer angle j equals 908, the same as the normal view.

The effective polarizer angle deviating from 908 at off-axis viewing directions causes dark-state light
leakage which, in turn, degrades the device CR. As a typical example, Figure 8.11(b) shows the dark-
state light leakage of crossed polarizers calculated by the extended Jones matrix method. In the
calculation, both sheet polarizers are treated as anisotropic uniaxial media with complex refractive
indices ne ¼ 1:5þ i0:0022 and no ¼ 1:5þ i0:000032. As Figure 8.11(b) shows, the light leakage
reaches maxima at the bisector viewing directions, i.e.,f0 ¼ 0�, 908, 1808, and 2708.

(2) Crossed polarizers on Poincaré sphere

The dark-state light leakage of crossed polarizers can also be well explained on the Poincaré sphere, as
shown in Figure 8.12(a) and (b). To facilitate the representation on the Poincaré sphere, we still set
f1 ¼ 45� and f1 ¼ �45�, keeping the absorption axes of these two sheet polarizers perpendicular to
each other in the x–y plane. Figure 8.12(a) represents the view from the normal direction, while Figure
8.12(b) stands for an oblique view from the lower bisector, i.e., f0 ¼ 270�. In both figures, points P and
A represent the effective absorption axis positions of polarizer and analyzer on the wave plane,
respectively. The polarization state of the linearly polarized light after the polarizer, which is denoted by
point T, is always orthogonal to the absorption axis of the polarizer on the wave plane. Therefore, on the
Poincaré sphere, points T and P are always located on opposite sides along the diameter of the sphere.

As shown in Figure 8.12(a), under normal view the absorption axes of polarizer (point P) and analyzer
(point A) are located at 908 and �908 on the equator of the Poincaré sphere, respectively. Point T, the
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Figure 8.12 Demonstration of crossed polarizers on Poincaré sphere under (a) normal view and

(b) oblique view at the lower bisector position f0 ¼ 270�. Here the absorption axes of polarizer

and analyzer are set at f1 ¼ 45� and f2 ¼ �45�, respectively
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polarization state of the linearly polarized light after the polarizer, exactly overlaps point A, the
absorption axis of the analyzer, resulting in complete light absorption and no light leakage from the
normal viewing direction.

However, under oblique view from the lower bisector direction f0 ¼ 270�, the effective absorption
axis positions of both polarizer and analyzer move toward the horizontal reference. Accordingly, from
the lower bisector viewing direction f0 ¼ 270�, the effective polarizer angle j becomes less than 908 as
illustrated in Figure 8.11(a). As a result, on the Poincaré sphere, points P and A are no longer located on
the S2 axis. Instead, point P is located between the S1 and S2 axes, while point A is located between the S1

and negative S2 axes, as Figure 8.12(b) shows. Moreover, point P is symmetric to point A about the S1

axis, and angle POA is twice the effective polarizer angle j, i.e. ffPOA ¼ 2j. Meanwhile, point T,
representing the polarization state of light after the polarizer, is on the other end of the diameter passing
through point P. Therefore, point T also deviates from the negative S2 axis and is located symmetrically
to point A with respect to the negative S2 axis. Because point T no longer overlaps with point A, light
leakage occurs from the bisector viewing direction of the crossed polarizers.

It is easy to determine the relationship ffTOA ¼ p� 2j from Figure 8.12(b). The larger the angle
TOA is, the more severe the light leakage becomes. Since the effective polarizer angle j deviates the
farthest from 908 at all bisector viewing positions, the light leakage at bisectors is the severest, as
depicted in Figure 8.11(b). If we can suppress the light leakage for all the bisector positions, the viewing
angle of the LCD will be significantly enhanced. Thus, the goal of WV LCDs, which incorporate
compensation films into the panel design, is to move point T to point A to minimize the light leakage
from the analyzer. The introduced compensation film should improve the off-axis viewing performance
but not affect the on-axis viewing performance.

In the following sections, let us analyze the compensation schemes of two uniaxial film-compensated
WV LCDs and derive the analytical solutions for each scheme. In the WV LCDs with initially
homogeneous alignment, such as IPS and FFS modes, let us assume that the stripe electrodes are in
the bottom substrate and the electric fields are in the longitudinal direction. As the applied voltage
exceeds the threshold voltage, i.e., V>Vth, the LC directors are gradually twisted from the anchored
bottom boundary layer to the middle and then twisted back from the middle to the top (unaffected)
boundary layer. Although the FFS mode can achieve a higher optical efficiency than the IPS mode,
their viewing angle performances are quite similar. For benchmarking, Figure 8.13 plots the calculated
iso-contrast contours of an uncompensated IPS LCD. In the calculation throughout this section, unless
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otherwise stated, we assume that at bright state the middle layer LC directors are twisted by 458 with
respect to both boundary layers. Other parameters employed in simulations are listed in Table 8.2.

From Figure 8.13, without compensation films the IPS viewing angle at bisectors f0 ¼ 0�, 908, 1808,
and 2708 are relatively poor. At bisectors, the 10:1 CR only extends to �708 polar angle. This is due to
the large dark-state light leakage at these bisector positions, as depicted in Figure 8.11(b).

In the following, we use the IPS LCD as an example to demonstrate two compensation schemes and
provide for each scheme a comprehensive analytical solution. These compensation schemes are equally
applicable to FFS LCDs.

8.3.8 IPS with a positive a and a positive c film

Figure 8.14(a) shows the device configuration of an IPS LCD using one positive a film and one positive c

film for phase compensation. As shown in Figure 8.14(a), a positive c film and a positive a film are
sandwiched between the analyzer and the homogeneous LC layer. More specifically, the positive a film,
whose optic axis is oriented parallel to the absorption axis of the polarizer, is adjacent to the analyzer.
Figure 8.14(b) explains the compensation principle on the Poincaré sphere when the observer views the
panel from an oblique angle at the lower bisector position f0 ¼ 270�.

The detailed compensation mechanism is explained as Figure 8.14(b) shows. When the unpolarized
light from the backlight unit traverses the polarizer (point P), it becomes linearly polarized, and its
polarization state is located at point T, which deviates from the absorption axis of the analyzer (point A).
When such linearly polarized light (point T) passes through the homogenous LC layer, whose position
on the Poincaré sphere overlaps with point P, the linear polarization state still remain the same (point T).
Then, the linearly polarized light (point T) successively passes through the positive c film and the
positive a film, whose effective optic axis positions on the Poincaré sphere are points C and P,
respectively. When the linearly polarized light (point T) passes through the positive c film, its
polarization state is rotated from point T to point E clockwise around the CO axis. This intermediate
polarization state (point E), in general, is elliptical. By properly choosing the phase retardation values of

Table 8.2 Parameters used in simulating the IPS LCD viewing angle performance

Parameters Description Values

dLC Cell gap 4mm

y pretilt Surface tilt angle 18
nLC,e ne of LC material 1.5649

nLC,o no of LC material 1.4793

np,e ne of sheet polarizer (complex) 1.5þi0.0022

np,o no of sheet polarizer (complex) 1.5þi0.000032

ncþ,e ne of positive c film 1.5110

ncþ,o no of positive c film 1.5095

nc�,e ne of negative c film 1.5095

nc�,o no of negative c film 1.5110

naþ,e ne of positive a film 1.5110

naþ,o no of positive a film 1.5095

na�,e ne of negative a film 1.5095

na�,o no of negative a film 1.5110

f1 Absorption axis of polarizer 458
f2 Absorption axis of analyzer �458 (or 1358)
l Wavelength of incident light 550 nm

216 TRANSMISSIVE LIQUID CRYSTAL DISPLAYS



the positive a and c films, we can always fulfill the following goal: when the elliptically polarized light
(point E) passes through the positive a film, the polarization state can be rotated clockwise around the
PO axis so that point E is moved to point A. As a result, at V¼ 0 the light is completely absorbed by the
analyzer (point A) leading to a good dark state even when viewed from an oblique angle at the bisectors.

To reach the above-mentioned objective, we can easily determine from Figure 8.14(b) that the
following two requirements must be satisfied: (1) the arc TE should be equal to the arc TA, and (2) the
arc TC should be equal to the arc EC. Besides, from Figure 8.14(b) we can also obtain
ffPOB ¼ ffAOB ¼ j; TA ¼ p� 2j; and TC ¼ j. Based on spherical trigonometry, we can find
the following relationships from the spherical triangles CTE and TEA:

ffTCE ¼ 2sin�1ðctgjÞ (8.24a)

ffCTE ¼ cos�1ðctg2jÞ (8.24b)

ffATE ¼ p� ffCTE (8.24c)

where j, determined by Equation (8.23), is the effective polarizer angle on the wave plane from the
lower bisector viewing position f0 ¼ 270�.
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Since the required positive c film’s phase retardation Gcþ equals the spherical angle ffTCE, the
required positive c film’s thickness dcþ can be derived from (8.18) and (8.24a) as

dcþ ¼ l
sin�1ðctgjÞ=p

ncþ;o

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� sin2y0

n2
cþ;e

s
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� sin2y0

n2
cþ;o

s ! (8.25)

On the other hand, the required positive a film’s phase retardation Gaþ equals the spherical angle
ffATE. Thus from (8.17), (8.24b), and (8.24c) we can derive the required positive a film’s thickness daþ

as

daþ ¼ l
½� cos�1ðctg2jÞ=2p

naþ;e

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� sin2y0

2n2
aþ;e

� sin2y0

2n2
aþ;o

s
� naþ;o

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� sin2y0

n2
aþ;o

s (8.26)

In the derivation of Equation (8.26), we substitute fn ¼ 45� and f0 ¼ 270� into Equation (8.17) because the

positive a film’s optic axis is oriented in the 458 direction, as Figure 8.14(a) shows, and the viewing direction

is at the f0 ¼ 270� azimuthal angle.

As we can see from Equations (8.23), (8.25), and (8.26), the required film thickness depends on the
incident angle y0, the film’s refractive indices ncþ,e, ncþ,o, naþ,e, and naþ,o, and the polarizer’s average
real refractive index np. Therefore, once we know both the films’ and polarizer’s refractive indices, and
the intended viewing angle (i.e., incident angle), we can determine the required film thickness from
(8.23), (8.25), and (8.26). For instance, if we set y0 ¼ 70� as the intended viewing angle where we would
like to optimize our LCD designs, and use the parameters listed in Table 8.2, then we can calculate the
required film thicknesses from Equations (8.25) and (8.26). The results are dcþ ¼ 60:09mm

and daþ ¼ 92:59 mm. Based on these film thicknesses, Figure 8.15 depicts the calculated iso-contrast
contour of an IPS LCD with one positive a film and one positive c film for phase compensation.
Comparing Figure 8.15 to Figure 8.13, we can clearly see that the viewing angle performance at off-axis
viewing directions, especially the bisector positions f0 ¼ 0�, 908, 1808, and 2708, is dramatically
improved. Meanwhile, the CR at on-axis viewing directions f0 ¼ 45�, 1358, 2258, and 3158 remain
unchanged.

This compensation scheme can also be modified by exchanging the positions of the positive c film and
a film, as shown in Figure 8.16(a). Different from Figure 8.14(a), the positive a film is now adjacent to
the LC layer and its optic axis is parallel to the absorption axis of the analyzer. The compensation
principle is demonstrated in Figure 8.16(b). When the linearly polarized light (point T) passes through
the positive a film, the polarization state is rotated clockwise around the AO axis so that point T is moved
to point E. Now the intermediate state (point E) is located on the upper hemisphere. The role of the
positive c film is to rotate point E to point A clockwise around the CO axis. Although the process of
polarization state change is different, the required film thicknesses are still identical to those of the
previous case as determined by Equations (8.25) and (8.27). The viewing angle is very similar to that
shown in Figure 8.15.

As shown in Figure 8.15, the viewing angle is not very symmetric, although the CR of this
compensation scheme exceeds 100:1 at any viewing directions. This is because the intermediate state
(point E) is not located on the great circle passing through the S2 and S3 axes, as shown in Figures 8.14(b)
and 8.16(b). To get a more symmetric viewing angle, it is essential to locate the intermediate state on the
great circle which passes through the S2 and S3 axes and bisects the arc TA, as will be discussed in the
following example.
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8.3.9 IPS with a positive a and a negative a film

Figure 8.17(a) shows the device configuration of an IPS LCD with one positive a film and one negative a

film [32,33]. As shown in the figure, a positive a film and a negative a film are sandwiched between the
LC layer and the analyzer, with the positive a film adjacent to the LC layer. More specifically, the optic
axis of the positive a film is parallel to the absorption axis of the analyzer, while the optic axis of the
negative a film is parallel to the absorption axis of the polarizer. Figure 8.17(b) explains the
compensation principle on the Poincaré sphere when the observer views the panel from an oblique
angle at the lower bisector position, i.e., f0 ¼ 270�.

The detailed compensation mechanism is explained as Figure 8.17(b) demonstrates. When the
unpolarized light from the backlight penetrates the polarizer (point P), it becomes linearly polarized and
its polarization state is located at point T, which deviates from the absorption axis of the analyzer (point
A). When such linearly polarized light (point T) passes through the homogenous LC layer, whose
position on the Poincaré sphere overlaps with point P, the linear polarization state remains the same
(point T). Then, the linearly polarized light (point T) successively passes through the positive a film and
the negative a film, whose positions on the Poincaré sphere are points A and P, respectively. When the
linearly polarized light (point T) passes through the positive a film, its polarization state is rotated
clockwise from point T to point E around the AO axis. This intermediate polarization state (point E), in
general, is an elliptical polarization state. By properly choosing the phase retardation values of both
positive a film and negative a film, we should be able to rotate point E to point A counterclockwise
around the PO axis. As a result, in the voltage-off state the light is completely absorbed by the analyzer
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Figure 8.17 (a) Device structure and (b) compensation principle of an IPS LCD with compensation

of one positive a film and one negative a film
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(point A) and a very good dark state is achieved even when viewed from an oblique angle at the bisector
positions.

To reach this objective, we can easily determine from Figure 8.17(b) that the following two
requirements must be satisfied: (1) the arc EA should be equal to the arc TA; and (2) the arc TA
should be equal to the arc TE. In other words, the spherical triangle ETA should be an equilateral
spherical triangle. In addition, from the Poincaré sphere we can also obtain ffPOB ¼ ffAOB ¼ j and
TA ¼ p� 2j. Based on spherical trigonometry, the following relationship from the equilateral
spherical triangle ETA can be derived:

ffETA�ffEAT ¼ cos�1ð�ctgj � ctg2jÞ (8.27)

wherej, determined by Equation (8.23), is the effective polarizer angle on the wave plane from the lower

bisector viewing position, i.e., f0 ¼ 270�.
Since the required positive a film’s phase retardation Gaþ equals the spherical angle EAT, the

required positive a film’s thickness daþ can be expressed from Equations (8.17) and (8.27) as

daþ ¼ l
cos�1ð�ctgj � ctg2jÞ=2p

naþ;e

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� sin2y0

2n2
aþ;e

� sin2y0

2n2
aþ;o

s
� naþ;o

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� sin2y0

n2
aþ;o

s (8.28)

In the derivation of Equation (8.28), we substitutefn ¼ �45� andf0 ¼ 270� into Equation (8.17) because the

positive a film’s optic axis is oriented in the�458 direction, as Figure 8.17(a) shows, and the viewing direction is

from the f0 ¼ 270� azimuthal angle.

Similarly, the negative a film’s phase retardation Ga� is equal to the negative spherical angle ETA,
i.e., Ga� ¼ �ffETA. Here the minus sign denotes that the phase retardation of the negative a film is
negative and the rotation around the PO axis from point E to point A is counterclockwise. Thus, from
Equations (8.17) and (8.27) we can obtain the negative a film’s thickness da� as

da� ¼ �l
cos�1ð�ctgj � ctg2jÞ=2p

na�;e

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� sin2y0

2n2
a�;e

� sin2y0

2n2
a�;o

s
� na�;o

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� sin2y0

n2
a�;o

s (8.29)

In the derivation of Equation (8.29), we substitute fn ¼ 45� and f0 ¼ 270� into Equation (8.17) because the

negative a film’s optic axis is oriented in the 458 direction, as Figure 8.17(a) shows, and the viewing direction

is from the f0 ¼ 270� azimuthal angle.

From Equations (8.23), (8.28), and (8.29), the required film thicknesses depend on the incident angle
y0, the film’s refractive indices naþ,e, naþ,o, na�,e, and na�,o, and the polarizer’s average real refractive
index np. Therefore, once we know both the films’ and polarizer’s refractive indices as well as the
intended viewing angle for LCD optimization, we can determine the required film thickness from
Equations (8.23), (8.28), and (8.29). By using the parameters listed in Table 8.2 and choosing y0 ¼ 70�,
the required film thicknesses as calculated from Equations (8.28) and (8.29) are daþ ¼ 61:38mm and
da� ¼ 61:37 mm. Based on these film thicknesses, Figure 8.18 plots the calculated iso-contrast contour of
the IPS LCD with one positive a film and one negative a film. Comparing Figure 8.18 to Figure 8.13, we
can see clearly that the viewing characteristic at off-axis directions, especially the bisector positions
f0 ¼ 0�, 908, 1808, and 2708, is dramatically improved. In the meantime, the CR along the horizontal
and vertical axes (f0 ¼ 45�, 1358, 2258, and 3158) remain unchanged.

The positions of the positive a film and the negative a film shown in Figure 8.17(a) are exchangeable.
Simulation results indicate that the required film thicknesses remain the same. The Poincaré representa-
tion is still similar except that the intermediate polarization state (point E) is on the lower hemisphere.
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The required film thickness daþ and da� are still the same as obtained in Equations (8.28) and (8.29). And
finally, the viewing angle performance is almost identical to that shown in Figure 8.18.

As shown in Figure 8.18, the CR exceeds 200:1 from all viewing directions. This viewing angle is
more symmetric than that shown in Figure 8.15 using one positive a film and one positive c film for
compensation. This is due to the fact that in this compensation scheme, the intermediate state (point E) is
located on the great circle which passes through the S2 and S3 axes and bisects the arc TA. Another
advantage of this compensation scheme is that it requires only uniaxial a films but does not require any c

film or biaxial film. Since a film has a lower cost than c film and biaxial film, this compensation scheme
has potentially low cost while providing excellent viewing characteristics.

8.3.10 Color shift

Color shift is another important issue for LCDs. In the IPS mode, a yellowish color shift occurs at the
f ¼ 45� azimuthal angle and a bluish color shift occurs at f ¼ �45� due to the phase retardation
difference. To suppress color shift, a chevron-shaped electrode similar to a two-domain structure has
been proposed [34, 35]. Each pixel is divided into two domains where the LC directors face opposite
directions and the color shift is compensated effectively.

8.4 VA Mode

Also called homeotropic alignment [36], VA is another common LC mode for direct-view transmissive
and reflective projection displays. VA exhibits the highest CR among all the LC modes developed.
Moreover, its CR is insensitive to the incident light wavelength, LC layer thickness, and operating
temperature. Both projection [37,38] and direct-view displays using homeotropic LC cells [39,40] have
been demonstrated. Besides the CR, the homeotropic cell also exhibits a faster response time than its
corresponding homogeneous or TN cell. Two factors contributing to the faster response time are elastic
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constant and cell gap. To achieve 1p phase retardation for a transmissive display, the required dDn for
homogeneous and homeotropic cells is the same, i.e., dDn ¼ l=2. However, for a 908 TN cell, the
required dDn ¼ 0:866l. On the other hand, the governing elastic constant for homogeneous, twisted, and
homeotropic cells are splay (K11), twist (K22), and bend (K33), respectively. From the elastic constant
viewpoint, the order K33>K11>K22 holds for most LC mixtures. The response time of a LC layer is
proportional to g1d2=Kp2, where g1 is the rotational viscosity and K is the corresponding elastic
constant. Therefore, the homeotropic cell has a superior response time and CR among the three cells.
This has been proven by some wide-angle direct-view displays employing the homeotropic cell [41, 42].

One requirement of a VA cell is in the need for high-resistivity LC mixtures having negative dielectric
anisotropy. High resistivity is required for active matrix LCDs in order to avoid image flickering.
Negative De is required for obtaining useful electro-optical effects. To obtain negative De LCs, the
dipoles, in particular the fluoro groups, need to be in the lateral positions. Significant progress in material
development has been achieved in the past decade. Nevertheless, the selection of negative De LC
compounds is still far below that of positive ones. Furthermore, the lateral dipole groups often exhibit a
higher viscosity than the axial compounds due to the larger moment of inertia.

8.4.1 Voltage-dependent transmittance

Figure 8.19 shows the voltage-dependent optical transmittance of a VA cell with dDn ¼ 350 nm between
crossed polarizers. For computer calculations, a single domain VA cell employing a Merck high-
resistivity MLC-6608 LC mixture is considered. Some physical properties of MLC-6608 can be
summarized as follows: ne¼ 1.558, no¼ 1.476 (at l ¼ 589 nm and T¼ 208C); clearing temperature
Tc¼ 908C; dielectric anisotropy De ¼ �4:2; and rotational viscosity g1 ¼ 186 mPa s at 208C. In
principle, to obtain 100% transmittance for a transmissive VA cell only requires dDn� l=2. Since
the human eye is most sensitive to green (l ¼ 550 nm), the required dDn is around 275 nm. However,
this is the minimum dDn value required because under such conditions the 100% transmittance would
occur at V�Vth. Due to the finite voltage swing from TFT (usually below 6 Vrms), the required dDn
should be increased to � 0:6l, i.e., dDn� 330 nm.
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From Figure 8.19, an excellent dark state is observed at normal incidence. As the applied voltage
exceeds the Freedericksz threshold voltage (Vth� 2:1 Vrms), LC directors are reoriented by the applied
electric field resulting in light transmission from the crossed analyzer. At �6 Vrms, the normalized
transmittance reaches 100% for the green light (l ¼ 550 nm).

8.4.2 Optical response time

When the backflow and inertial effects are ignored, the dynamics of the LC director reorientation is
described by the following Erickson–Leslie equation [9,10]:

ðK11 cos2fþ K33 sin2fÞ @
2f
@z2
þ ðK33 � K11Þ sinf cosf @f

@z

� �2

þ eoDeE2 sinf cosf ¼ g1

@f
@t

ð8:30Þ

where g1 is the rotational viscosity, K11 and K33 represent the splay and bend elastic constants,

respectively, eoDeE2 is the electric field energy density, De is the LC dielectric anisotropy, and f is

the tilt angle of the LC directors. In general, Equation (8.30) can only be solved numerically. However,

when the tilt angle is small (sinf�f) and K33�K11 (the so-called small-angle and single elastic

constant approximation), the Erickson–Leslie equation is reduced to

K33
@2f
@z2
þ eoDeE2f ¼ g1

@f
@t

(8.31)

Under such circumstances, both rise time and decay time have simple analytical solutions [43]:
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(8.32b)

Here, both rise time and decay time are defined as transmittance (under crossed polarizers) changes

from 10% to 90%. In these equations, to is the LC director reorientation time (1! 1=e) and do is the

net phase change from a bias voltage V ¼ Vb to V ¼ 0:

to ¼
g1d2

K33p2
(8.33)

Equation (8.33) correlates the optical rise time and decay time to the LC director reorientation time

(to). Basically, it is a linear relationship except for the additional logarithmic term of the phase

dependence.

8.4.3 Overdrive and undershoot voltage method

From Equation (8.32), the rise time depends on the applied voltage (V), especially near the threshold
region. Let us use a normal-black VA cell as an example. Typically, the cell is biased at a voltage (Vb)
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which is slightly below Vth in order to reduce the delay time incurred during the rise period and to keep a
high CR. For some intermediate gray levels, the applied voltage is only slightly above Vth. Under such
circumstances, the rise time would be very slow. To overcome this, we could apply a high voltage for a
short period and then hold the transmittance at the desired gray level, as shown in Figure 8.20. This is the
so-called overdrive voltage method [44]. Meanwhile, during the decay period, the voltage is turned off
for a short period and then a small holding voltage is applied to keep the LC at the desired gray level. This
is the undershoot effect [45]. With voltage overdrive and undershoot, the LC response time can be
reduced by two to three times.

8.5 MVA Cells

Single domain VA has been used extensively in LCoS [46, 47] for projection displays because of its
excellent CR. However, for direct-view display the single domain VA has a relatively narrow viewing
angle. To widen the viewing angle, MVA has been developed. Fujitsu has developed protrusion-type
MVA [48, 49] and Samsung has developed patterned vertical alignment (PVA) [50,51] using slits to
generate fringing fields. The operating mechanisms are alike, but PVA does not require any physical
protrusions so its CR is higher.

For simplicity, but without loss of generality, let us assume that in each pixel the LC directors form a
four-domain orientation profile, as Figure 8.21(a) shows. Figure 8.21(b) depicts the calculated voltage-
dependent transmittance curve of a typical MVA LCD using Merck MLC-6608 LC material whose
parameters are listed in Table 8.3. Here, the absorption loss of polarizers has been taken into
consideration. In film-compensated MVA cells, the refractive indices of the uniaxial films and polarizers
are still the same as those listed in Table 8.2.
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Figure 8.22 shows the calculated iso-contrast contour of the four-domain MVA LCD without film
compensation. In the CR calculation, we first use continuum theory [52] to calculate the LC director
distribution at Von ¼ 5 Vrms and Voff ¼ 0, respectively, then use the extended Jones matrix to calculate
the optical transmittance for each domain, and finally average up all four domains.

Table 8.3 Parameters used in simulating the MVA LCD viewing angle performance

Parameters Description Values

dLC Cell gap 4.6 mm

ypretilt Surface tilt angle 898
nLC,e ne of LC material MLC-6608 1.5606

nLC,o no of LC material MLC-6608 1.4770

f1 Absorption axis of polarizer 458
f2 Absorption axis of analyzer �458 (or 1358)
l Wavelength of incident light 550 nm
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Figure 8.21 (a) Schematic top view of the four-domain LC director distribution in the voltage-on

state, and (b) the voltage-dependent transmittance curve of a MVA LCD

226 TRANSMISSIVE LIQUID CRYSTAL DISPLAYS



From Figure 8.22, without compensation films the viewing angle of the four-domain MVA cell at the
bisector positions f0 ¼ 0�, 908, 1808, and 2708 is very poor. At these bisectors, the 10:1 CR only extends
to �308 polar angle. Two factors contribute to the narrow viewing angle: (1) the absorption axes of the
crossed polarizers are no longer perpendicular to each other at off-axis oblique viewing directions; and
(2) the vertically aligned LC layer behaves as a c film, which imposes a phase retardation on the
obliquely incoming linearly polarized light and modulates its polarization state. The phase retardation
GLC, which is induced by the vertically aligned LC layer at oblique incident light, can be easily obtained
from Equation (8.16) as

GLC ¼
2p
l

nLC;odLC

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� sin2y0

n2
LC;e

s
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� sin2y0

n2
LC;o

s !
(8.34)

From Equation (8.34), GLC depends on the incident angle y0, the LC refractive indices nLC,e and nLC,o,

and the LC layer’s thickness dLC. As an example, at incident angle y0 ¼ 70� the corresponding GLC,

calculated from the parameters listed in Table 8.3, is 0.664p radians. Equation (8.34) will be frequently

referred to in this section.

In the following, we use the four-domain MVA LCD as an example to demonstrate some uniaxial film
compensation schemes and provide each scheme with a comprehensive analytical solution. All of these
compensation schemes are equally applicable to PVA mode LCDs.

8.5.1 MVA with a positive a and a negative c film

Figure 8.23(a) shows the schematic device configuration of a MVA LCD with one positive a film and
one negative c film. As shown in the figure, the positive a film and the negative c film are sandwiched
between the polarizer and the MVA LC layer. More specifically, the optic axis of the positive a film is
parallel to the absorption axis of the analyzer. Figure 8.23(b) explains the compensation principle on the
Poincaré sphere when the observer views the panel from an oblique angle at the lower bisector position
f0 ¼ 270�.
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Figure 8.22 Simulated iso-contrast contour of a typical four-domain MVA LCD under l ¼ 550 nm
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The detailed compensation mechanism is explained using the Poincaré sphere shown in Figure 8.23(b).
When the unpolarized light from the backlight source passes the polarizer (point P), it becomes linearly
polarized and its polarization state is located at point T, which deviates from the absorption axis of the
analyzer (point A). Then, such linearly polarized light (point T) successively passes through the positive
a film and the negative c film, whose positions on the Poincaré sphere are points A and C, respectively.
When the linearly polarized light (point T) passes through the positive a film, its polarization state is
rotated clockwise from point T to point E around the AO axis. Point E is the first intermediate
polarization state, which, in general, is elliptical. When this elliptically polarized light traverses the
negative c film, its polarization state is rotated counterclockwise from point E to point F around the CO
axis. Point F is the second intermediate polarization state, which is also elliptical. Then, this second
intermediate elliptically polarized light passes through the unactivated MVA LC layer, whose position
on the Poincaré sphere overlaps with point C. Let us assume that we can find the proper phase
retardations of the positive a film and negative c film such that when the second intermediate elliptically
polarized light passes through the unactivated MVA LC layer its polarization state is rotated clockwise
from point F to point A around the CO axis. Consequently, at V ¼ 0 the light is completely absorbed by
the analyzer (point A) and a good dark state is achieved even when viewed from the oblique angle at the
bisector positions.

To reach this objective, we can readily determine from Figure 8.23(b) that the following three
requirements must be satisfied: (1) the arc EA should be equal to the arc TA; (2) the arcs AC, EC, and
FC all should be equal to each other; and (3) the spherical angle ACF is the sum of the spherical angles
ACE and ECF. Further, from Figure 8.23(b), we also find that ffPOB ¼ ffAOB ¼ j, TA ¼ p� 2j, and
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Figure 8.23 (a) Device structure and (b) compensation principle of a MVA LCD using one positive

a film and one negative c film
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AC ¼ p� j. Based on spherical trigonometry, we can derive the following relationships from the
spherical triangles CAE and CAF:

ffEAC ¼ cos�1ð�ctg2jÞ (8.35)

ffACE ¼ 2 sin�1ðctgjÞ (8.36)

where j, determined by Equation (8.23), is the effective polarizer angle on the wave plane from the

lower bisector viewing position f0 ¼ 270�.
Since the required positive a film’s phase retardation Gaþ equals the spherical angle EATð¼ ffEACÞ,

the positive a film’s thickness daþ is found from Equations (8.16) and (8.35) to be

daþ ¼ l
cos�1ð�ctg2jÞ=2p

naþ;e
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2n2
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� sin2y0

2n2
aþ;o

s
� naþ;o

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� sin2y0

n2
aþ;o

s (8.37)

In the derivation of Equation (8.37), we substitute fn ¼ �45� and f0 ¼ 270� into Equation (8.16)

because the positive a film’s optic axis is oriented in the �458 direction, as Fig 8.23(a) shows, and the

viewing direction is from the f0 ¼ 270� azimuthal angle.

On the other hand, the required negative c film’s phase retardation Gc� equals the negative spherical
angle ECF, i.e., Gc� ¼ �ffECF ¼ ffACE� ffACF. The spherical angle ACF is equal to the unactivated
MVA LC layer’s phase retardation GLC as shown in Equation (8.34). This is because the function of the
unactivated MVA LC layer is to rotate clockwise around the CO axis from point F to point A. Thus, from
Equations (8.18) and (8.36) we can obtain the required negative c film’s thickness dc� as

dc� ¼ l
½2 sin�1ðctgjÞ � GLC�=2p

nc�;o

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� sin2y0

n2
c�;e

s
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� sin2y0

n2
c�;o

s ! (8.38)

where GLC is given by Equation (8.34).

As we can see from Equations (8.23), (8.34), (8.37), and (8.38), for a given MVA LC cell, the required
film thicknesses depend on the incident angle y0, the film’s refractive indices nc�;e, nc�;o, naþ;e, and naþ;o,
and the polarizer’s average real refractive index np. Therefore, once we know both the films’ and
polarizer’s refractive indices as well as the intended viewing angle or incident angle for LCD optimization,
we can determine the compensation films’ thickness from Equations (8.23), (8.34), (8.37), and (8.38). For
example, if we want to optimize the LCD viewing angle at y0 ¼ 70�, then we can plug the parameters
listed in Tables 8.2 and 8.3 into Equations (8.37) and (8.38) and find daþ ¼ 92:59mm and
dc� ¼ 186:08mm. Based on the obtained film thicknesses, Figure 8.24 depicts the calculated iso-contrast
contour of an MVA LCD compensated by one positive a film and one negative c film. Comparing
Figure 8.24 to Figure 8.22, we can clearly see that the viewing angle performance at off-axis viewing
directions, especially the bisector positions f0 ¼ 0�, 908, 1808, and 2708, is dramatically improved. In the
meantime, the CR at on-axis viewing directions (f0 ¼ 45�, 1358, 2258, and 3158) remain the same.

This compensation scheme can be modified by exchanging the positions of the negative c film and the
MVA LC layer. In other words, the incident light passes through the MVA LC layer first before it enters
the negative c film. In this case, the required film thickness can still be determined by Equations (8.37)
and (8.38), and the resultant viewing angle performance is nearly identical to Figure 8.24.

In addition, this compensation scheme can be further modified by placing the positive a film and
negative c film between the MVA LC layer and the analyzer, as Figure 8.25(a) shows. Different from
Figure 8.23(a), the positive a film is now adjacent to the analyzer and its optic axis is perpendicular to the
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absorption axis of the analyzer. Figure 8.25(b) shows the compensation principle of the modified device.
Following the same procedures, we can readily determine from Figure 8.25(b) that the required film
thicknesses are identical to Equations (8.37) and (8.38). The resultant viewing angle is almost the same
as that plotted in Figure 8.24.

As shown in Figure 8.24, with film compensation the 100:1 CR barely exceeds � 75� polar angle.
This viewing angle performance is not as good as that of the IPS LCDs described in Section 8.3. This is
due to the fact that the intermediate states, points E and F, are not located on the great circle which passes
through the S2 and S3 axes.

In the next example, we will describe a compensation scheme in which the intermediate states are
located on the great circle passing through the S2 and S3 axes and bisecting the arc TA.

8.5.2 MVA with a positive a, a negative a, and a negative c film

Figure 8.26(a) shows the schematic device configuration of a MVA LCD with one positive a film, one
negative a film, and one negative c film. As shown in the figure, the positive a film is located between the
polarizer and the MVA LC layer, while the negative a film and negative c film are sandwiched between
the MVA LC layer and the analyzer. More specifically, the optic axis of the positive a film is parallel to
the absorption axis of the analyzer, and the optic axis of the negative a film is parallel to the absorption
axis of the polarizer. Figure 8.26(b) explains the compensation principle on the Poincaré sphere when
the observer views the LCD panel from an oblique angle at the lower bisector position f0 ¼ 270�.
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Figure 8.26 (a) Device structure and (b) compensation principle of an MVA LCD with one positive

a film, one negative a film, and one negative c film
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The detailed compensation mechanism is explained using Figure 8.26(b). When the unpolarized light
from the backlight passes through the polarizer (point P), it becomes linearly polarized and its
polarization state is located at point T, which deviates from the absorption axis of the analyzer
(point A). Afterward, the linearly polarized light (point T) traverses the positive a film, whose position
on the Poincaré sphere overlaps with point A, and its polarization state is rotated clockwise from point T
to point E around the AO axis. Point E is the first intermediate elliptical polarization state.

To obtain a symmetric viewing angle, we intentionally locate the point E on the great circle passing
through the S2 and S3 axes and bisecting the arc TA . Then this elliptically polarized light successively
enters the unactivated MVA LC layer and the negative c film, whose positions on the Poincaré sphere are
both at point C. When the elliptically polarized light passes through the unactivated MVA LC layer, its
polarization state is rotated clockwise around the CO axis from point E to point F. Point F is the second
intermediate elliptical polarization state, which is also located on the same great circle passing through
the S2 and S3 axes. Then this second intermediate elliptically polarized light hits the negative c film. The
phase retardation of the negative c film is designed such that when the second intermediate elliptically
polarized light passes through the negative c film its polarization state will be rotated counterclockwise
around the CO axis from point F back to point E. Now point E represents the third intermediate elliptical
polarization state. After that, this third elliptically polarized light passes through the negative a film,
whose position on the Poincaré sphere overlaps with point P. The phase retardation of the negative a film
is properly chosen such that when the third intermediate elliptically polarized light (point E) passes
through the negative a film its polarization state can be rotated counterclockwise around the PO axis
from point E to point A. Consequently, the light is completely absorbed by the analyzer (point A) and a
good dark state is achieved even when it is viewed from the bisector directions.

To determine each film’s thickness, we find from Figure 8.26(b) that the following two requirements
must be satisfied: (1) the arcs of EA, ET, and TA should all be equal; and (2) the arc EF is located on the
great circle passing through the S2 and S3 axes and bisecting the arc TA. That implies that the spherical
triangle ETA is an equilateral spherical triangle. Furthermore, from Figure 8.24(b), we also obtain
ffPOB ¼ ffAOB ¼ j and TA ¼ p� 2j. Based on spherical trigonometry, we derive the following
relationships from the equilateral spherical triangle ETA:

ffEAT ¼ ffETA ¼ cos�1ð�ctgj � ctg 2jÞ (8.39)

where j, determined by Equation (8.23), is the effective polarizer angle on the wave plane as viewed
from the lower bisector direction (j0 ¼ 270�).

Since the required positive a film’s phase retardation Gaþ equals the spherical angle EAT, the
required positive a film’s thickness daþ can be expressed from Equations (8.17) and (8.39) as

daþ ¼ l
cos�1ð�ctgj � ctg 2jÞ=2p

naþ;e
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s (8.40)

In the process of deriving Equation (8.40), we substitute fn ¼ �45� and f0 ¼ 270� into Equation (8.16)
because the positive a film’s optical axis is oriented in the �458 direction, as Figure 8.26(a) shows, and
the viewing direction is from the f0 ¼ 270� azimuthal angle.

Similarly, the required negative a film’s phase retardation Ga� is equal to the negative spherical angle
ETA, i.e., Ga� ¼ �ffETA. Thus, from Equations (8.17) and (8.39) we derive the negative a film’s
thickness da� as

da� ¼ �l
cos�1ð�ctgj � ctg 2jÞ=2p

na�;e
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Here we substitute fn ¼ 45� and f0 ¼ 270� into Equation (8.17) because the negative a film’s optical

axis is oriented in the 458 direction, as Figure 8.26(a) shows, and the viewing direction is from the

f0 ¼ 270� azimuthal angle.

To obtain the negative c film’s thickness, we need to find its phase retardation Gc� first. From the
compensation mechanism, it is easy to find that Gc� ¼ �GLC since the unactivated MVA LC layer’s role
is to rotate clockwise around the CO axis from point E to point F. On the other hand, the negative c film’s
function is to rotate counterclockwise around the CO axis from point F back to point E. Therefore, from
Equation (8.18) we derive the required negative c film’s thickness dc� as

dc� ¼ �l
GLC=2p

nc�;o

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� sin2y0

n2
c�;e

s
�
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1� sin2y0

n2
c�;o

s ! (8.42)

where GLC is determined by Equation (8.34).

From Equations (8.23), (8.29), and (8.40)–(8.42), we find that for a given MVA LC cell the required
film thicknesses depend on the incident angle y0, the film’s refractive indices naþ;e, naþ;o, na�;e, na�;o,
nc�;e, and nc�;o, and the polarizer’s average real refractive index np. Therefore, once we know the films’
and polarizer’s refractive indices and the intended viewing angle (y0) for optimizing the LCD panel, we
can determine the compensation films’ thickness from Equations (8.23), (8.29), and (8.40)–(8.42). For
instance, if we choose y0 ¼ 70� and use the parameters listed in Tables 8.2 and 8.3, then we can calculate
the required film thicknesses from Equations (8.40)–(8.42). The results are daþ ¼ 61:38 mm,
da� ¼ 61:37 mm, and dc� ¼ 246:11 mm. Based on these film thicknesses, Figure 8.27 plots the simulated
iso-contrast contour for an MVA LCD with one positive a film, one negative a film, and one negative c

film. Comparing Figure 8.27 to Figure 8.24, we can clearly see that the viewing angle at off-axis viewing
directions, especially the bisector positions (f0 ¼ 0�, 908, 1808, and 2708), is dramatically improved. In
the meantime, the CR at on-axis viewing directions, i.e., f0 ¼ 45�, 1358, 2258, and 3158, remain
unchanged.

10
20
30
40
50
60
70
80
90

30

210

60

240

90

270

120

300

150

330

180 0

100
200

300
50010002000 200

2000

1000

50
0

30
0

20
0

20
0010

0050
0

300

20
0

10
0

1000500
300

200
100

Figure 8.27 Iso-contrast contour of an MVA LCD with one positive a film (daþ ¼ 61:38mm), one

negative a film (da� ¼ 61:37 mm), and one negative c film (dc� ¼ 246:11 mm) under l ¼ 550 nm

MVA CELLS 233



This compensation scheme can be modified by exchanging the positions of the negative c film and the
MVA LC layer while keeping both positive and negative a films unchanged. In other words, the incident
light passes through the negative c film first before it enters the MVA LC layer. Under such
circumstances, the required film thickness can still be found from Equations (8.40)–(8.42), and the
resultant iso-contrast contour is nearly identical to Figure 8.27.

Another alternative is to exchange the positions of both the positive a film and the negative a film, as
shown in Figure 8.28(a). Different from the device configuration sketched in Figure 8.26(a), the positive
a film is now adjacent to the analyzer while the negative a film is adjacent to the polarizer. The
corresponding compensation mechanism is illustrated in Figure 8.28(b). Following the same analysis as
above, we can readily determine from Figure 8.28(b) that the required film thicknesses are identical to
Equations (8.40)–(8.42). The resultant iso-contrast contour is almost the same as that shown in Figure
8.27.

From Figure 8.27, the 100:1 iso-contrast contours barely exceed �758 polar angle. Although the two
intermediate polarization states, points E and F, are located on the great circle which passes through the
S2 and S3 axes, these two intermediate states are not symmetrically located with respect to the plane of
the equator.

Examples using more sophisticated compensation schemes can be found in Ref. 31. When more
compensation films are used, there are more degrees of freedom to be used for optimization. However,
the associated cost will increase.
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8.6 Optically Compensated Bend (OCB) Cell

The OCB mode utilizes a voltage-biased p cell compensated with phase retardation films. Its major
advantages are two-fold: (1) a rapid response time; and (2) a symmetric and wide viewing angle. In a p
cell [53], the pretilt angle in the alignment surfaces is in the opposite direction, as shown in Figure 8.29.
The opposite pretilt angle exhibits two special features: (1) its viewing angle is symmetric; and (2) its
bend director profile eliminates the backflow effect and, therefore, results in a rapid response time.

8.6.1 Voltage-dependent transmittance

Figure 8.30 plots the voltage-dependent transmittance curves of a uniaxial film-compensated bend cell.
To make the splay-to-bend transition, a critical voltage (Vc� 1.0–1.5 V) is biased to the p cell. Typically,
the cell gap is around 6 mm and pretilt angle is 7–108 [54]. By adjusting the dDn value of the compens-
ation film, both normal-white and normal-black modes can be achieved [55]. Figure 8.30 shows the VT

curves of a normal-white OCB at three primary wavelengths (R ¼ 650, G ¼ 550, B ¼ 450 nm). The
following parameters are used for simulations: LC dDn ¼ 436 nm, De ¼ 10, uniaxial a film dDn ¼
53:3 nm, and a pretilt angle of 78. In reality, the uniaxial a film should be replaced by a biaxial film in
order to widen the viewing angle. From Figure 8.30, a common dark state for RGB wavelengths appears
at � 4:5 Vrms. Wavelength dispersion is a serious concern for any birefringence mode. To solve this
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Figure 8.29 LC director configuration in a p cell
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Figure 8.30 Voltage-dependent transmittance curves of a p cell. dDn ¼ 436 nm, uniaxial film

dDn ¼ 53:3 nm, and its optic axis is perpendicular to that of the LC cell
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problem, multiple cell gaps have to be used, i.e., the dDn=l values for all three primary wavelengths
should be equal. For example, if d ¼ 6mm is used for green pixels, then the gaps for red and blue pixels
should be 7.1 and 4:9mm, respectively. Here, the wavelength dispersion of the LC material is neglected
[56]. Once these conditions are satisfied, the VT curves for R and B will overlap with that of G (dark solid
line).

The fast response time of the OCB cell originates from three factors: the bias voltage effect (also
known as the surface mode) [57], flow effect, and half-cell switching. The switching time between gray
levels is less than 3 ms. A rapid response time is particularly important for LCD TV applications,
especially at cold ambient conditions.

For other LCD modes, such as TN, MVA, and IPS, flow in the LC layer slows the rotational relaxation
process of the director when the applied voltage is changed. For the p cell, on the other hand, there is no
conflict between the torque exerted by the flow and the relaxation process of the director. The intrinsic
wide viewing angle is due to the self-compensating structure. The retardation value stays almost the
same even when the incident angle is changed in the director plane. However, retardation is not self-
compensated at incidence out of the director plane. In addition, the on-axis CR of the p cell is low due to
residual retardation even at a high applied voltage. To obtain a high on-axis CR and a wide viewing
angle, an optical compensation film is required.

To obtain the bend alignment structure of the p cell, a voltage above the splay-to-bend transition
voltage must be applied. The transition from splay to bend takes time, typically in the order of tens of
seconds. The transition should be made faster than, say, 1 second.

8.6.2 Compensation films for OCB

To obtain a comparable viewing angle with VA and IPS, OCB requires more sophisticated optical
compensation based on a discotic material [58]. Figure 8.31 shows the compensation schemes for a
normal-white OCB mode. The fundamental idea is similar to that for TN mode. The retardation matching
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between the cell and the optical compensation film is especially important for the OCB mode, partially
because the black state of the normal-white OCB cell has a finite residual retardation value that must be
compensated by an optical film. For example, any retardation fluctuation of the cell or the film is easily
noticeable. The OCB system requires a high level of uniformity and the cell parameters, as well as the
film parameters, should be optimized in order to maximize the optical performance.

The polymer discotic material (PDM) developed by Fuji Photo Film has a hybrid alignment, which
mimics half of the bend alignment structure of the OCB cell. Different from the discotic film developed
for TN LCDs, the azimuthal alignment direction of the PDM layer is oriented at 458 with respect to the
transmission axis of the polarizer, and the in-plane retardation of the PDM layer compensates for the in-
plane retardation of the on-state OCB cell. The total in-plane retardation of the PDM layer should be the
same as that of the on-state OCB cell so that the voltage-on state becomes black at a voltage lower than
5 Vrms.

Figure 8.32 shows the simulated iso-contrast contour plot of the OCB panel. It is seen that OCB has a
comparable viewing angle performance to VA and IPS. In addition to a faster response time, OCB has
another advantage of less color shift at gray levels. Human skin especially looks good even at oblique
incidence.

Homework Problems

8:1 Twisted nematic cell

(1) A student has prepared two identical TN cells except that one has a 908 twist angle and the other
has 808. How can the student distinguish which is which?

Figure 8.32 Simulated iso-contrast contour of Fuji film-compensated OCB cell
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(2) A 908 TN cell is constructed using the following LC parameters: De ¼ 8; Dn ¼ 0:1 at
l ¼ 550 nm, K11 ¼ 14 pN; K22 ¼ 7 pN; K33 ¼ 18 pN, and g1 ¼ 0:2 Pa s. What is the required
cell gap to satisfy the Gooch–Tarry first minimum condition? Estimate the optical decay time
(100–10%) of the TN LC cell.

8:2 In-plane-switching cell Figure 8.33 shows the device configuration of a transmissive IPS LCD. The
homogeneous alignment LC mixture is sandwiched between two substrates. The LC rubbing angle
is 128 with respect to the IPS electrodes.

(1) Draw the transmission axis of the polarizer and analyzer in the figure to obtain a normal-black
mode.

(2) If the LC mixture has birefringence Dn ¼ 0:1, what is the required minimum cell gap for
obtaining high transmittance?

(3) Does the above IPS cell work well under normal-white conditions? Explain.

(4) What are the pros and cons if we increase the rubbing angle to 308?

8:3 Homeotropic cell

(1) Can a homeotropic cell be used for normal-white LCD? Explain.
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(2) The voltage-dependent transmittance of a homeotropic cell, sandwiched between two crossed
polarizers, is shown in Figure 8.34. Cell gap d ¼ 5mm; l ¼ 633 nm, and K33 ¼ 15 pN.
Estimate the birefringence (Dn) and dielectric anisotropy (De) of the LC mixture.

8:4 Homogeneous cell. A homogeneous cell is useful as a tunable phase retardation plate. The chart in
Figure 8.35 plots the voltage-dependent transmittance curve of a homogeneous LC cell at
l ¼ 633 nm. The polarizers are crossed and the angle between the front polarizer and the LC
rubbing direction is 458.

(1) If the cell gap is d ¼ 5mm, what is the birefringence of the LC?

(2) At what voltages is the output beam (before the analyzer) circularly polarized?

(3) At what voltages is the output beam (before the analyzer) linearly polarized?

(4) If you want to switch from circular to linear polarization, which voltages do you use in order to
obtain the fastest response time?
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9

Reflective and Transflective
Liquid Crystal Displays

9.1 Introduction

As described in Chapter 8, transmissive liquid crystal displays (LCDs) have been widely used in laptop
computers, desktop monitors, and high-definition televisions (HDTVs). The most commonly used
transmissive 908 twisted nematic (TN) LCD [1] exhibits a high contrast ratio due to the self-phase
compensation effect of the orthogonal boundary layers in the voltage-on state. However, its viewing
angle is relatively narrow since the liquid crystal (LC) molecules are switched out of the plane and the
oblique incident light experiences different phase retardations at different angles. For TV applications, a
wide viewing angle is highly desirable. Currently, in-plane switching (IPS) [2] and multi-domain vertical
alignment (MVA) [3] are the mainstream approaches for wide-view LCDs. A major drawback of the
transmissive LCD is that its backlight source needs to be kept on all the time as long as the display is in
use; therefore, the power consumption is relatively high. Moreover, the image of a transmissive LCD
could be washed out by strong ambient light, e.g., direct sunlight because the panel’s surface reflection
from the direct sunlight is much brighter than the displayed images.

On the other hand, a reflective LCD has no built-in backlight unit; instead, it utilizes the ambient light
for displaying images [4]. In comparison to transmissive LCDs, reflective LCDs have advantages in
lower power consumption, lighter weight, and better outdoor readability. However, a reflective LCD
relies on the ambient light and thus is inapplicable under low or dark ambient conditions.

In an attempt to overcome the above drawbacks and take advantage of both reflective and transmissive
LCDs, transflective LCDs have been developed to use the ambient light when available and the backlight
only when necessary [5]. A transflective LCD can display images in both transmissive mode (T mode)
and reflective mode (R mode) simultaneously or independently. Since LC material itself does not emit
light, the transflective LCD must rely on either ambient light or backlight to display images. Under bright
ambient circumstances, the backlight can be turned off to save power and therefore the transflective LCD
operates in the R mode only. Under dark ambient conditions, the backlight is turned on for illumination
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and the transflective LCD works in the T mode. In the low- to medium-ambient surroundings, the
backlight is still necessary. In this case, the transflective LCD runs in both T and R modes
simultaneously. Therefore, the transflective LCD can accommodate a large dynamic range. Currently,
the applications of transflective LCDs are mainly targeted at mobile display devices, such as cell phones,
digital cameras, camcorders, personal digital assistants, pocket personal computers, global positioning
systems, etc.

The major scientific and technological challenges for a transflective LCD are: transflector design,
inequality in optical efficiency, color, and response time between the T mode and R mode. In this
chapter, we first introduce the basic operational principles of reflective LCDs and then transflectors and
their underlying operating principles. Afterward, we analyze the factors affecting the image qualities.
Finally, we describe the major problems with the current transflective LCD technologies and discuss
potential solutions.

9.2 Reflective LCDs

Two types of reflective LCDs (R-LCDs) have been developed: direct-view and projection. Direct-view
R-LCDs use ambient light for reading the displayed images, but projection R-LCDs use arc lamp or
bright LEDs for projecting images onto a large screen. Direct-view R-LCDs are commonly used in
games, signage, and some cell phones; projection R-LCDs are used in liquid-crystal-on-silicon (LCoS)
rear projection TVs. Although the involved panel resolution and optical systems for direct-view and
projection displays are different, their underlying LC operation modes are quite similar. Two mono-
graphs have been devoted to projection [6] and direct-view reflective LCDs [7]. In this section, we will
only cover the background material for the introduction of transflective LCDs.

Figure 9.1 shows a typical R-LCD device structure. The linear polarizer and a broadband quarter-
wave film form an equivalent ‘crossed’ polarizer. This is because the LC modes work better under
crossed-polarizer conditions. The bumpy reflector not only reflects but also diffuses the ambient light to
the observer. This is the most critical part in a R-LCD. The TFT is hidden beneath the bumpy reflector.

TFT

Gate

Source Drain

Glass

Glass

LBL

Ambient Light

LC

Polarizer

λ/4 film

Bumpy 
Reflector

Color filter

Figure 9.1 Device structure of a direct-view R-LCD
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Thus, the R-LCD can have a large aperture ratio (�90%). The light blocking layer (LBL) is used to
absorb the scattered light from neighboring pixels.

Three popular LCD cells have been widely used for R-LCDs and transflective LCDs. They are the
(1) vertical alignment (VA) cell, (2) film-compensated homogeneous cell, and (3) mixed-mode twisted
nematic (MTN) cell. The VA and homogeneous cells utilize the phase retardation effect while the MTN
cells use a combination of polarization rotation and birefringence effects. The VA cell has been
described in detail in Section 8.4 for wide-view LCDs. For reflective LCDs, the cell gap is reduced to
one-half of that of a transmissive LCD to account for the double pass of the incoming light. The voltage-
dependent reflectance curves are basically the same as those shown in Figure 8.19 and will not be
repeated in this chapter. The film-compensated VA cell is a favored choice for transflective LCDs
because of its high contrast ratio and wide viewing angle. In the following two sections, we will briefly
describe the film-compensated homogeneous cell and MTN cells.

9.2.1 Film-compensated homogeneous cell

A homogeneous cell is not suitable for transmissive display because of its narrow viewing angle and lack
of common dark state for RGB colors [8]. However, in a reflective display, the viewing angle is
equivalent to a two-domain cell due to the mirror image effect [9]. For some handheld small-screen
displays, the requirement for a wide viewing angle is not too demanding, so the homogeneous cell can
still be useful. But for some high-end transflective LCDs intended for playing videos and movies, wide
view is a necessity.

For a homogeneous cell, to obtain a common dark state for full-color display a phase compensation
film has to be used in order to cancel the residual phase retardation of the cell resulting from boundary
layers [10]. To design a homogeneous cell for reflective display, the required minimal dDn value is l=4;
that is to say, the LC cell functions like a quarter-wave plate. Using l ¼ 550 nm, we find
dDn ¼ 137:5 nm. The cell gap and birefringence can be chosen independently, depending on the need.
One could choose a thinner cell gap to obtain a faster response time or choose a lower birefringence LC
mixture to maintain a reasonable cell gap for high-yield manufacturing. Other designs with dDn ¼ l=2
have been found to have a weak color dispersion [11].

For the purpose of illustrating the design procedures, let us use a Merck LC mixture MLC-6297-000 as
an example. The LC and cell parameters are listed as follows: the angle between the front polarizer and
cell rubbing direction b ¼ 45�, pretilt angle a ¼ 2�, elastic constants K11 ¼ 13:4, K22 ¼ 6:0, and
K33 ¼ 19:0 pN, dielectric constants ek ¼ 10:5 and De ¼ 6:9, Dn ¼ 0:125, 0.127, and 0.129 for R ¼ 650,
G ¼ 550, and B ¼ 450 nm.

Figure 9.2(a) depicts the voltage-dependent light reflectance of a homogeneous cell with
dDn ¼ 137:5 nm under crossed-polarizer conditions. For the purpose of comparing intrinsic LC
performance, we only consider the normalized reflectance; the optical losses from the polarizer,
substrate surfaces, indium–tin–oxide (ITO), and any other compensation film are neglected. From
Figure 9.2(a), the bright-state intensity variation among RGB colors is within 10%. In the high-voltage
regime, the reflectance is monotonously decreasing. However, it is difficult to obtain a common dark
state for the RGB colors. A uniaxial phase compensation film (also called a film) is needed. Figure 9.2(b)
plots the voltage-dependent reflectance of a homogeneous cell (dDn ¼ 184 nm) compensated by an a

film having ðdDnÞfilm ¼ �48 nm. A positive a film can be used as well, as long as its optic axis is
perpendicular to the LC’s rubbing direction. This normal-white mode has a relatively weak color
dispersion and low dark-state voltage. In the high-voltage regime, the residual LC phase diminishes but
the phase of the compensation film remains. As a result, some light leakage is observed. For display
applications, the dark-state voltage can be controlled by the driving circuit. An important consideration
whereas the width of the dark state so that when the temperature fluctuates the display contrast is not
significantly affected. From simulations, a smaller dDn value of the a film would lead to a broader dark
state at a higher voltage. That means that the required voltage swing is larger.

REFLECTIVE LCDs 245



9.2.2 MTN cell

In the reflective cell shown in Figure 9.1, the incident light traverses the linear polarizer, l=4 film, and
LC layer, and is reflected back by the imbedded mirror on the inner side of the rear substrate. In the
voltage-off state, the normalized reflectance can be obtained by the Jones matrix method [12]:

R? ¼ G
sin X

X

� �2

sin2bcosX � f
X

cos2bsinX

� �2

(9.1)

Here, G ¼ 2p d Dn=l, d is the cell gap, X ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f2 þ ðG=2Þ2

q
, f is the twist angle, and b is the angle

between the polarization axis and the front LC director.

Several MTN modes with twist angle f varying from 458 to 908 have been used for direct-view and
projection displays, depending on the desired contrast ratio and optical efficiency. In transflective LCDs,
the 758 and 908 MTN cells are frequently used. Therefore, we only discuss these two modes here.

Figure 9.3(a) and (b) shows the voltage-dependent reflectance (VR) of the 908 and 758 MTN cells,
respectively. For simulations, a Merck MLC-6694-000 (Dn ¼ 0:0857 at l ¼ 540 nm) LC mixture and 28
pretilt angle are used. The 908 MTN cell has dDn ¼ 240 nm and b ¼ 20� and the 758 MTN cell has
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Figure 9.2 Voltage-dependent reflectance of (a) homogeneous cell with dDn ¼ 137:5 nm, and (b) film-

compensated homogeneous cell with dDn ¼ 184 nm for the LC and dDn ¼ �48 nm for the a film.
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dDn ¼ 250 nm and b ¼ 15�. Both MTN cells are broadband devices; this means that their VR curves are
insensitive to the wavelength. During simulations, the following bandwidths are considered:
R ¼ 620�680 nm, G ¼ 520�560 nm, and B ¼ 420�480 nm. For each mode, the reflectance is
calculated at every 10 nm and then averaged over the entire band.

From Figure 9.3, the 908 MTN cell exhibits a good dark state, similar to a transmissive TN cell
because of the self-phase compensation effect of the orthogonal boundary layers. However, its maximum
reflectance is only�88%. On the other hand, the 758 MTN cell has nearly 100% reflectance, but its dark
state has a slight light leakage. The contrast ratio at 5 Vrms is around 100:1. This is because the boundary
layers are not perfectly compensating each other.

For direct-view reflective displays, the outmost surface reflection (usually it is a plastic protective film
without an anti-reflection coating) limits the device contrast ratio. Thus, the�100:1 contrast ratio of the
758 MTN cell is still adequate. However, in projection displays the contrast ratio needs to exceed 1000:1.
The 908 MTN and VA cells are better choices.

9.3 Transflector

Since a transflective LCD should possess dual functions (transmission and reflection) simultaneously, a
transflector is usually required between the LC layer and the backlight source. The main role of the
transflector is to partially reflect the incident ambient light and to partially transmit the backlight to the
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parameters are discussed in the text
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viewer. From a device structure viewpoint, the transflector can be classified into four major categories:
(1) openings-on-metal transflector, (2) half-mirror metal transflector, (3) multilayer dielectric
film transflector, and (4) orthogonal polarization transflector, as shown in Figure 9.4(a)–(c) and
Figure 9.5(a)–(c).

9.3.1 Openings-on-metal transflector

Figure 9.4(a) shows the schematic structure of the openings-on-metal transflector proposed by Ketchpel
and Barbara [13]. The typical manufacturing steps include first forming wavy bumps on the substrate,
then coating a metal layer, such as silver or aluminum, on the bumps, and finally etching the metal layer
according to the predetermined patterns. After etching, those etched areas become transparent so that the
incident light can transmit through, while those unaffected areas are still covered by the metal layer and
serve as reflectors. The wavy bumps function as diffusive reflectors to steer the incident ambient light
away from surface specular reflection. Thus, the image contrast ratio is enhanced and the viewing angle
widened in the R mode. Due to the simple manufacturing process, low cost, and stable performance, this
type of transflector is by far the most popularly implemented in transflective LCD devices.

reflected light

transmitted
light

substrate

transmission openings

reflection area

bump

(a)

(b)

(c)

substrate

thin metal film
transmitted
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Figure 9.4 Schematic illustration of the first three major types of transflectors: (a) openings-on-metal

transflector, (b) half-mirror metal transflector, and (c) multilayer dielectric film transflector
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9.3.2 Half-mirror metal transflector

The half-mirror has been widely used in optical systems as a beam splitter. It was implemented in
transflective LCDs by Borden [14] and Bigelow [15] with the basic structure shown in Figure 9.4(b).
When depositing a very thin metallic film on a transparent substrate, one can control the reflectance and
transmittance by adjusting the metal film thickness. The film thickness can vary, depending on the
metallic material employed. Typically, the film thickness is around a few hundred angstroms. Since the
transmittance/reflectance ratio of such a half-mirror transflector is very sensitive to the metal film
thickness, the manufacturing tolerance is very narrow and the volume production is difficult. Conse-
quently, this kind of transflector is not too popular in commercial products.

9.3.3 Multilayer dielectric film transflector

Multilayer dielectric film is a well-developed technique in thin-film optics, but only very recently was it
incorporated into transflective LCDs [16]. As illustrated in Figure 9.4(c), two dielectric inorganic
materials with refractive indices n1 and n2 are periodically deposited as thin films on the substrate. By
controlling the refractive index and thickness of each thin layer as well as the total number of layers, one
can obtain the desired reflectivity and transmissivity. Similar to the half-mirror transflector, the
transmittance/reflectance ratio of the multilayer dielectric film is sensitive to each layer’s thickness.
In addition, to produce several layers successively increases the manufacturing cost. Therefore, the
multilayer dielectric film transflector is rarely used in current commercial transflective LCDs.

9.3.4 Orthogonal polarization transflectors

The orthogonal polarization transflector has a special characteristic where the reflected and the
transmitted polarized light from the transflector have mutually orthogonal polarization states. For
instance, if a transflector reflects horizontal linearly (or right-handed circularly) polarized light, then it
will transmit the complementary linearly (or left-handed circularly) polarized light. Figure 9.5(a)–(c)
shows three such examples: the cholesteric reflector [17], birefringent interference polarizer [18], and
wire grid polarizer (WGP) [19].

Cholesteric LC molecules are manifest as a planar texture with their helix perpendicular to the cell
substrates when the boundary conditions on both substrates are tangential. If the incident wavelength is
comparable to the product of the average refractive index and the cholesteric pitch, then the cholesteric
LC layer exhibits a strong Bragg reflection [20]. Figure 9.5(a) shows the schematic configuration of a
right-handed cholesteric reflector, where the cholesteric LC polymer layer is formed on a substrate. For
incident unpolarized light, the right-handed circularly polarized light which has the same sense as the
cholesteric helix is reflected, but the left-handed circularly polarized light is transmitted.

The birefringent–interference–polarizer transflector consists of a multilayer birefringence stack with
alternating low and high refractive indices, as shown in Figure 9.5(b). One way to produce such a
transflector is to stretch a multilayer stack in one or two dimensions. The multilayer stack consists of
birefringent materials with low/high index pairs [21]. The resultant transflective polarizer exhibits a high
reflectance for the light polarized along the stretching direction and, at the same time, a high transmittance
for the light polarized perpendicular to the stretching direction. By controlling the three refractive indices
of each layer, nx, ny, and nz, the desired polarizer behaviors can be obtained. For practical applications, an
ideal reflective polarizer should have�100% reflectance along one axis (the so-called extinction axis) and
0% reflectance along the other (the so-called transmission axis) axis, at all the incident angles.

The WGP has been widely used for infrared spatial light modulators [22, 23]. It is constructed by
depositing a series of parallel and elongated metal strips on a dielectric substrate, as Figure 9.5(c) shows.
To operate in the visible spectral region, the pitch of metal strip P should be in the range of around
200 nm, which is approximately half of a blue wavelength [24]. In general, a WGP reflects light with its
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electric field vector parallel to the wires of the grid and transmits when it is perpendicular. In practice, the
wire thickness t, wire width W, and grid pitch P play important roles in determining the extinction ratio
and acceptance angle of the polarizer [25].

Unlike the first three transflectors discussed above, the entire area of the orthogonal polarization
transflector can be utilized for reflection and transmission simultaneously. Nevertheless, the transmitted
light and reflected light possess an orthogonal polarization state so that the reflective and transmissive
images exhibit a reversed contrast. Although an inversion driving scheme may correct such a reversed
contrast problem [19], the displayed images are still unreadable in moderate brightness surroundings
when both ambient light and backlight are in use. Furthermore, the birefringent interference polarizer is
difficult to implement inside the LC cell. As a result, the undesirable parallax problem occurs. Thus,
orthogonal polarization transflectors have not yet been widely adopted in high-end transflective LCDs.

9.4 Classification of Transflective LCDs

Based on the light modulation mechanisms, transflective LCDs can be classified into four categories:
(1) absorption type, (2) scattering type, (3) reflection type, and (4) phase retardation type. The first three
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Figure 9.5 Schematic illustration of the three examples of orthogonal polarization transflectors:

(a) cholesteric reflector, (b) birefringent interference polarizer, and (c) wire grid polarizer (WGP)
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categories do not modulate the phase of the incident light; rather, they absorb, scatter, or reflect. In these
cases, one or no polarizer is preferred from the viewpoint of achieving high brightness. As for the phase
retardation type, two polarizers are usually indispensable in order to make both transmissive and
reflective modes work simultaneously.

9.4.1 Absorption-type transflective LCDs

To realize the absorption effect, a liquid crystal host is doped with a few percent (2–5 wt%) of dichroic
dye. As the LC directors are reoriented by the electric field, the dye molecules follow. The dichroic dyes
absorb light strongly (or weakly) when the incident light’s polarization is parallel (or perpendicular) to
the principal molecular axis. The ratio of these two absorption coefficients (ak=a? ) is called the dichroic
ratio, which significantly influences the contrast ratio of the display. Because of the dye’s dichroism, the
absorption of the LC cell is modulated by the electric field. This mechanism was first introduced in the
nematic phase by Heilmeier and Zanoni [26] and later in the cholesteric phase by White and Taylor [27].
In the twisted or helical LC structure, the guest–host display does not require a polarizer. A major
technical challenge of guest–host displays is the tradeoff between reflectance/transmittance and contrast
ratio. A typical contrast ratio for the guest–host LCD is�5:1 with�40–50% reflectance. The fairly low
contrast ratio is limited by the dichroic ratio of the dye. Long-term stability of the dichroic dyes is
another concern because of their strong absorption in the visible spectral region. So far, only a few guest–
host LCDs have been commercialized.

(1) Nematic absorption transflective display

Figure 9.6(a) shows a transflective LCD structure using a half-mirror metallic transflector, two
quarter-wave films, and nematic phase LC/dye mixtures [15]. In the figure, the upper half and lower
half stand for the voltage-off and voltage-on states, respectively.

When there is no voltage applied, the LC/dye mixtures are homogeneously aligned by the anchoring
energy of the cell. In the R mode, the unpolarized incident ambient light becomes linearly polarized after
passing through the LC/dye layer. Then, its polarization state turns into right-handed circularly polarized
light after traversing through the inner quarter-wave film. Upon reflection from the transflector, its
polarization state becomes left-handed circularly polarized due to a p phase change. When the left-
handed circularly polarized light again passes through the inner quarter-wave film, it becomes linearly
polarized with a polarization direction parallel to the LC alignment direction. As a result, the light is
absorbed by the doped dye molecules and a dark state is achieved.

In the T mode, the unpolarized light from the backlight unit becomes linearly polarized after the
polarizer. Then it changes to left-handed circularly polarized light after emerging from the outer quarter-
wave film. After penetrating the transflector, it still keeps the same left-handed circular polarization
state. Thereafter, its travel path is identical to that of R mode. Finally, the light is absorbed by the dye
molecules, resulting in a dark state.

In the voltage-on state, the LC and dye molecules are reoriented nearly perpendicular to the substrates,
as illustrated in the lower half of Figure 9.6(a). Therefore, the light passing through it experiences little
absorption so that no change in the polarization state occurs. In the R mode, the unpolarized ambient
light passes through the LC/dye layer and the inner quarter-wave film successively without changing the
polarization state. Upon reflection from the transflector, it is still unpolarized light and goes all the way
out of the transflective LCD. Consequently, a bright state with little attenuation is achieved. In the
T mode, the unpolarized backlight becomes linearly polarized after passing through the linear polarizer,
the outer quarter-wave film, the transflector, and the inner quarter-wave film, successively. Since the dye
molecules are reoriented perpendicularly, the absorption loss is small. As a result, the linearly polarized
light emerges from the transflective LCD which leads to a bright state.

In the above-mentioned transflective guest–host LCD, the inner quarter-wave film is put between the
transflector and the guest–host layer. There are two optional positions for the transflector. If the
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transflector is located inside the LC cell, then the quarter-wave film should also be sandwiched inside the
cell. Nevertheless, it is difficult to fabricate such a quarter-wave film and assemble it inside the cell. The
final process of the cell is polyimide coating, baking, and rubbing. The post-baking temperature of
polyimide is typically at � 250�C for 1 h. The polymeric quarter-wave film may not be able to sustain
such a high-temperature processing. Therefore, the external transflector is preferred. If the transflector is
located outside the cell, then both the quarter-wave film and transflector can be laminated on the outer
surface of the LC cell. In this case, however, a serious parallax problem would occur.

(2) Cholesteric absorption transflective display

To eliminate the quarter-wave film between the transflector and the LC layer, a transflective LCD design
using a half-mirror metallic transflector and cholesteric LC/dye mixture has been proposed [28]. The
device structure is illustrated in Figure 9.6(b). From Figure 9.6(b), only one quarter-wave film is
employed, which is located between the transflector and the linear polarizer. Consequently, the quarter-
wave film can be put outside of the cell, while the transflector can be sandwiched inside the cell. As a
result, no parallax occurs. The upper and lower portions of this figure demonstrate the voltage-off and
voltage-on states, respectively. In the voltage-off state, the LC/dye molecules render a right-handed
planar texture with its helix perpendicular to the substrates. In the R mode, the unpolarized light is
largely attenuated by the LC/dye layer and only weak light passes through it. Upon reflection from the
transflector, it is further absorbed by the guest dye molecules, resulting in a dark state. In the T mode, the
unpolarized backlight first becomes linearly polarized and then right-handed circularly polarized after
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passing through the polarizer and, in turn, the quarter-wave film. The circularly polarized light is further
attenuated after it penetrates the transflector. Such weak right-handed circularly polarized light is
absorbed by the same handedness cholesteric LC/dye mixture, resulting in a dark state.

In the voltage-on state, both the LC and dye molecules are reoriented perpendicular to the substrates.
As a result, little absorption occurs in the incident light. In the R mode, the unpolarized light is unaffected
throughout the whole path, resulting in a very high reflectance. In the T mode, the unpolarized backlight
becomes right-handed circularly polarized after passing through the polarizer, the quarter-wave film, and
the transflector. It finally penetrates the LC/dye layer with little attenuation. Again, a bright state is
obtained.

In the above-mentioned two absorption-type transflective LCDs, only one polarizer is employed
instead of two. Therefore, the overall image in both T and R modes is relatively bright. However, due to
the limited dichroic ratio of the dye molecules employed (�15:1), a typical contrast ratio of the guest–
host LCD is around 5:1, which is inadequate for high-end full-color LCD applications [29]. Thus, the
absorption-type transflective LCDs only occupy a small portion of the handheld LCD market.

9.4.2 Scattering-type transflective LCDs

Polymer-dispersed LC (PDLC) [30], polymer-stabilized cholesteric texture (PSCT) [31], and LC gels
[32] all exhibit optical scattering characteristics and have wide applications in displays and optical
devices. The LC gel-based reflective LCD can also be extended to transflective LCDs [33]. Figure 9.7
shows the schematic structure and operating principles of the LC gel-based transflective LCD. The
device is composed of a LC gel cell, two quarter-wave films, a transflector, a polarizer, and a backlight.
The cell was filled with a homogeneously aligned nematic LC and monomer mixture. After UV-induced
polymerization, polymer networks are formed and the LC molecules are confined within the polymer
networks.

When there is no voltage applied, the LC molecules exhibit a homogeneous alignment. Consequently,
the LC gels are highly transparent for light traveling through, as illustrated in the upper portion of
Figure 9.7. In the R mode, the unpolarized ambient light remains unpolarized all the way from entering to
exiting the LC cell. As a result, a fairly bright state is obtained. In the T mode, the unpolarized backlight
turns into a linearly polarized p wave after the polarizer. After passing the first quarter-wave film and
penetrating the transflector, and the second quarter-wave film whose optic axis is orthogonal to that of
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the first one, the p wave remains linearly polarized. Since the LC gel is highly transparent in the voltage-
off state, the linearly polarized p wave finally comes out of the display panel, resulting in a bright output.

On the other hand, when the external applied voltage is high enough, the LC molecules deviate from
the original homogeneous alignment by the exerted torque of the electric field. Therefore, micro-
domains are formed along the polymer chains such that the extraordinary ray, i.e., the linear polarization
along the cell rubbing direction, is scattered, provided that the domain size is comparable to the incident
light wavelength. In the meantime, the ordinary ray passes through the LC gels without being scattered.
In the R mode, the unpolarized ambient light becomes a linearly polarized s wave after passing the
activated LC cell since the p wave is scattered. After a round trip of passing the quarter-wave film, being
reflected by the transflector, and passing the quarter-wave film again, the s wave is converted into a
p wave. Due to the scattering of LC gels, this p wave is scattered again. Consequently, a scattering
translucent state is achieved. In the T mode, the unpolarized backlight turns into a linearly polarized
p wave after passing the polarizer, the second quarter-wave film, the transflector, and the first quarter-
wave film, successively. Thereafter, similar to the case of the R mode, the p wave is scattered by the
activated LC gels, resulting in a scattered translucent output.

This scattering-type transflective LCD only needs one polarizer; therefore, it can achieve a very bright
image. However, there are three major drawbacks in the above LC gel-based transflective LCD. First, the
light-scattering mechanism usually leads to a translucent state rather than a black state. Therefore, the
image contrast ratio is low and highly dependent on the viewing distance to the display panel. Although
doping the LC gels with a small concentration of black dye can help to achieve a better dark state,
the contrast ratio is still quite limited due to the limited dichroic ratio of the dye dopant. Secondly, the
insertion of the first quarter-wave film will cause a similar parallax problem as in the absorption-type
transflective LCD using cholesteric LCs. Thirdly, the required driving voltage is usually over 20 volts
due to the polymer network constraint, which is beyond the capability of current TFTs developed for
LCD applications. Therefore, these drawbacks hinder the scattering-type transflective LCD in wide-
spread applications.

9.4.3 Scattering- and absorption-type transflective LCDs

White paper scatters and diffuses light in the bright state resulting in a wide viewing angle. When the
paper is printed, the ink absorbs light and the printed areas become dark. To mimic the display shown in
white paper, we can combine light-scattering and absorption mechanisms together in a dye-doped LC gel
system [34].

Both dual-frequency LC and negative De LC gels have been demonstrated. Here, we only describe the
dye-doped negative LC gel system because the TFT-grade negative De LC has been commonly
employed in VA. For example, Merck ZLI-4788 has De ¼ �5:7 at f ¼ 1 kHz and Dn ¼ 0:1647 at
l ¼ 589 nm. To form a gel, one can mix ZLI-4788, a diacrylate monomer (bisphenol-A-dimethacrylate),
and the dichroic dye S428 (Mitsui, Japan) at 90:5:5 wt% ratios. To make the device independent of
polarization, the ITO glass substrates should have a polyimide (PI) coating, but without rubbing
treatment. The PI layer provides VA for the LC molecules. The cell gap is controlled at about 5 mm. To
form a gel, the filled LC cell is cured by UV light (l� 365 nm, I � 15 mW=cm2) at 13�C for 2 h. After
photopolymerization, the formed chain-like polymer networks are along the cell gap (z) direction
because the LC directors are aligned perpendicular to the glass substrates during the UV curing process,
as Figure 9.8(a) depicts.

Figure 9.8(a) and (b) illustrates the light modulation mechanisms of the dye-doped negative LC gel.
At V ¼ 0, the cell does not scatter light and the absorption is rather weak because the LC and dye
molecules are aligned perpendicular to the substrate surfaces. At this stage, the display has the highest
reflectance. When a high voltage at f ¼ 1 kHz is applied to the LC gel, the LCs and dye molecules
are reoriented in the x–y plane, as Figure 9.8(b) depicts. The polymer network scatters light strongly.
Since the alignment layer has no rubbing treatment, the absorption has no preferred direction. Therefore,
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the display is polarization insensitive. Due to multiple scattering and absorption, a descent dark state can
be obtained.

Figure 9.9 depicts the voltage-dependent reflectance of the dye-doped LC gel using a linearly
polarized green diode laser (l ¼ 532 nm) instead of a white light source for characterizing the device
performances because the guest–host system appears dark red rather than black. A dielectric mirror was
placed behind the cell so that the laser beam passed through the cell twice. A large-area photodiode
detector was placed at � 25 cm (the normal distance for viewing a mobile display) behind the sample,
which corresponds to �28 collection angle. The curve shown in Figure 9.9 is independent of the laser
polarization. The maximum reflectance reaches �52% in the low-voltage regime and decreases
gradually as V >Vth because the employed LC has a negative De and LC directors are homeotropically
structured at V ¼ 0. Because of the formed polymer networks, the threshold voltage is increased to
� 7:5 Vrms. At V ¼ 20 Vrms, the measured contrast ratio of the dye-doped negative LC gel exceeds
�200:1. In contrast, a typical guest–host LCD has a contrast ratio of about 5:1.

Response time is another important issue for guest–host displays. A typical response time for a guest–
host display is around 50 ms because of the bulky dye molecules. Due to the polymer network, the
response time of the dye-doped negative LC gel is rapid. The rise time is 1:0 ms and decay time is 4:5 ms

when the applied voltage is switched between 0 and 20 Vrms. This dye-doped LC gel can also be
configured in a polarizer-free transflective display using the dual cell gap approach.

9.4.4 Reflection-type transflective LCDs

The cholesteric liquid crystal (CLC) layer exhibits a strong Bragg reflection with its reflection band
centered at lo ¼ nPo, where n and Po are the average refractive index and the cholesteric helix pitch,
respectively. The reflection bandwidth Dlo ¼ DnPo is proportional to the birefringence Dn of the CLC
employed. Apparently, to cover the whole visible spectral range, a high-birefringence (Dn> 0:6) CLC
material is needed, assuming the pitch length is uniform [35]. Because the transmitted and reflected
circular polarization states are orthogonal to each other, the CLC layer must rely on some additional
elements to display a normal image without the reversed contrast ratio. By adopting an image-enhanced
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reflector (IER) on the top substrate as well as a patterned ITO and a patterned absorption layer on the
bottom substrate, the transflective cholesteric LCD can display an image without reversed contrast ratio,
[36, 37] as shown in Figure 9.10(a) and (b). The opening areas of the patterned absorption layer on the
bottom substrate match the IER on the top substrate. In addition, right above the patterned absorption
layer and below the IER is the opening area of the patterned ITO layer. Therefore, the CLC molecules
below the IER are not reoriented by the external electric filed.

In operation, when there is no voltage applied, the CLC layer exhibits a right-handed planar helix
texture throughout the cell, as Figure 9.10(a) shows. In the R mode, when unpolarized ambient light
enters the CLC cell, the left-handed circularly polarized light passes through the right-handed CLC layer
and is absorbed by the patterned absorption layer. At the same time, the right-handed circularly polarized
light is reflected by the same-sense CLC layer and the bright state results. In the T mode, when the
unpolarized backlight enters the CLC layer, similarly, the right-handed circularly polarized light is
reflected and it is either absorbed by the patterned absorption layer or recycled by the backlight unit. In
the meantime, the left-handed circularly polarized light passes through the CLC layer and impinges onto
the IER. Due to a p phase change upon reflection, it is converted to right-handed circularly polarized
light, which is further reflected by the CLC layer to the reviewer. Consequently, a bright state occurs.
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In the voltage-on state, the planar helix texture above the bottom-patterned ITO layer becomes a focal
conic texture, while those LC molecules between the IER and the opening area of the bottom-patterned
ITO layer are still unaffected, as shown in Figure 9.10(b). The focal conic texture, if the domain size is
well controlled, exhibits a forward scattering for the incident light. In the R mode, the unpolarized
incident ambient light is forward scattered by the focal conic textures. It is then absorbed by the patterned
absorption layer, resulting in a dark state. In the T mode, the unpolarized light still experiences a right-
handed planar helix texture before it reaches the IER on the top substrate. Thus, the right-handed
polarized light is reflected back and it is either absorbed by the patterned absorption layer or recycled by
the backlight unit. At the same time, the left-handed circularly polarized light passes through the planar
texture and impinges onto the IER. Upon reflection, it turns into right-handed circularly polarized light.
Then it is forward scattered by the focal conic texture and finally absorbed by the patterned absorption
layer. As a result, a dark state is obtained.

In the above-mentioned transflective cholesteric LCD, no polarizer is employed. Therefore, its light
efficiency is high. However, to produce the IER array on the top substrate increases the manufacturing
complexity. In addition, the IER should be well aligned with the patterned absorption layer, otherwise
light leakage will occur. More importantly, the forward scattering of the focal conic texture is
incomplete. Some backward-scattered light causes a translucent dark state, which deteriorates the
image contrast ratio. Therefore, the transflective cholesteric LCD is not yet popular for high-end LCD
applications.

9.4.5 Phase retardation type

The operational principle of the phase retardation transflective LCDs, including homogeneous, VA, and
TN cells, is based on the voltage-induced LC reorientation. Strictly speaking, the TN cells should belong
to a polarization rotation effect. Since a transflective LCD consists of both T and R modes, two polarizers
are usually required. Compared to the absorption, scattering, and reflection types, the phase retardation
type of transflective LCDs has the advantages of higher contrast ratio, lower driving voltage, and better
compatibility with the current volume manufacturing techniques. Therefore, the phase retardation type
of transflective LCDs dominates in current commercial products, e.g., cellular phones and digital
cameras.

In the following sections, we will describe the major transflective LCD approaches based on the phase
retardation mechanism.

(1) Transflective TN and super-twisted nematic LCDs

The 908 TN cell can be used not only in transmissive and reflective LCDs [38], but also in transflective
LCDs [39]. Figure 9.11(a) shows the device configuration of a transflective TN LCD. A 908 TN LC cell,
which satisfies the Gooch–Tarry minima conditions [40], is sandwiched between two crossed polarizers.
In addition, a transflector is laminated on the outer side of the bottom polarizer and a backlight is
intended for dark ambient conditions.

In the null voltage state, the LC directors exhibit a uniform twist throughout the cell from the lower
substrate to the upper substrate. In the T mode, the incoming linearly polarized light which is generated
by the bottom polarizer closely follows the twist profile of the LC molecules and continuously rotates 908
with respect to its original polarization state. This is known as the polarization rotation effect of the TN
cell. Thus the linearly polarized light can pass through the top polarizer, resulting in a bright output
known as a normal-white (NW) mode. In the R mode, the incoming linearly polarized light is rotated by
908 as it passes through the TN LC layer. It then penetrates the bottom polarizer and reaches the
transflector. A portion of the linearly polarized light is reflected back by the transflector and passes
through the bottom polarizer again. This linearly polarized light then follows the twisted LC molecules
and its polarization axis is rotated by 908, i.e., parallel to the transmission axis of the top polarizer.
Accordingly, a bright state is achieved.
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In the voltage-on state, the bulk LC directors are reoriented substantially perpendicular to the substrate.
The two boundary layers are orthogonal. The perpendicularly aligned bulk LC molecules do not
modulate the polarization state of the incoming light. Meanwhile, these two orthogonal boundary layers
compensate for each other. Consequently, the incoming linearly polarized light still keeps the same
polarization state after it passes through the activated TN LC layer. In the T mode, the linearly polarized
light which is generated by the bottom polarizer propagates all the way to the top polarizer without
changing its polarization state. Therefore, it is blocked by the top polarizer, resulting in a dark state. In
the R mode, the linearly polarized light produced by the top polarizer passes through the activated LC
layer without changing its polarization state. Consequently, it is absorbed by the bottom polarizer and no
light returns to the viewer’s side. This is the dark state of the display.

To have a better understanding of the underlying operational principle and electro-optical (EO)
performances, we carried out numerical simulations based on the extended Jones matrix method [41].
Hereafter, unless otherwise stated, we assume that (1) the LC material is MLC-6694-000 (from Merck);
(2) the polarizer is a dichroic linear polarizer with complex refractive indices ne ¼ 1:5þ i
 0:0022 and
no ¼ 1:5þ i
 0:000032; (3) the transflector does not depolarize the polarization state of the impinging
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light upon reflection and transmission; (4) the transflector does not cause any light loss upon reflection
and transmission; (5) the ambient light and backlight enter and exit from the panel in the normal
direction; and (6) the light wavelength is l ¼ 550 nm.

Figure 9.11(b) plots the voltage-dependent transmittance and reflectance curves of a typical
transflective TN LCD. Here, twist angle f ¼ 90� and the first Gooch–Tarry minimum condition
dDn ¼ 476 nm is employed, where d is the cell gap and Dn is the LC birefringence. The gray scales of
both the T and R modes overlap well with each other. This is because the reflection beam in the R mode
experiences the bottom polarizer, LC layer, and the top polarizer successively in turn, as does the
transmission beam in the T mode.

Compared to the conventional transmissive TN LCD, the above transflective TN LCD only requires
one additional transflector between the bottom polarizer and the TN LC layer. Naturally, this
transflective LCD device configuration can also be extended to a super-twisted nematic (STN)
transflective LCD [42]. Different from the so-called polarization rotation effect in TN LCD, the
STN LCD utilizes the birefringence effect of the STN LC layer [43]. Therefore, a larger twist angle
(1808–2708), a thicker LC cell gap, and a different polarizer/analyzer configuration are required.

The above-mentioned TN and STN types of transflective LCDs have advantages in simple device
structures and matched gray scales; however, their major drawbacks are in parallax and low reflectance.

Parallax is a deteriorated shadow image phenomenon in the oblique view of a reflective LCD [44].
Similarly, it also occurs in some transflective LCDs, such as the transflective TN and STN LCDs
described above. Figure 9.12 demonstrates the cause of parallax in the R mode of a transflective TN LCD
when the polarizer and transflector are laminated on the outer side of the bottom substrate. The switched-
on pixel does not change the polarization state of the incident light because the LC molecules are
reoriented perpendicular to the substrate. From the observer’s side, when a pixel is switched on it appears
dark, as designated by a0b0 in the figure. The dark image a0b0, generated by the top polarizer, actually comes
from the incident beam ab. Meanwhile, another incident beam cd passes through the activated pixel and
does not change its linear polarization state as well. Therefore, it is absorbed by the bottom polarizer,
resulting in no light reflection. Accordingly, a shadow image c0d0 occurs from the observer’s viewpoint.
Different from the dark image a0b0, which is generated by the top polarizer, the shadow image c0d0 is
actually caused by the bottom polarizer. This is why the shadow image c0d0 seems to appear under the dark
image a0b0. Because the bottom polarizer and transflector are laminated outside the bottom substrate, the
ambient light must traverse the bottom substrate before it is reflected back. Due to the thick bottom
substrate, the reflection image beams a0b0 and c0d0 are shifted away from the pixel area that the incoming
beams ab and cd propagate in, resulting in a shadow image phenomenon called parallax. Such a parallax
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Figure 9.12 Schematic view of the cause of parallax in the R mode of a transflective LCD with the
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problem becomes more serious with the decrease of pixel size. Therefore, transflective TN and STN LCDs
with these structures are not suitable for high-resolution full-color transflective LCD devices.

To overcome the parallax problem in transflective TN and STN LCDs, the bottom polarizer and
transflector must be located inside the LC cell. A burgeoning in-cell polarizer technology based on thin
crystal film growth from aqueous lyotropic LC of supramolecules has attracted some attention in the
transflective LCD industry [45]. By depositing both transflector and polarizer inside the cell, the above-
mentioned annoying parallax problem can be significantly reduced.

Nevertheless, transflective TN and STN LCDs still have another shortcoming, which is low
reflectance in the R mode. As shown in Figure 9.11(b), although the gray scales of both modes
overlap reasonably well with each other, the reflectance in the R mode is much lower than the
transmittance in the T mode. This is because the light accumulatively passes through polarizers four
times in the R mode but only twice in the T mode. Due to the absorption of polarizers, the light in the R
mode suffers much more loss than that in the T mode. Accordingly, the reflectance of the R mode is
reduced substantially.

(2) Transflective MTN LCDs

To overcome the parallax and low-reflectance problems of transflective TN and STN LCDs, the bottom
polarizer for the R mode should be removed to the outer surface of the bottom substrate. Thus, the
transflector can be implemented on the inner side of the LC cell, acting as an internal transflector. Under
such a device configuration, the R mode operates as a single polarizer reflective LCD. More importantly,
both ambient light and backlight pass through the polarizer twice; therefore, both T and R modes
experience the same light absorption. Nevertheless, the conventional TN LC cell does not work well in
the single polarizer reflective LCD. This is because, after the light travels a round trip in the LC layer, the
light polarization state in the voltage-on state is identical to that in the voltage-off state.

By reducing the dDn value of the TN LC layer to around one-half of that required in a conventional
transmissive TN LCD, the MTN mode overcomes the problem mentioned above [46]. Unlike the TN
LCD, the twist angle of the MTN mode can vary from 08 to 908 and its operating mechanism is based on
the proper mixing of the polarization rotation and birefringence effects. Molsen and Tillin of Sharp Corp.
incorporated the MTN mode into their transflective LCD design [47], as shown in Figure 9.13(a).
Compared to the transflective TN LCD shown in Figure 9.11(a), this transflective MTN LCD exhibits
two different features. First, the transflector is located inside the LC cell; thus no parallax problem
occurs. Secondly, a half-wave film and a quarter-wave film are inserted on each side of the MTN LC cell.
These two films together with the adjacent linear polarizer function as a broadband circular polarizer
over the whole visible spectral range [48]. Thereby, a good dark state can be guaranteed over the whole
visible range for the R mode.

In the voltage-off state, the MTN LC layer is equivalent to a quarter-wave film. In the R mode, the
incident unpolarized ambient light is converted into linearly polarized light after passing through the top
polarizer. After penetrating the top two films and the MTN LC layer, the linearly polarized light still
keeps its linear polarization except it has been rotated 908 from the original polarization direction. Upon
reflection from the transflector, it experiences the MTN LC layer and the top two films once again. Hence
its polarization state is restored back to the original one, resulting in a bright output from the top
polarizer. In the T mode, the unpolarized backlight turns into linearly polarized light after passing
through the bottom polarizer. After it has passed through the bottom two films, penetrated the
transflector, and continued to traverse the MTN LC layer and the top two films, it becomes circularly
polarized light. Finally, a partial transmittance is achieved from the top polarizer.

In the voltage-on state, the bulk LC directors are almost fully tilted up and the two unaffected
boundary layers compensate each other in phase. Therefore, the LC layer does not affect the polarization
state of the incident light. In the R mode, the linearly polarized light generated by the top polarizer turns
into orthogonal linearly polarized light after a round trip in the top two films and the activated LC layer.
Accordingly, this orthogonal linearly polarized light is blocked by the top polarizer, leading to a dark
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state. In the T mode, the linearly polarized light, caused by the bottom polarizer, passes through the
bottom two films, penetrates the transflector, then continues to pass through the activated LC layer and
the top two films. Before it reaches the top polarizer, its linear polarization state is rotated by 908, which
is perpendicular to the transmission axis of the top polarizer, and the dark state results.

As an example, Figure 9.13(b) depicts the voltage-dependent transmittance and reflectance curves of a
transflective MTN LCD with f ¼ 90� and dDn ¼ 240 nm. Here both T and R modes operate in a NW
mode. Generally speaking, for TN- or MTN-based LCDs, the NW display is preferred to as the normal-
black (NB) state because the dark state of the NW mode is controlled by the on-state voltage. Thus, the
dark state of the NW mode is insensitive to cell gap variation. A large cell gap tolerance is highly
desirable for improving manufacturing yield.
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Figure 9.13 (a) Schematic device configuration and (b) voltage-dependent transmittance and

reflectance curves of a transflective MTN LCD
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By comparing Figure 9.13(b) to Figure 9.11(b), we can see two distinctions between the transflective
MTN LCD and the transflective TN LCD. First, without the absorption from the bottom polarizer, the
reflectance of the transflective MTN LCD is higher than that of the transflective TN LCD. Secondly, the
transmittance of the transflective MTN LCD is much lower than that of the transflective TN LCD. This is
because the maximum obtainable normalized transmittance is always less than 100% for a transmissive
TN cell sandwiched between two circular polarizers [49]. Figure 9.14 shows the maximum obtainable
normalized reflectance and transmittance in optimized transflective MTN and TN LCDs as a function of
twist angle. Here, the normalized reflectance and transmittance represent the modulation efficiency of
the polarization state; the light losses caused by the polarizers and reflector are all neglected. Due to the
effect of the circular polarizer on both sides of the MTN cell, as long as the twist angle is larger than 08,
the maximum obtainable normalized transmittance gradually decreases in spite of the dDn value of the
MTN LC layer, as represented by the solid gray line in Figure 9.14. For instance, in the 908 MTN cell
with a circular polarizer on both sides, the maximum obtainable normalized transmittance is�33%. On
the other hand, the dark dashed line shows that the maximum obtainable normalized reflectance holds
steadily at 100% until the twist angle reaches beyond 738. In short, although the transflective MTN LCD
overcomes the parallax problem, its maximum obtainable transmittance in the T mode is too low. A low
transmittance demands a brighter backlight which, in turn, will consume more battery power and reduce
its lifetime.

(3) Patterned-retarder transflective LCDs

If we can remove both circular polarizers in the T mode, the maximum transmittance can be boosted to
100% for any twist angle from 08 to 1008, as designated by the solid dark line shown in Figure 9.14.
Without the circular polarizers, the T mode operates in the same way as a conventional transmissive TN
LCD. Philips Research Group proposed a dual-cell-gap transflective MTN/TN LCD using patterned
phase retarders. Figure 9.15(a) shows the schematic device structure. Each pixel is divided into a
transmission region and a reflective region by a derivative openings-on-metal type of transflector. A
patterned broadband phase retarder is deposited on the inner side of the top substrate. More specifically,
the patterned phase retarder is located right above the reflection region, while no phase retarder exists
above the transmission region. In addition, the cell gap in the transmission region is around twice that of
the reflection region and the LC layer twists 908 in both regions. The patterned phase retarder actually
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consists of a half-wave film and a quarter-wave film fabricated by wet coating techniques [50]. In the
transmissive region, the cell is identical to the traditional transmissive TN LCD, while in the reflective
region, it is a MTN mode. Figure 9.15(b) shows the voltage-dependent transmittance and reflectance
curves with dDn ¼ 476 nm in the transmission region and dDn ¼ 240 nm in the reflective region. From
the figure, both T and R modes have a very good gray-scale overlapping. Since the maximum normalized
reflectance of the 908 MTN mode is around 88%, the reflectance is slightly lower than the transmittance.

The patterned-retarder transflective MTN/TN LCD has advantages in the matched gray scale, high
contrast ratio, and low color dispersion. However, under oblique incident angles, the ambient light might
not pass through the patterned retarder; similarly, the backlight might pass through the patterned
retarder. Thus, a deteriorated image may arise when viewed from an oblique angle. In addition, to
fabricate such small-scale patterned phase retarders on a glass substrate and align them well with the
transmission/reflection pixels is a challenging task.
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Figure 9.15 (a) Schematic device configuration and (b) voltage-dependent transmittance and

reflectance curves of the patterned-retarder transflective MTN/TN LCD
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(4) Transflective mixed-mode LCDs

To compensate for the intrinsic optical path differences between the transmission and reflection regions,
Sharp Corp. proposed an approach to generate different director configurations simultaneously in both
regions [51]. The different director configurations can be realized by such things as applying different
alignment treatments, exerting different driving voltages, generating different electric fields, producing
different cell gaps in both regions, and so on. Thus, the transmission region may, in principle, operate in a
different LC mode from the reflection region, which leads to the name of transflective mixed-mode
LCDs.

If two circular polarizers are indispensable in both sides of the cell, one solution to maximize the
normalized transmittance is to decrease the LC twist angle to 08 in the transmission region while still
maintaining a twist profile in the reflection region. Thus the transmission region can operate in
electrically controlled birefringence (ECB) mode while the reflection region still runs in MTN mode.
Figure 9.16(a) shows the device configuration of a transflective MTN/ECB LCD using the openings-on-
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Figure 9.16 (a) Schematic device configuration and (b) voltage-dependent transmittance and

reflectance curves of a dual-rubbing transflective MTN/ECB LCD
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metal transflector [52]. The top substrate is uniformly rubbed while the bottom substrate has two rubbing
directions: in the reflective region the LC layer twists 758, and in the transmission region the LC layer has
zero twist, i.e., homogenous alignment. Therefore, the reflective region works in the 758 MTN mode
while the transmission region operates in the ECB mode. Coincidently, their dDn requirements are very
close to each other; therefore, a single cell gap device configuration is adopted in both regions.
Figure 9.16(b) plots the voltage-dependent transmittance and reflectance curves with dDn ¼ 278 nm in
both regions. Both T and R modes in the transflective MTN/ECB LCD almost simultaneously reach their
maximum light efficiency through such a dual-rubbing process. Still, one might notice that the T mode
has a slightly lower light efficiency than the R mode. This is because the dDn requirement for both T and
R modes is slightly different and a compromise is reached to optimize the R mode.

Besides the above-demonstrated dual-rubbing transflective MTN/ECB LCD, other similar
dual-rubbing transflective mixed-mode LCDs are possible, such as the dual-rubbing transflective
VA/HAN LCD [53] and the dual-rubbing transflective ECB/HAN LCD [54]. The common characteristic
of these dual-rubbing transflective LCDs is that different rubbing directions or different alignment
layers are required on at least one of the substrates. This leads to two obstacles for widespread
applications. First of all, the dual-rubbing requirement induces a complicated manufacturing process and
hence an increased cost. More seriously, the dual rubbing usually introduces a disclination line on the
border of different rubbing regions, which lowers the image brightness and deteriorates the contrast ratio
as well.

To avoid the dual-rubbing process while still maintaining a single cell gap device configuration, an
alternative way to achieve different director configurations in both regions is to introduce different
electric field intensities in both regions. For example, the transflective VA LCD utilizes periodically
patterned electrodes to generate different LC tilt angle profiles in both regions [55]. Nevertheless, the
metal reflector there is insulated from its surrounding ITO electrodes, which increases the manufacturing
complexity. On the other hand, the patterned reflector is either connected to the common electrode or
electrically floated, which results in either a dead zone in the reflection region or charge stability
uncertainties. Another example is the transflective IPS LCD, which uses the different twist angle profiles
along the horizontal direction of interdigitated electrodes for both transmission and reflection regions
[56]. In this design, the in-cell retarder is used between the transflector and LC layer. When there is no
voltage applied, the LC layer is homogeneously aligned. The LC cell together with the in-cell retarder
acts as a broadband quarter-wave film. Such a design has two shortcomings. First, unlike the
conventional transmissive IPS LCD, the dark state here is very sensitive to the LC layer thickness.
Secondly, the in-cell retarder is difficult to fabricate inside the cell.

9.5 Dual-cell-gap Transflective LCDs

Unless identical display modes are adopted in both T and R modes, there will always be some
discrepancies between their voltage-dependent transmittance and reflectance curves. This is the reason
that none of the above-mentioned transflective mixed-mode LCDs has perfectly matched voltage-
dependent transmittance and reflectance curves. Different from the mixed display modes employed
between transmission and reflection regions as described above, Sharp Corp. also introduced the dual-
cell-gap concept for transflective LCDs [57].

Figure 9.17(a) shows the schematic device configuration of a dual-cell-gap transflective ECB LCD.
Similar to the case of the dual-rubbing transflective MTN/ECB LCD, this dual-cell-gap transflective
ECB LCD also uses a circular polarizer on both sides of the cell. The role of the circular polarizer is to
make the display operate in a NW mode so that its dark state is not too sensitive to cell gap variation.
Each pixel is divided into a transmission region with cell gap dT and a reflection region with cell gap dR.
The LC directors are all homogeneously aligned within the cell; therefore, no dual-rubbing process is
necessary and both regions operate identically in the ECB mode. Since the homogeneously aligned LC
layer only imposes pure phase retardation on the incident polarized light, dR is set to be around half of dT
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to compensate for the optical path difference between ambient light and backlight. Figure 9.17(b) depicts
the voltage-dependent transmittance and reflectance curves with dRDn ¼ 168 nm and dTDn ¼ 336 nm.
As expected, both curves perfectly match each other and both modes reach the highest transmittance and
reflectance simultaneously. Here dRDn and dTDn are designed to be slightly larger than l=4 and l=2,
respectively, in order to reduce the on-state voltage.

The downside of the dual-cell-gap approach is three-fold. First, due to the cell gap difference, the LC
alignment is distorted near the boundaries of the transmissive and reflective pixels. This area should be
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Figure 9.17 (a) Schematic device configuration and (b) voltage-dependent transmittance and

reflectance curves of the dual-cell-gap transflective ECB LCD
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covered by black matrices in order to retain a good contrast ratio. Secondly, the thicker cell gap in the
transmission region results in a slower response time than the reflective region. Fortunately, the dynamic
response requirement in mobile applications is not as strict as those for video applications. This response
time difference, although not perfect, is still tolerable. Thirdly, the view angle of the T mode is rather
narrow because the LC directors are tilted up along one direction by the external electric field. By
substituting the quarter-wave film with a biaxial film on each side of the cell, the viewing angle can be
greatly improved [58]. Because the manufacturing process is compatible with the state-of-the-art LCD
fabrication lines, the dual-cell-gap transflective ECB LCD is so far the mainstream approach for
commercial transflective LCD products.

Besides the above dual-cell-gap transflective ECB LCD, others dual-cell-gap transflective LCDs are
also proposed, such as the dual-cell-gap transflective VA LCD [59], dual-cell-gap transflective HAN
LCD [60], and dual-cell-gap transflective FFS (Fringe-Field Switching) LCD [61, 62]. Similar to the
dual-cell-gap transflective ECB LCD, both the dual-cell-gap transflective VA LCD and dual-cell-gap
transflective HAN LCD also operate in ECB mode, although the initial LC alignment is different. On the
other hand, in the dual-cell-gap transflective FFS LCD, LC molecules are switched in the plane parallel
to the supporting substrates. Its dark state is achieved by a half-wave film and the initially homo-
geneously aligned LC layer. Consequently, the dark state is very sensitive to LC cell gap variation, which
causes difficulties with maintaining a good dark state in both transmission and reflection regions due to
the dual-cell-gap device configuration.

9.6 Single-cell-gap Transflective LCDs

Different from the dual-cell-gap transflective LCD, the single-cell-gap transflective LCD renders a
uniform cell gap profile throughout the cell. Therefore, the dynamic responses of both T and R modes are
close to each other. For instance, a single-cell-gap transflective LCD using an internal wire-grid polarizer
has been proposed [63]. For the reflective mode, the imbedded wire grid polarizer serves as a
polarization-dependent reflector for the ambient light. While for the transmissive mode, no achromatic
quarter wave film is needed. This device can work as a normal-black mode by using a vertical-aligned
cell or a normal-white mode by using a twisted-nematic cell. This device concept is fairly simple and has
several outstanding performance characteristics. However, to implement the wire-grid polarizer in the
inner surface of the bottom LC substrate could be a challenging task.

As a matter of fact, several transflective LCDs described in the above sections also belong to this
single-cell-gap category, such as transflective TN and STN LCDs, transflective MTN LCDs, dual-
rubbing transflective MTN/ECB LCDs, dual-rubbing transflective VA/HAN LCDs, dual-rubbing
transflective ECB/HAN LCDs, transflective VA LCDs utilizing periodically patterned electrodes,
and transflective IPS LCDs. Due to the fact that the ambient light travels twice while the backlight
propagates only once in the LC layer, the light efficiency of both T and R modes cannot reach the
maxima simultaneously unless mixed display modes are employed. This leads to the transflective mixed-
mode LCDs as described in Figure 9.16. As discussed there, the transflective mixed-mode LCDs require
either a dual-rubbing process or complicated electrode designs. Consequently such single-cell-gap
transflective mixed-mode LCDs have not yet been commercialized.

9.7 Performance of Transflective LCDs

We have just described the basic operating principles of some main transflective LCDs. The simulation
results are based on some ideal assumptions. It is understandable that many other factors can affect the
display image qualities, such as color balance, image brightness, and viewing angle.
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9.7.1 Color balance

Because the reflection beam passes through the color filter (CF) twice while the transmission beam only
passes through once, generally speaking, the transflective LCD experiences unbalanced color between the
T and R modes. To solve the color imbalance problem, different CF approaches have been developed.
Sharp Corp. proposed a multi-thickness color filter (MT-CF) design for the transflective LCDs [64]. In this
design, the CF thickness in the reflection region is around one-half of that in the transmission region.
Because the ambient beam passes through the thinner CF twice, while the transmission beam passes
through the thicker CF once, as a result these two beams experience almost the same spectral absorption.
Therefore, such a CF thickness difference ensures almost identical color saturation between the
transmission and reflection regions, resulting in a good color balance between T and R modes.

In addition to the MT-CF design, a pinhole-type CF design was also proposed by Sharp, in which the
thicknesses of the CF in both regions are equal, but the CF in the reflection region is punched with some
pinholes. Therefore, a portion of the ambient light does not ‘see’ the CF; instead, it passes through the
pinholes directly. The problem of such a pinhole-type CF is its narrow color reproduction area because
the ambient light spectrum is mixed with the RGB primary colors, which causes the color impurity.

An alternative approach to obtain the same color balance between the T and R modes is to fill the CF
with some scattering materials in the reflection region [65]. The filled scattering materials serve two
purposes. First, the equivalent CF thickness in the reflection region is decreased to around one-half of
that in the transmission region. Secondly, the scattering materials can steer the reflection beam away
from the specular reflection direction; therefore, a pure flat metal reflector can be used in the reflection
region, which greatly simplifies the manufacturing process.

9.7.2 Image brightness

Image brightness is a very important feature for transflective LCDs. However, many factors decrease the
overall image brightness. For instance, the red, green, and blue color filters have different light
attenuation, which affects the overall brightness of the display panel. Furthermore, the reflection region
of the openings-on-metal transflector, usually made from aluminum, has �92% reflectivity over the
visible spectral region [66], which leads to a slightly lower light efficiency in the R mode.

In the case of the openings-on-metal transflector, the transflector area is intended for either the
reflection or transmission region. To increase the backlight utilization efficiency while still keeping the
ambient light efficiency unchanged, a transflective LCD design using a microtube array below the
transmission pixels region has been proposed [67]. The microtube structure, which is similar to a funnel
in shape, allows most of the backlight to enter from a larger lower aperture and to exit from a smaller
upper aperture. Consequently, the backlight utilization efficiency can be greatly enhanced, provided that
the transmission/reflection area ratio still remains unchanged. After optimization, the average backlight
utilization efficiency is improved by �81%.

9.7.3 Viewing angle

Although the display panel size for most transflective LCDs is not too large, viewing angle is another
important concern. The user of a cell phone would like to see clear images from every angle. The future
cell phone will have expanded functions, such as videos and movies. The dual-cell-gap transflective
ECB LCD has a relatively narrow viewing angle in the T mode, but by substituting the quarter-wave film
with a biaxial film on each side of the cell, the viewing angle of the T mode can be greatly widened. In the
R mode, surface reflection is the main factor deteriorating the image contrast ratio and viewing angle. To
solve this problem, a bumpy reflector in the reflection region is commonly employed. The bumpy
reflector serves two purposes: (1) to diffuse the reflected light which is critical for widening viewing
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angle; and (2) to steer the reflected light away from the specular reflection so that the images are not
overlapped with the surface reflections. To design bumpy reflectors [68], one needs to consider the fact
that the incident beam and reflected beam might form different angles with respect to the panel normal.
In optical modeling of the R mode, the asymmetric incident and exit angle features should be taken into
consideration [69].

Homework Problems

9.1 Let us design a normal-black reflective LCD using a 458 twisted nematic cell for projection displays.
We want the display to be independent of beta angle (b), the angle between the top LC rubbing
direction and the incoming polarization axis. What is the required dDn value at l ¼ 550 nm?

9.2 In a transflective LCD, the reflective part usually has a lower contrast ratio and narrower viewing
angle than the transmissive part. Why?

9.3 In most transflective LCDs, the reflective part usually has a broadband quarter-wave film. Explain
why.

9.4 Sketch the device configuration of a transflective LCD using a double-cell-gap VA cell. The LC
parameters are: Dn ¼ 0:1ðl ¼ 550 nmÞ, De ¼ �4, K11 ¼ 10 pN, K22 ¼ 6 pN, K33 ¼ 20 pN, and
g1 ¼ 0:1Pa s. (1) What are the cell gaps for the R and T regions? (2) Estimate the optical decay time.
(3) Sketch the expected voltage-dependent transmittance and reflectance curves.

9.5 Sketch the device configuration of a transflective LCD using a double-cell-gap TN cell. The LC
parameters are: Dn ¼ 1:0ðl ¼ 550 nmÞ, De ¼ 10, K11 ¼ 10pN, K22 ¼ 6 pN, K33 ¼ 20 pN, and
g1 ¼ 0:1Pa s. (1) What are the cell gaps for the R and T regions? (2) Estimate the optical decay time.
(3) Sketch the expected voltage-dependent transmittance and reflectance curves.

9.6 Given two linear sheet polarizers, a vertical aligned cell filled with a negative De LC, a wire grid
polarizer (WGP), and a backlight, construct a normal-black transflective LCD. Assume the WGP
can be deposited at any portion of the pixel. (1) Sketch the display configuration and show how it
works. (2) Sketch the voltage-on state LC configuration and find the required dDn value for
achieving maximum reflectance.

9.7 Given two linear sheet polarizers, a 908 TN cell, a wire grid polarizer (WGP), and a backlight,
construct a normal-white transflective LCD. Assume the WGP can be deposited at any portion of the
pixel. (1) Sketch the display configuration and show how it works. (2) Sketch the voltage-off state
LC configuration and find the required dDn value for achieving maximum reflectance and
transmittance.

References

1 M. Schadt and W. Helfrich, ‘Voltage-dependent optical activity of a twisted nematic liquid crystal’, Appl.
Phys. Lett., 18, 127 (1971).

2 M. Oh-e and K. Kondo, ‘Electro-optical characteristics and switching behavior of the in-plane switching
mode’, Appl. Phys. Lett., 67, 3895 (1995).

3 K. Ohmuro, S. Kataoka, T. Sasaki, and Y. Koike, ‘Development of super-high-image-quality vertical

alignment mode LCD’, SID Tech. Dig., 28, 845 (1997).

4 A. R. Kmetz, ‘A single-polarizer twisted nematic display’, Proc. SID, 21, 63 (1980).

5 X. Zhu, Z. Ge, T. X. Wu, and S. T. Wu, ‘Transflective liquid crystal displays’, J. Disp. Technol., 1, 15
(2005).

6 E. H. Stupp and M. S. Brennesholtz, Projection Displays (John Wiley & Sons, Inc., New York, 1998).

7 S.-T. Wu and D.-K. Yang, Reflective Liquid Crystal Displays (John Wiley & Sons, Ltd, Chichester, 2001).

8 S. T. Wu and C. S. Wu, ‘Optimization of film-compensated homogeneous cells for liquid crystal displays’,

Liq. Cryst., 24, 811 (1998).

REFERENCES 269



9 C. L. Kuo, C. K. Wei, S. T. Wu, and C. S. Wu, ‘Reflective display using mixed-mode twisted nematic
liquid crystal cell’, Jpn. J. Appl. Phys., 36, 1077 (1997).

10 S. T. Wu and C. S. Wu, ‘Comparative studies of single-polarizer reflective liquid crystal displays’, J. SID,

7, 119 (1999).

11 T. H. Yoon, G. D. Lee, G. H. Kim, S. C. Kim, W. S. Park, J. C. Kim, and S. H. Lee, ‘Reflective liquid

crystal display using 08-twisted half-wave cell’, SID Tech. Dig., 31, 750 (2000).

12 S. T. Wu and C. S. Wu, ‘Mixed twisted-nematic mode for reflective liquid crystal displays’, Appl. Phys.

Lett., 68, 1455 (1996).

13 R. D. Ketchpel and S. Barbara, ‘Transflector’, US patent 4,040,727 (Aug. 9, 1977).

14 H. C. Borden, Jr., ‘Universal transmission reflectance mode liquid crystal display’, US patent 3,748,018
(July 24, 1973).

15 J. E. Bigelow, ‘Transflective liquid crystal display’, US patent 4,093,356 (June 6, 1978).

16 H. Furuhashi, C. K. Wei, and C. W. Wu, ‘Transflective liquid crystal display having dielectric multilayer

in LCD cells’, US patent 6,806,934 (Oct. 19, 2004).

17 D. R. Hall, ‘Transflective LCD utilizing chiral liquid crystal filter/mirrors’, US patent 5,841,494 (Nov. 24,

1998).

18 W. J. Schrenk, V. S. Chang, and J. A. Wheatley, ‘Birefringent interference polarizer’, US patent 5,612,820

(Mar. 18, 1997).

19 D. P. Hansen and J. E. Gunther, ‘Dual mode reflective/transmissive liquid crystal display apparatus’, US

patent 5,986,730 (Nov. 16, 1999).

20 P. G. de Gennes and J. Prost, The Physics of Liquid Crystals, 2nd edn (Oxford University Press,

New York, 1993).

21 J. Ouderkirk, S. Cobb, Jr., B. D. Cull, M. F. Weber, and D. L. Wortman, ‘Transflective displays with

reflective polarizing transflector’, US patent 6,124,971 (Sept. 26, 2000).

22 M. Bass, E. W. Van Stryland, D. R. Williams, and W. L. Wolfe, Handbook of Optics, Vol. II, Devices,

Measurements, & Properties, 2nd edn, 3.32–3.35 (McGraw-Hill, New York, 1995).

23 S. T. Wu, U. Efron, and L. D. Hess, ‘Birefringence measurements of liquid crystals’, Appl. Opt., 23, 3911

(1984).

24 R. T. Perkins, D. P. Hansen, E. W. Gardner, J. M. Thorne, and A. A. Robbins, ‘Broadband wire grid

polarizer for the visible spectrum’, US patent 6,122,103 (Sept. 19, 2000).

25 X. J. Yu and H. S. Kwok, ‘Optical wire-grid polarizers at oblique angles of incidence’, J. Appl. Phys., 93,

4407 (2003).

26 G. H. Heilmeier and L. A. Zanoni, ‘Guest-host interactions in nematic liquid crystals. A new electro-optic

effect’, Appl. Phys. Lett., 13, 91 (1968).

27 D. L. White and G. N. Taylor, ‘New absorptive mode reflective liquid-crystal display device’, J. Appl.

Phys., 45, 4718 (1974).

28 H. S. Cole, ‘Transflective liquid crystal display’, US patent 4,398,805 (Aug. 16, 1983).

29 S. Morozumi, K. Oguchi, R. Araki, T. Sonehara, and S. Aruga, ‘Full-color TFT-LCD with phase-change
guest-host mode’, SID Tech. Dig., 16, 278 (1985).

30 J. W. Done, N. A. Vaz, B.-G. Wu, and S. Zumer, ‘Field controlled light scattering from nematic
microdroplets’, Appl. Phys. Lett., 48, 269 (1986).

31 D. K. Yang, J. W. Doane, Z. Yaniv, and J. Glasser, ‘Cholesteric reflective display: drive scheme and
contrast’, Appl. Phys. Lett., 64, 1905 (1994).

32 R. A. M. Hikmet, ‘Electrically induced light scattering from anisotropic gels’, J. Appl. Phys., 68, 4406
(1990).

33 H. Ren and S.-T. Wu, ‘Anisotropic liquid crystal gels for switchable polarizers and displays’, Appl. Phys.

Lett., 81, 1432 (2002).

34 Y. H. Lin, H. Ren, S. Gauza, Y. H. Wu, X. Liang, and S. T. Wu, ‘Reflective direct-view displays using

dye-doped dual-frequency liquid crystal gel’, J. Disp. Technol., 1, 230 (2005).

35 Q. Hong, T. X. Wu, and S. T. Wu, ‘Optical wave propagation in a cholesteric liquid crystal using the finite

element method’, Liq. Cryst., 30, 367 (2003).

36 Y. P. Huang, X. Zhu, H. Ren, Q. Hong, T. X. Wu, S. T. Wu, S. H. Lin, and H. P. Shieh, ‘Full-color

transflective Ch-LCD with image-enhanced reflector’, SID Tech. Dig., 35, 882 (2004).

270 REFLECTIVE AND TRANSFLECTIVE LIQUID CRYSTAL DISPLAYS



37 Y. P. Huang, X. Zhu, H. Ren, Q. Hong, T. X. Wu, S. T. Wu, M. Z. Su, M. X. Chan, S. H. Lin, and
H.-P. Shieh, ‘Full-color transflective cholesteric LCD with image-enhanced reflector’, J. SID, 12, 417

(2004).

38 F. J. Kahn, ‘Reflective mode, 40-character, alphanumeric twisted-nematic liquid crystal displays’, SID

Tech. Dig., 9, 74 (1978).

39 W. H. McKnight, L. B. Stotts, and M. A. Monahan, ‘Transmissive and reflective liquid crystal display’,
US patent 4,315,258 (Feb. 9, 1982).

40 C. H. Gooch and H. A. Tarry, ‘The optical properties of twisted nematic liquid crystal structures with twist

angles � 90 degrees’, J. Phys. D: Appl. Phys., 8, 1575 (1975).

41 A. Lien, ‘Extended Jones matrix representation for the twisted nematic liquid-crystal display at oblique

incidence’, Appl. Phys. Lett., 57, 2767 (1990).

42 K. Kawasaki, K. Yamada, R. Watanabe, and K. Mizunoya, ‘High-display performance black and white
supertwisted nematic LCD’, SID Tech. Dig., 18, 391 (1987).

43 T. J. Scheffer and J. Nehring, ‘A new, highly multiplexable liquid crystal display’, Appl. Phys. Lett., 45,

1021 (1984).

44 T. Maeda, T. Matsushima, E. Okamoto, H. Wada, O. Okumura, and S. Iino, ‘Reflective and transflective

color LCDs with double polarizers’, J. SID, 7, 9 (1999).

45 T. Ohyama, Y. Ukai, L. Fennell, Y. Kato, H. G. Bae, and P. W. Sung, ‘TN mode TFT-LCD with in-cell
polarizer’, SID Tech. Dig., 35, 1106 (2004).

46 S. T. Wu and C. S. Wu, ‘Mixed-mode twisted nematic liquid crystal cells for reflective displays’, Appl.

Phys. Lett., 68, 1455 (1996).

47 H. Molsen and M. D. Tillin, ‘Transflective liquid crystal displays’, International patent application
No. PCT/JP99/05210, International publication No. WO 00/17707 (Mar. 30, 2000).

48 S. Pancharatnam, ‘Achromatic combinations of birefringent plates: Part I. An achromatic circular
polarizer’, Proc. Indian Acad. Sci., Section A, 41, 130 (1955).

49 S. J. Roosendaal, B. M. I. van der Zande, A. C. Nieuwkerk, C. A. Renders, J. T. M. Osenga,

C. Doornkamp, E. Peeters, J. Bruinink, J. A. M. M. van Haaren, and S. Takahashi, ‘Novel high
performance transflective LCD with a patterned retarder’, SID Tech. Dig., 34, 78 (2003).

50 B. M. I. van der Zande, A. C. Nieuwkerk, M. van Deurzen, C. A. Renders, E. Peeters, and S. J. Roosendaal,

‘Technologies towards patterned optical foils’, SID Tech. Dig., 34, 194 (2003).

51 M. Okamoto, H. Hiraki, and S. Mitsui, ‘Liquid crystal display’, US patent 6,281,952 (Aug. 28, 2001).

52 T. Uesaka, E. Yoda, T. Ogasawara, and T. Toyooka, ‘Optical design for wide-viewing-angle transflective

TFT-LCDs with hybrid aligned nematic compensator’, Proceedings of the 9th International Display
Workshops, 417–420 (2002).

53 S. H. Lee, K. H. Park, J. S. Gwag, T. H. Yoon, and J. C. Kim, ‘A multimode-type transflective liquid

crystal display using the hybrid-aligned nematic and parallel-rubbed vertically aligned modes’, Jpn. J.
Appl. Phys., Part 1, 42, 5127 (2003).

54 Y. J. Lim, J. H. Song, Y. B. Kim, and S. H. Lee, ‘Single gap transflective liquid crystal display with dual

orientation of liquid crystal’, Jpn. J. Appl. Phys., Part 2, 43, L972 (2004).

55 S. H. Lee, H. W. Do, G. D. Lee, T. H. Yoon, and J. C. Kim, ‘A novel transflective liquid crystal display

with a periodically patterned electrode’, Jpn. J. Appl. Phys., Part 2, 42, L1455 (2003).

56 J. H. Song and S. H. Lee, ‘A single gap transflective display using in-plane switching mode’, Jpn. J. Appl.
Phys., Part 2, 43, L1130 (2004).

57 M. Shimizu, Y. Itoh, and M. Kubo, ‘Liquid crystal display device’, US patent 6,341,002 (Jan. 22, 2002).

58 M. Shibazaki, Y. Ukawa, S. Takahashi, Y. Iefuji, and T. Nakagawa, ‘Transflective LCD with low driving
voltage and wide viewing angle’, SID Tech. Dig., 34, 90 (2003).

59 H. D. Liu and S. C. Lin, ‘A novel design wide view angle partially reflective super multi-domain

homeotropically aligned LCD’, SID Tech. Dig., 23, 558 (2002).

60 C. L. Yang, ‘Electro-optics of a transflective liquid crystal display with hybrid-aligned liquid crystal
texture’, Jpn. J. Appl. Phys., Part 1, 43, 4273 (2004).

61 T. B. Jung, J. C. Kim, and S. H. Lee, ‘Wide-viewing-angle transflective display associated with a fringe-
field driven homogeneously aligned nematic liquid crystal display’, Jpn. J. Appl. Phys., Part 2, 42, L464

(2003).

REFERENCES 271



62 T. B. Jung, J. H. Song, D. S. Seo, and S. H. Lee, ‘Viewing angle characteristics of transflective display in a
homogeneously aligned liquid crystal cell driven by fringe-field’, Jpn. J. Appl. Phys., Part 2, 43, L1211

(2004).
63 Z. Ge, X. Zhu, and S. T. Wu, ‘A transflective liquid crystal display using an internal wire grid polarizer’,

J. Disp. Technol., 2, 102 (2006).
64 K. Fujimori, Y. Narutaki, Y. Itoh, N. Kimura, S. Mizushima, Y. Ishii, and M. Hijikigawa, ‘New color filter

structures for transflective TFT-LCD’, SID Tech. Dig., 33, 1382 (2002).
65 K. J. Kim, J. S. Lim, T. Y. Jung, C. Nam, and B. C. Ahn, ‘A new transflective TFT-LCD with dual color

filter’, Proceedings of the 9th International Display Workshops, 433–436 (2002).
66 M. Bass, E. W. Van Stryland, D. R. Williams, and W. L. Wolfe, Handbook of Optics, Vol. II, Devices,

Measurements, & Properties, 2nd edn Chapter 35 (McGraw-Hill, New York, 1995).
67 H. P. D. Shieh, Y. P. Huang, and K. W. Chien, ‘Micro-optics for liquid crystal displays applications’,

J. Disp. Technol., 1, 62 (2005).
68 K. Nakamura, H. Nakamura, and N. Kimura, ‘Development of high reflective TFT’, Sharp Tech. J., 69, 33

(1997).
69 Z. Ge, T. X. Wu, X. Zhu, and S. T. Wu, ‘Reflective liquid crystal displays with asymmetric incidence and

exit angles’, J. Opt. Soc. Am. A, 22, 966 (2005).

272 REFLECTIVE AND TRANSFLECTIVE LIQUID CRYSTAL DISPLAYS



10

Liquid Crystal Display
Matrices, Drive Schemes,
and Bistable Displays

Liquid crystal displays are a dominant display technology. They are used in electronic watches,
calculators, handheld devices such as cellular phones, head-mounted displays, laptop and desktop
computers, direct-view and projection TVs, and electronic papers and books. They have the
advantages of a flat panel, light weight, energy saving, and low drive voltage. In display applications,
the liquid crystals modulate the light intensity because of their birefringence. Liquid crystals can
also be reoriented by externally applied electric fields because of their dielectric anisotropies or
ferroelectricity, which makes it possible to show spatial images when patterned electric fields are
applied.

10.1 Segmented Displays

In order for a liquid crystal display to display images, multiple elements are needed. The simplest
multi-element displays are the segmented displays where each element has its own electrodes that are
separated from the electrodes of other elements [1]. Voltages can be applied to each element
independently. As an example, a segmented numerical liquid crystal display is shown in
Figure 10.1. When a proper voltage is applied between the common electrode and a segmented
electrode, an electric field is generated in the region between the electrodes and the liquid crystal in
that region is switched to the field-on state. For example, when the voltage is applied to electrodes 1,
2, 4, 6, and 7, the numeral 5 is displayed. The segmented displays are also referred to as direct-drive
displays. This type of display is only good for low-information-content displays because one electrode
is needed for each element.

Fundamentals of Liquid Crystal Devices D.-K. Yang and S.-T. Wu
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10.2 Passive Matrix Displays and Drive Scheme

In order to display high-information-content images, an xy matrix must be used [1, 2]. There are striped
electrodes on the substrates as shown in Figure 10.2. The overlapped region between a front electrode
and a rear electrode is a display element referred to as a pixel. For a display consisting of N rows and M

columns, there are N �M elements, but there are only N þM electrodes. In the xy matrix, the structure
of the electrode is greatly simplified. Driving the pixels, however, becomes complicated. It is impossible
to apply a voltage to a pixel without affecting the other pixels in the matrix. For the purpose of simplicity,
let us consider a 2� 2 matrix display as shown in Figure 10.3(a). The equivalent circuit is shown in
Figure 10.3(b). The liquid crystals in the pixels can be regarded as capacitors. If we want to switch Pixel
11, we apply a voltage V to Column 1 and ground Row 1. The voltage across Pixel 11 is V. As can be seen
from Figure 10.3(b), there is also a voltage V=3 applied to the other three pixels, which may partially
switch the pixels. This undesired voltage that is applied to the other pixels and partially switches them is
referred to as cross-talking.

Now we consider how to address a N �M (N rows and M columns) xy matrix display. The display is
addressed one row at a time. The row electrodes are called scanning electrodes and the column electrodes
are called signal electrodes or data electrodes. The state of the pixels is controlled by the voltages applied
to the column electrodes. There are three issues that must be considered. The first issue is that there are
voltages applied to the pixels on the rows not being addressed because of the column voltages. The
second issue is that the voltages across the pixels on the row after addressing are not retained. The third
issue is the frame time T f . If the time interval to address a row is Dt, the frame time is T f ¼ NDt. The
frame time must be not only shorter than the response time (� 40 ms) of the human eye, but also shorter
than the relaxation time of the liquid crystal. When the frame time is shorter than the relaxation time of
the liquid crystal, the state of the liquid crystal in a pixel is determined by the averaged (over the frame
time) rms voltage applied across the pixel.

Let us consider a normal-black liquid crystal display. At zero volts, the transmittance of the liquid
crystal display is zero and the display is black. At the voltage Von, the display is switched to the bright
state. A pixel of the display to be addressed in the bright state is called the selected pixel and a pixel
to beaddressed in the dark state is called the non-selected pixel. We consider a simple drive scheme.

Segmented 
electrodes 

 

1 
2 3  
4 

5 6  
7 V 

Common 
electrode

Figure 10.1 Schematic diagram of the segmented numerical liquid crystal display

front
electrodes

Rear electrodes 

pixels

Figure 10.2 Schematic diagram of xy matrix
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The column voltage to select the bright state is �V=b and the column voltage to select the black state is
V=b, where b is a constant [2–4]. The row voltage to the row being addressed is ðb� 1ÞV=b and the
row voltage to the rows not being addressed is zero. For the selected pixel, the applied voltage is
ðb� 1ÞV=b� ð�V=bÞ ¼ V when being addressed and 0� ð�V=bÞ ¼ 	V afterward. For the non-
selected pixel, the applied voltage is ðb� 1ÞV=b� V=b ¼ ðb� 2ÞV=b when being addressed and
0� ð�V=bÞ ¼ 	V afterward. The rms voltage on the selected pixel is

Vs ¼
1

N
1 
 V2 þ ðN � 1Þ V

b

� �2
" #( )1=2

(10.1)

The rms voltage on the non-selected pixel is

Vns ¼
1

N
1 
 b� 2

b
V

� �2

þðN � 1Þ V

b

� �2
" #( )1=2

(10.2)

The ratio between these two voltages is

R ¼ Vs

Vns
¼ b2 þ ðN � 1Þ
ðb�2Þ2 þ ðN � 1Þ

" #1=2

In order to optimize the performance of the display, the parameter b should be chosen to maximize R:

@R2

@b
¼ 4½�b2 þ 2bþ ðN � 1Þ�
ðb� 2Þ2 þ ðN � 1Þ

 0 (10.3)

which gives

b ¼
ffiffiffiffi
N
p
þ 1 (10.4)

The maximized ratio is

Rm ¼
ffiffiffiffi
N
p
þ 1ffiffiffiffi

N
p
� 1

� �1=2

(10.5)

Rm as a function of N is shown in Figure 10.4. The larger the number of rows is, the smaller the

difference between the selected voltage and the non-selected voltage becomes.

Row 2  

Row 1 

Column 1 Column 2 

Pixel 21 

Pixel 11 

Pixel 22 

Pixel 12 

Pixel 22 Pixel 21 

Pixel 11 Pixel 12 
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V 

Row 2

Row 1

Column 1 Column 2

(a) (b)

V 

V/3 V/3 

V/3 

Figure 10.3 (a) Schematic diagram of a 2�2 matrix display. (b) The equivalent circuit
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In passive matrix displays, the quality of the displayed images depends on the electro-optical response
of the liquid crystal material. Consider a liquid crystal display whose voltage–transmittance curve is
shown in Figure 10.5. In order to achieve high contrast, the non-selected voltage V ns should be set below
V10 such that the transmittance of the black pixel is less than Tmin þ 0:1DT . The maximum selected
voltage is V s ¼ RmV ns. If V s is lower than V90, the transmittance of the bright pixel is lower than
Tmax � 0:1DT , which is clearly not good. Therefore the quality of the displayed images depends on the
steepness of the voltage–transmittance curve of the liquid crystal and the number of rows of the display.
The steepness of the voltage–transmittance curve can be characterized by the parameter g defined by

g ¼ V90

V10
(10.6)

If g � Rm, images with good contrast and high brightness can be displayed. In other words, for a given

liquid crystal display, g is fixed. The maximum number of rows the passive matrix display can have is

given by

Nmax ¼
g2 þ 1

g2 � 1

� �2

(10.7)

1=Nmax is sometimes referred to as the duty ratio. For TN liquid crystal displays (LCDs), g� 1:4,

Nmax� 9. This number of rows is only suitable for displays on simple calculators.
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Figure 10.4 The ratio of the selected voltage and non-selected voltage as a function of the number of

rows in the display
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Figure 10.5 The voltage–transmittance curve of the TN liquid crystal display

276 LIQUID CRYSTAL DISPLAY MATRICES, DRIVE SCHEMES, AND BISTABLE DISPLAYS



In order to increase the number of rows of TN LC passive matrix displays, the steepness of the
voltage–transmittance curve must be increased. The steepness is measured by the difference between the
saturation voltage Vs and the threshold voltage Vth. A smaller DV ¼ Vs � Vth generates steeper voltage–
transmittance curves. The steepness can be achieved by the following methods [4]: (1) Increasing the
twist angle, because the threshold voltage increases with the twist angle as shown in Figure 7.5. (2)
Decreasing the pretilt angle, because the threshold voltage increases with decreasing pretilt angle as
discussed in Chapter 5. (3) Decreasing the ratio between the cell thickness h and the pitch P of the LC,
because the saturation voltage decreases with increasing pitch. The twist elastic energy is smaller for
larger pitch. (4) Increasing K33=K11, because the threshold voltage increases with K33. There is bend
deformation in the field-activated states with small tilt angles but not in the saturated state. (5) decreasing
K22=K11, because the saturation voltage decreases with K22. (6) Decreasing De=e? .

Usually AC voltage waves are used in addressing LCDs in which the LC molecules interact with
applied electric fields through dielectric interaction. AC voltages can prevent the injection of ions into
the LCS, which degrade the displays through long-term effects. The waveforms of the addressing
voltages and the corresponding transmittance of the display are schematically shown in Figure 10.6

V / b−

V / b
fT

t∆

1)V / b(b −
0

V

1)V / b(b −

2)V / b(b −

t

t

t

t

t

t

t

C
ol

um
n 

vo
lt

ag
e 

R
ow

 v
ol

ta
ge

 
 P

ix
el

 v
ol

ta
ge

 
R

ow
 v

ol
ta

ge
 T

ra
ns

m
it

ta
nc

e 
 P

ix
el

 v
ol

ta
ge

 
T

ra
ns

m
it

ta
nc

e 

R
ow

m
R

ow
  (

m
+

1)
P

ix
el

m
i

P
ix

el
  (

m
+

1)
i

P
ix

el
m

i
P

ix
el

  (
m

+
1)

i
C

ol
um

n
i

Figure 10.6 Waveform of the column, row, and pixel voltages and the transmittance of the display
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where the labeled voltages are the voltages of the first half of the voltage pulses [2]. If the column voltage
is varied between �V=b and þV=b, gray-scale transmittances can be obtained.

10.3 Active Matrix Displays

Active matrix displays using thin-film transistors (TFTs) as electrical switches to control the transmis-
sion state of LC pixels offer excellent image quality and are commonly employed for direct-view
displays [5, 6]. Figure 10.7 shows the device structure of a transmissive TFT LCD using amorphous
silicon (a-Si) transistors for large-screen displays. Since LC do not emit light, a backlight is needed. A
diffuser is used to homogenize the backlight. Since most LCDs require linearly polarized light for
achieving high contrast ratio, two sheets of stretched dichroic polarizers are commonly used for large-
screen direct-view displays. The first glass substrate contains TFT arrays which serve as light switches.
Each display pixel is independently controlled by a TFT. Since a-Si exhibits photoelectric character-
istics, TFTs need to be protected from backlight (by gate metal lines) and ambient light (by black
matrices). Because of the black matrices, the actual aperture ratio (the transparent indium–tin–oxide
electrode area) drops to 80–50%, depending on the device resolution and panel size. The LC layer is
sandwiched between two substrates. The cell gap is usually controlled at around 4mm for transmissive
LCDs. The performance of the display such as light throughput, response time, and viewing angle are all
determined by the LC mode employed.

For direct-view displays, such as notebook computers and desktop monitors, compact size and light
weight are critically important. Under such circumstances, color filters are usually imbedded on the inner
side of the second substrate. Some development efforts are attempting to integrate color filters on the
TFT substrate. Three sub-pixels (red, green, and blue) form a color pixel. Each sub-pixel transmits only

240 µm

80 µm

Polarizer

Polarizer

Common substrate

LC

Gate or row electrode

Gate or row electrode

Data or column
electrode

Common electrode
Color filter

Diffuser

Backlight

TFT substrate

ITO

a-Si TFTs

Figure 10.7 Device structure of a TFT LCD color pixel
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one color; the rest are absorbed. Thus, the transmittance of each color filter alone is less than 33%. The
color filters are made of pigment materials, where transmittance at each color band is about 80–85%.
Thus, the final transmittance of each color filter is �27%. Including polarizers, color filters, and TFT
aperture ratio, the overall system optical efficiency is about 6–7% for a direct-view LCD panel. Low
optical efficiency implies high power consumption. For portable displays, low power consumption is
desirable because it lengthens the battery’s operating hours. For LCD TVs, although the power
consumption issue is not a burning issue at this stage, it will be addressed in due course.

For large-screen direct-view LCDs, a-Si TFT is a preferred choice because of its simpler manufactur-
ing process and lower cost than poly-silicon (p-Si) TFT. However, the electron mobility of a-Si is about
two orders of magnitude lower than that of p-Si, and the required pixel size is larger in order to maintain a
good storage capacitance. A typical sub-pixel size for the a-Si TFT LCD is � 80mm� 240 mm. It takes
three sub-pixels (RGB) to form a color pixel. Therefore, the pixel size of each color pixel is about
240mm� 240mm. On the other hand, p-Si has higher electron mobility than a-Si so its pixel size can be
made smaller and its device resolution is therefore higher. This advantage is particularly important for
small-screen LCDs where the aperture is an important issue.

10.3.1 TFT structure

The most commonly used TFT is the inverse-staggered (called bottom-gate) type, as shown in
Figure 10.8. The ohmic layer (nþa-Si) in the channel region can be etched either directly or by
forming a protective film on the a-Si thin film. Each method has its own merits and demerits. The
inverse-staggered structure offers a relatively simple fabrication process and its electron mobility is
�30% larger than that of the staggered type. These advantages make the bottom-gate TFT structure
a favored choice for TFT LCD applications.

Because a-Si is photosensitive, the a-Si TFT must be protected from incident backlight and ambient
light, especially if the backlight is quite strong. Furthermore, the a-Si layer should be kept as thin as
possible in order to minimize the photoinduced current, which would degrade the signal-to-noise ratio.
In the bottom-gate TFTs, an opaque gate electrode is first formed at the TFT channel region, where it
also serves as a light-shield layer for the backlight. On the color filter substrate, a black matrix shields
the TFT from ambient light irradiation. In Figure 10.8, the drawing is not in scale: the TFT and black
matrix parts should be much smaller than the transparent ITO part. A more realistic dimension is shown
in Figure 10.7.

Ambient
light

BM CF

S D
LC ITO

G

TFT a-Si

Backlight

Figure 10.8 The bottom-gate TFT structure. S stands for source, G for gate, D for drain, BM for

black matrix, and CF for color filter
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10.3.2 TFT operating principles

Figure 10.9 shows the equivalent circuit of a single pixel of a TFT LCD. Once the gate voltage exceeds a
threshold, the TFT switch is open. The source (S) data voltage is transferred to the drain (D) which is
connected to the bottom pixel electrode (ITO). The bottom pixel electrode and a gate line form a storage
capacitor (Cs) which plays an important role in holding the voltage. If the voltage across the LC layer is
higher than the threshold voltage of the employed LC material, the LC directors will be reoriented by the
voltage, resulting in light modulation of the backlight. The detailed transmission characteristics depend
on whether the LC is in normal-white mode (TN) or normal-black mode (in-plane switching and multi-
domain vertical alignment). In both situations, the polarizers are crossed.

DC voltage would induce undesirable electrochemical degradation in the organic LC molecules and
should be avoided. Therefore, the polarity of the voltage has to be alternated every other frame. In normal
operation, the gate voltage is set at 20V for the switch-on or at�5V for the switch-off state. Under these
operating conditions, the a-Si TFT exhibits an on/off current ratio larger than 106. Figure 10.10 illustrates
the TFT operating principles.

Figure 10.9 Equivalent circuit of a single pixel of TFT LCD
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Figure 10.10 Keeping DC balance of the LC voltage
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Let us assume that the common ITO electrode is biased at þ5 V. For a given gray scale, the data
voltage is atþ8 V. When the gate is open, the TFT is turned on and the current flows through the channel
and charges up the storage capacitor. The drain terminal has the same voltage as the data terminal, i.e.,
Vd ¼ þ8 V. Since the drain is connected to the bottom pixel electrode, the effective voltage across the
LC cell is þ3 V, as shown in the top left quadrant (defined as the first quadrant) of Figure 10.10. If the
gate voltage is removed or below threshold, the TFT is turned off for a frame time which is
16:7 msð60 Hz frame rate). In this period, the storage capacitor holds the charges so that the pixel
voltage remains at þ3 V. To balance the DC voltage, in the next frame the data voltage is reduced to
þ2 V, as shown in the third quadrant (clockwise). When the TFT is turned on, the voltage across the LC
cell is reversed to �3 V, which is opposite to the þ3 V shown in the previous frame. When the TFT is
turned off as shown in the fourth quadrant, the storage capacitor holds the charges and the LC voltage
remains at �3 V.

The LC reorientation dynamics depends on the square of the electric field, i.e., it is independent of the
polarity of the electric field. However, if the LC is biased at a DC voltage for too long, then the ions will
be swept to the polyimide alignment layer interface and stay there to form a thin layer to shield the
voltage. The gray-scale voltage will be misrepresented. Therefore, to reduce the undesirable DC voltage
effect, the polarity of the DC pulses needs to be alternated and a high-resistivity LC mixture needs to be
employed.

10.4 Bistable Ferroelectric LCDs and Drive Scheme

Multiplexibility of LC materials is necessary for their use in high-information-content displays. There
are three ways to achieve this goal. The first one is to develop displays with a steep voltage–transmittance
curve as discussed in the first section. The second way is to use active matrices where the voltage on a
pixel can be controlled independently. The third way is to develop bistable LCS, the subject of the rest of
this chapter.

As discussed in Chapter 4, surface-stabilized ferroelectric liquid crystals (SSFLCs) have two stable
states at zero field. The two states have different planar orientational angles as shown in Figure 4.9. In the
SSFLC display, the LC is sandwiched between two crossed polarizers. The transmission axis of the
entrance polarizer is parallel to the orientation direction of one of the stable states, say state 1. The
transmittance of state 1 is then zero. When the LC is in the other state, say state 2, the LC director makes
an angle 2y with the entrance polarizer, and the transmittance is T ¼ sin2ð4yÞsin2ðpDnh=lÞ, where 2y is
the cone angle. When 2y is near p=4 and pDnh=l is close to p=2, the transmittance of state 2 is one. The
LC is switched between the two states by DC voltage pulses. When a voltage pulse with positive polarity
is applied across the LC, say, the LC is switched into state 1. After the pulse, the LC remains in state 1.
When a voltage pulse with negative polarity is applied, the LC is switched into state 2 and remains there
afterward.

Experiments show that FLCs with high spontaneous polarizations respond accumulatively to voltage
pulses [6–8]. The switching between the two stable states is determined by the ‘voltage–time–area’ A
defined by

A ¼
Zt2

t1

VðtÞdt

where the voltage is applied from time t1 to time t2. When the voltage is applied sufficiently long or

its amplitude is sufficiently high so that A is larger than a threshold Ath, the LC starts to transform

from one state to the other as shown in Figure 10.11. If the FLC is initially in state 1 with low

transmittance T1, when the voltage–time–area is below the threshold Ath, the LC remains in state 1.

When the voltage–time–area is increased above Ath, the LC starts to transform into state 2 and the
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transmittance increases. When the voltage–area is increased above As, the LC is completely switched

to state 2, and the transmittance reaches the maximum value T2. When the applied voltage is

removed, the LC remains in state 2. When a voltage with negative polarity is applied, the voltage–

time–area is negative. When the voltage–time–area is decreased below �Ath, the LC starts to

transform back to state 1 and the transmittance begins to decrease. When the voltage–area is

decreased below �As, the LC is completely switched back to state 1 and the transmittance decreases

to the minimum value T1.

A drive scheme for the SSFLC display is shown in Figure 10.12. At the beginning of each frame,
the LC is reset to the dark state by applying a positive/negative (P/N) voltage pulse to all the rows.
The column voltage to select the bright state is P/N and the column voltage to retain the dark state is
negative/positive (N/P). A N/P voltage pulse is applied to the row being addressed. If the column
voltage is P/N, the pixel voltage–time–area of the second half of the pulse is higher than AS, and
thus the bright state is selected. If the column voltage is N/P, the pixel voltage–time–area of the
second half of the pulse is lower than Ath, and thus the dark state is retained. The voltage applied to
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the rows not being addressed is zero. The voltage–time–areas of the voltages applied to the pixels on
the rows not being addressed are higher than �Ath but less than Ath, and therefore their states do not
change. AC voltage pulses are used to reduce undesired ionic effects.

10.5 Bistable Nematic Displays

10.5.1 Introduction

There are several types of bistable nematic LCDs which have good performance characteristics,
namely twisted–untwisted bistable nematic LCDs [9–13], zenithal bistable nematic LCDs [14, 15],
surface-induced bistable nematic LCDs [16–19], mechanically bistable nematic LCDs, and bistable
STN LCDs [20–24]. A bistable nematic material has two bistable states with different optical
properties. Once the LC is driven into a bistable state, it remains there. It can be used to make
highly multiplexed displays on passive matrices. There is no limitation on the information content.
Bistable nematic LCDs exhibit high contrast ratios and large viewing angles. The drawback is that
most bistable nematic LCDs do not have gray-scale capability.

10.5.2 Twisted–untwisted bistable nematic LCDs

In the bistable twisted–untwisted nematic (BTN) (also called 2p bistable) LCD, the two bistable
states are selected by making use of the hydrodynamic motion of the LC as discussed in Chapter 5
[9, 11, 25]. Under one hydrodynamic condition, the LC is switched to one twisted state; under
another hydrodynamic condition, the LC is switched to the other twisted state. An example is shown
in Figure 10.13. One stable state is the 08 twist state shown by Figure 10.13(a) and the other stable
state is the 360� state shown by Figure 10.13(c). Besides this particular design, there are other possible
designs [26, 27]. Generally speaking, the twist angles of the two bistable states are f and fþ 2p
respectively. f is the angle between the alignment directions of the alignment layers on the bottom
and top substrates of the cell. The angle f is usually in the region between �p=2 and p=2. The twist
angle difference between the two bistable states is 2p.

/2πθ =m

/2πθ >m/2πθ <m

(c) (b) (a) 

(d)

o180 o360o0

Figure 10.13 The LC director configurations of the states in the bistable TN LC
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(1) Bistability and switching mechanism

We first consider the 08/3608 BTN LC where the alignment directions on the two cell surfaces are
parallel, as shown in Figure 10.13. Chiral dopants are added to the nematic LC to obtain the intrinsic
pitch P such that h=P ¼ 1=2, where h is the cell thickness. The real stable state is the 1808 twist state, as
shown in Figure 10.13(b); it has a free energy lower than both the 08 and 3608 twist states. The 08 and
3608 states are actually metastable.

The hydrodynamic effect is used to switch the LC between the bistable states in the BTNLC. As
discussed in Chapter 5, the rotational motion of the LC director and the translational motions of
the LC are coupled [28, 29]. On one hand, a rotation of the LC produces a viscous stress that results
in a translational motion. On the other hand, a translational velocity gradient produces a viscous
torque and affects the rotation of the director. In the BTN LC (De> 0), when an electric field
slightly higher than the threshold Vth of the Freedericksz transition is applied, the LC is switched to
the homeotropic state as shown in Figure 10.13(d). In this state, the LC is aligned homeotropically
only in the middle of the cell and has no twisting. The LC near the surface of the cell has some
twisting. Once the field is turned off, the LC relaxes into the 08 twist state, because the 08 twist state
and the homeotropic state are topologically the same, while the 1808 twist state is topologically
different. If a very high field, higher than saturation voltage Vsa, is applied to the LC, the LC in most
regions except very near the cell surfaces is aligned homeotropically and has low elastic energy. The
LC director changes orientation rapidly in space near the surface and has a very high elastic energy.
When the applied field is removed suddenly, in the region near the cell surface the LC director
rotates very quickly because of the high elastic torque while the LC director in the middle rotates
slowly because of the low elastic torque. Thus a translational motion is induced, which will affect
the rotation of the LC in the middle in such a way that the tilt angle increases instead of decreasing.
If the LC is a nematic LC without chiral agents, the opposite rotations of the director near the
surface and the director in the middle produce a distortion of the director, which is not energetically
favored. The angle of the director in the middle eventually decreases again, resulting in the backflow
phenomenon [30–32]. If the LC has an intrinsic twist, the angle of the director in the middle can
increase further and the LC is switched into the 3608 twist state. In order for the angle of the LC in
the middle to reach a value close to p, the LC must gain sufficient momentum at the beginning. If
the initially applied voltage is not sufficiently high or a bias voltage is applied when the high voltage
is turned off or the applied voltage is removed slowly, the LC in the middle cannot obtain a
sufficiently high angular velocity to transform into the 3608 twist state, and therefore the LC ends in
the 08 twist state.

The parameters controlling the bistability are the angle f between the aligning directions of the
alignment layers and intrinsic pitch P of the LC. So far bistability has been observed for�p=2 � f � p=2.
The intrinsic pitch of the LC should be chosen heuristically in such a way that the ðfþ pÞ twist state has
minimum free energy, i.e., ðfþ pÞ is the intrinsic twist. Hence 2pðh=PÞ ¼ fþ p [26].

The 08/1808 BTN LC has also been reported [33,34]. In this LC, the two stable states are the 08 twisted
and 1808 twisted states. The chiral dopant concentration is chosen such that the two states have the same
energy. The switching between the two states also makes use of the hydrodynamic effect. When a
sufficiently high voltage is applied, the LC is switched to the homeotropic state. If the applied voltage is
turned off slowly, the LC relaxes into the 08 twisted state. If the applied voltage is turned off abruptly, the
LC relaxes into the 1808 twisted state. With the employment of one tilted strong anchoring alignment
layer and one weak planar anchoring alignment layer, the time interval of the addressing pulse can be
reduced to microseconds.

(2) Optical properties

When a BTN display is optimized, the transmittance of one of the stable states should be zero and the
transmittance of the other stable state should be one. The parameters of the display are the twist angles
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ðf; 2pþ fÞ of the stable states, the angle ai of the entrance polarizer, the angle ao of the exit polarizer,
and the retardation G of the LC. As discussed in Chapter 3, the transmittance of a uniformly TN display
in the geometry shown in Figure 3.3 is

T ¼ cos2ðao � ai � FÞ � sin2 Y sin½2ðao � FÞ� sin ð2aiÞ

� F2

Y2
sin2 Y cos ½2ðao � FÞ� cos ð2aiÞ �

F
2Y

sin ð2YÞ sin ½2ðao � ai � FÞ� (10.8)

where F is the twist angle, h is cell thickness, G ¼ ð2p=lÞðne � noÞh is the total phase retardation angle,

and Y ¼ ½F2 þ ðG=2Þ2�1=2. As an example, we consider how to choose the parameters for the (0
�
; 360

�
)

BTN LC. Put the entrance polarizer at 45� with respect to the LC at the entrance plane, i.e., ai ¼ p=4. Put

the exit polarizer at�45� with respect to the LC at the entrance plane, i.e., ao ¼ �p=4. When the LC is in

the state with a twist angle of 0�, namely F ¼ 0, the transmittance is

Tð0� Þ ¼ sin2 G
2

� �
(10.9)

When the LC is in the state with a twist angle of 360�, namely F ¼ 2p, the transmittance is

Tð360
� Þ ¼ sin2 ð2pÞ2 þ G

2

� �2
" #1=2

8<
:

9=
; (10.10)

In order to find the retardation G which maximizes the contrast, the difference of the transmittances

is calculated and plotted as in Figure 10.14. Good performance is achieved when the transmittance

difference is maximized. When the difference of the transmittances is maximized, the transmittances of

the stable states and the corresponding retardation are as listed in Table 10.1. The good choices are: (1)

G ¼ 0:972p, which generates Tð0�Þ ¼ 0:998 and Tð360�Þ ¼ 0:033 [10]; (2) G ¼ 6:924p, which

generates Tð0�Þ ¼ 0:986 and Tð360�Þ ¼ 0.

The angles of the polarizers as well as the twist angle f can also be varied to achieve
good performance. For example, consider a (�90�; 270�) BTN LC where f ¼ �90�. The angles of
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the polarizers are �ai ¼ ao ¼ p=4. When the LC is in the �90� twist state, F ¼ �p=2. The
transmittance is

Tð�90�Þ ¼ 1� sin2 p
2

� �2
þ G

2

� �2
" #1=2

8<
:

9=
; ¼ cos2 p

2

� �2
þ G

2

� �2
" #1=2

8<
:

9=
; (10.11)

When the LC is in the 270� twist state, F ¼ 3p=2. The transmittance is

Tð270�Þ ¼ 1� sin2 3p
2

� �2

þ G
2

� �2
" #1=2

8<
:

9=
; ¼ cos2 3p

2

� �2

þ G
2

� �2
" #1=2

8<
:

9=
; (10.12)

When G ¼ 2
ffiffiffi
2
p

p, Tð�90�Þ ¼ 0 and Tð270�Þ ¼ 0:965 [26]. With the help of the simplified Mueller

matrix method and Poincaré sphere, a general condition for optimized performance can be derived. The

optimization considered here is only for one wavelength. In reality, the transmission spectra of the two

stable states are wavelength dependent because the phase retardation angle G is wavelength dependent.

Therefore in designing BTN displays, the wavelength dispersion of the transmission spectra must be

considered [35–39]. The BTN LC can also be used to make reflective displays [35].

(3) Drive schemes

Bistability of a display material does not guarantee multiplexibility. Proper drive schemes must
be designed in order to make multiplexed displays on a passive matrix. A good drive scheme should
possess the properties of fast addressing speed, low drive voltage, no cross-talk, and simple waveform.
According to the number of phases in the addressing, there are three major types of drive scheme for the
BTN LC: (1) one-phase, (2) two-phase, and (3) three-phase drive schemes.

(a) One-phase drive scheme The one-phase drive scheme is shown schematically in Figure 10.15.
The state of the LC is changed by one voltage pulse [10, 26, 40]. A low-voltage VL addressing pulse

V

t
LV

HV

T
t

Figure 10.15 Schematic diagram of the one-phase drive scheme and the response of the BTN LC

Table 10.1 Some of the retardations with which the performance of the BTN LC is optimized

G=p Tð0�Þ Tð360�Þ 0� Twist state 360� Twist state

0.972 0.998 0.033 Bright state Dark state

2.000 0 0.491 Dark state Bright state

4.000 0 0.267 Dark state Bright state

6.000 0 0.894 Dark state Bright state

6.924 0.986 0 Bright state Dark state

8.000 0 0.993 Dark state Bright state
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switches the material in to the low twisted state while a high-voltage VH addressing pulse switches
the material into the high twisted state. The low voltage is slightly higher than the threshold Vth of the
Freedericksz transition. When the low voltage is applied, independent of the initial state of the LC, the
LC is switched to a homeotropic state where the LC is aligned homeotropically only in a small region in
the middle of the cell. When the low voltage is turned off, the LC relaxes into the low twisted state
because it does not have sufficiently high potential. The high voltage is higher than the saturation voltage
Vsa, which is much higher than the threshold of the Freedericksz transition. When the high voltage is
applied, independent of the initial state, the LC is switched to a homeotropic state where the LC is
aligned homeotropically in most regions of the cell except very close to the cell surfaces, and gains a high
potential. When the high voltage is turned off, the LC relaxes into the high twisted state because of
the hydrodynamic effect.

In addressing the display, the row voltage for the row being addressed is Vrs ¼ ðVL þ VH Þ=2; the row
voltage for the row not being addressed is Vrns ¼ 0 V. The column voltage is Vcon ¼ �ðVH � VLÞ=2 to
select the high twisting state and Vcoff ¼ ðVH � VLÞ=2 to select the low twisting state. The threshold of
the Freedericksz transition of the LC must be higher than ðVH � VLÞ=2 in order to prevent cross-talk.
The problem of this drive scheme is that the time interval to address one line is on the order of 10 ms, and
thus the addressing speed is slow.

(b) Two-phase drive scheme The two-phase drive scheme is shown in Figure 10.16 [26]. In the reset
phase, a high voltage VRð>VsaÞ is applied to switch the LC to the homeotropic state. When the reset
voltage is turned off, the LC begins to relax. In the selection phase, if the selection voltage VS is the low
voltage VL, there is no hindrance to the rotation of the LC molecules in the middle of the cell; the tilt
angle at the middle plane increases and the LC relaxes to the high twisted state. If the selection voltage VS

is the high voltage VH, the applied voltage hinders the rotation of the LC molecules in the middle of the
cell; the tilt angle at the middle plane decreases and the LC relaxes to the low twisted state. The time
interval of the reset phase is on the order of 10 ms while the time interval of the selection phase is on the
order of 1ms. ðVH � VLÞ= 2 must be lower than the threshold of the Freedericksz transition of the LC in
order to prevent cross-talk. Although the reset phase is long, multiple lines can be put into the reset phase
such that the time is shared, which is known as the pipeline algorithm. Therefore the addressing speed of
the two-phase drive scheme is faster than that of the one-phase drive scheme.

(c) Three-phase drive scheme The three-phase drive scheme is shown in Figure 10.17. It consists of
three phases: reset, delay, and selection [41]. The physics behind this drive scheme is that at the
beginning of the relaxation after the reset phase, the LC is allowed to relax freely, and the hydrodynamic
effect can be controlled by a voltage in the late stage of the relaxation. Therefore the time interval of the
selection phase is reduced. In the reset phase, the high voltage VRð>VsaÞ switches the LC into the
homeotropic texture. In the delay phase, the applied voltage VD is zero and the LC starts to relax. In
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Figure 10.16 Schematic diagram of the two-phase drive scheme and the response of the BTN LC
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the selection phase, if the applied voltage VS equals the high voltage VH, the rotation of the LC molecules
in the middle of the cell is hindered. After the selection phase, the liquid crystal is addressed to the low
twisted state. If the applied voltage VS equals the low voltage VL, the rotation of the LC molecules in the
middle of the cell is not hindered and the tilt angle increases. After the selection phase, the LC is
addressed to the high twisted state. ðVH � VLÞ=2 must be lower than the threshold of the Freedericksz
transition of the LC in order to prevent cross-talk. The time intervals of the reset and delay phases can be
shared using the pipeline algorithm. The time interval of the selection phase can be as short as 100ms.
Therefore the addressing speed is increased dramatically and video rate display becomes possible with
this drive scheme.

10.5.3 Surface-stabilized nematic LCDs

In LCDs, the LC are usually sandwiched between two substrates. A certain alignment of the LC at the
surface of the substrates is usually necessary in order for a display to operate properly. Bistable nematic
LCs can be created by using surface alignment layers. They are divided into two categories: zenithal
bistable TN and azimuthal TN.

(1) Zenithal bistable TN LCs

The zenithal (Z) bistable nematic LC was developed by Bryan-Brown et al., using surface stabilization
[15]. One substrate of the cell has an alignment layer with homeotropic anchoring and the other substrate
is a one-dimensional grating as shown in Figure 10.18. The groove of the grating is along the y direction.
The grooves are made from a photoresist. The non-symmetric profile of the grooves is obtained by using
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Figure 10.18 Schematic diagram of the LC director configurations of the two bistable states of the Z

bistable nematic LC
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Figure 10.17 Schematic diagram of the three-phase drive scheme and the response of the BTN LC
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UV light incident obliquely at 60� in the photolithography. A surfactant is coated on top of the grooves to
obtain homeotropic anchoring.

The LC in the Z bistable cell has two stable states at zero field. One is the high-tilt state shown in
Figure 10.18(a); the other is the low-tilt state shown in Figure 10.18(b). The flexoelectric effect plays an
important role in switching the LC between the two stable states. As discussed in Chapter 4, the
polarization produced by the flexoelectric effect is given by ~P ¼ e1~nðr 
~nÞ þ e2ðr �~nÞ �~n. In the cell
geometry shown in Figure 10.18, the LC director deformation occurs mainly near the grating surface; the
bend deformation is dominant. The bending directions in the two states are different and therefore the
induced polarization is upward in one of the states and downward in the other. The LC has a positive
dielectric anisotropy. Besides the flexoelectric interaction, there is a dielectric interaction when a voltage
is applied across the cell. When a sufficiently high voltage with one polarity is applied, the LC is
switched to a homeotropic state with the LC near the grating substrate having a configuration similar to
that in the high-tilt state; it relaxes into the high-tilt state after the applied voltage is removed. When a
sufficiently high voltage with the opposite polarity is applied, the LC is switched to a homeotropic state
with the LC near the grating substrate having a configuration similar to that in the low-tilt state; it relaxes
into the low-tilt state after the applied voltage is removed.

In building a transmissive Z bistable display, crossed polarizers are used. The polarizers make an angle
of 45� with the grating groove direction. Hence the plane containing the LC director makes an angle of 45�

with the polarizers. The cell thickness and birefringence of the LC are chosen in such a way that the
retardation of the low-tilt state is p, and therefore the transmittance of the low-tilt state is high. The
retardation of the high-tilt state is small and therefore its transmittance is low. The Z bistable display can be
addressed by DC voltages pulses. The width of the addressing voltage pulse is about 10 ms for a field of
about 10 V=mm, with which video rate is possible. The relaxation time from the field-on state to the low-tilt
state is about 20ms and the relaxation time from the other field-on state to the low-tilt state is about 1ms.
The material can also be used to make reflective displays with the retardation adjusted properly.

The Z bistable nematic LC can also be used to make displays by using a different geometry: the cell is
made of the grating substrate and another substrate with a homogeneous anchoring [14, 42]. The aligning
direction of the homogeneous anchoring makes an angle of 90� with respect to the LC director near the
grating surface in the low-tilt state. Thus a hybrid TN LC is formed. In making a transmissive display,
two crossed polarizers are used. The groove of the grating is arranged parallel to one of the polarizers.
When the LC is in the low-tilt state, the material acts as a polarization guide and the transmittance of the
display is high. When the LC is in the high-tilt state, the polarization of the incident light is rotated only
slightly and therefore the transmittance is low. The selection of the states is made by using DC voltage
pulses in the same way as already described. In this design, higher contrast is achieved. Furthermore,
written images are retained at zero field even if the display is squeezed.

(2) Azimuthal bistable nematic LCs

The alignment of a LC at the cell surface is due to the intermolecular interaction between the molecules
of the alignment layer and the LC molecules as well as the geometrical shape of the surface of the
alignment layer through the elastic energy of the LC. For an alignment layer having unidirectional
grooves (grating), the LC is aligned along the groove direction. For an alignment layer having grooves in
two perpendicular directions (bi-grating), two alignment directions can be created with properly
controlled groove amplitude and pitch. The LC can be anchored along either direction. Thus two
bistable orientation states can be achieved [43]. In order to be able to select the two states by applying a
voltage in the cell normal direction, the pretilt angles of the two anchoring directions must be different.

Alignment layers with two anchoring directions and different pretilt angles can be produced by
obliquely evaporating SiO on glass substrates twice. The blaze direction of the first evaporation is in the
x–z plane (with azimuthal angle f ¼ 0�) and the blaze direction of the second evaporation is in the y–z

phase (with azimuthal angle f ¼ 90�). The resulting alignment layer has two alignment directions: one
has azimuthal angle f ¼ 45� and a non-zero pretilt angle, and the other has azimuthal angle f ¼ �45�
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and zero pretilt angle. In a cell with two such alignment layers on the two substrates, there are two stable states
as shown in Figure 10.19. Because of the non-zero pretilt angle, there are splay deformations in the two
bistable states, which induce flexoelectric polarizations. In the state shown in Figure 10.19(a), the flexo-
electric polarization is upward, while in the state shown in Figure 10.19(b), the flexoelectric polarization is
downward. Therefore these states can be selected by using DC voltages applied across the cell.

10.6 Bistable Cholesteric Reflective Displays

10.6.1 Introduction

Cholesteric (Ch) LC have a helical structure in which the LC director twists around a perpendicular axis
named the helical axis [29]. The distance along the helical axis for the director to twist 2p is called the
pitch and is denoted by Po. In this section we only discuss Ch LC with short pitches (in the visible and IR
light regions). The optical properties of a Ch LC depend on the orientation of the helical axis with respect
to the cell surface. There are four states as shown in Figure 10.20 [44]. When a Ch LC is in the planar
state (also called planar texture) where the helical axis is perpendicular to the cell surface as shown in
Figure 10.20(a), the material reflects light. A microphotograph of the planar state is shown in
Figure 21(a). The dark lines are the disclination lines, called oily streaks [45–47], where the Ch layers
are bent. When the LC is in the focal conic state (texture), the helical axis is more or less random
throughout the cell as shown in Figure 20(b). It is a multi-domain structure and the material is scattering.
A microphotograph of the focal conic state is shown in Figure 10.21(b), which is similar to the focal
conic texture of smectic-A LC because the Ch LC can be regarded as a layered structure [46]. When an
intermediate electric field is applied across the cell, the LC is switched to the fingerprint state (texture),
and the helical axis is parallel to the cell surface as shown in Figure 10.20(c). A microphotograph of the
fingerprint state is shown in Figure 10.21(c). When a sufficiently high field is applied across the cell, the

Figure 10.20 Schematic diagram of the Ch states
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Figure 10.19 Schematic diagram of the azimuhtal bistable nematic LC
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LC (De> 0) is switched to the homeotropic state where the helical structure is unwound with the LC
director perpendicular to the cell surface as shown in Figure 10.20(d) [48]. The material is transparent
in this state. When homeotropic alignment layers or weak homogeneous alignment layers are used
(known as surface stabilization) or a small amount of polymer is dispersed in the LC (known as polymer
stabilization), both the planar state and the focal conic state can be stable at zero field [49–54].

10.6.2 Optical properties of bistable Ch reflective displays

(1) Reflection

Bistable Ch reflective displays are operated between the reflecting planar state and the non-reflecting
focal conic state. When a Ch LC is in the planar texture, the refractive index varies periodically in the cell
normal direction. The refractive index oscillates between the ordinary refractive index no and the
extraordinary refractive index ne. The period is Po/2 because ~n and �~n are equivalent. The LC exhibits
Bragg reflection at the wavelength lo ¼ 2n̄ðPo=2Þ ¼ n̄Po for normally incident light [28], where n ¼
ðne þ noÞ=2 is the average refractive index. The reflection bandwidth is given by DnPo, where Dn ¼
ne � no is the birefringence. The reflected light is circularly polarized with the same handedness as the
helical structure of the LC. If the (normally) incident light is unpolarized, then the maximum reflection
from one Ch layer is 50%; 100% reflection can be achieved by stacking a layer of left-handed Ch LC and
a layer of right-handed Ch LC. In bistable Ch reflective displays, a color absorption layer is coated on the
bottom substrate. When the LC is in the planar state, the reflection of the display is the sum of the
reflection from the LC and the reflection from the absorption layer. When the LC is in the focal conic
state, the reflection of the display is only contributed by the reflection of the absorption layer. If the
absorption layer is black and the LC reflects green light, the planar state appears green while the focal
conic state is black [55]. If the absorption layer is blue and the LC reflects yellow light, the planar state
appears white and the focal conic state appears blue [56].

(2) Viewing angle

When light is obliquely incident at an angle y on the Ch LC in the planar state, the central wavelength of
the reflection band is shifted to l ¼ nPocosy. This shift of the reflection band is undesirable in display
application if the LC is in the perfect planar state, because the color of the reflected light changes with
viewing angle and the reflected light is only observed at the corresponding specular angle. This problem
can be partially solved by dispersing a small amount of polymer in the LC or by using an alignment layer
which gives weak homogeneous anchoring or homeotropic anchoring. The dispersed polymer and the
alignment layer produce defects and create a poly-domain structure as shown in Figure 10.22(a). In this
imperfect planar state, the helical axis of the domains is no longer exactly parallel to the cell normal but
distributed around the normal. For incident light at one angle, light reflected from different domains is in
different directions, as shown in Figure 10.22(b). Under room light condition where light is incident at
all angles, at one viewing angle, light reflected from different domains has different colors. Because the

Figure 10.21 Microphotographs of the Ch textures
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observed light is a mixture of different colors, the colors observed at different viewing angle are not
much different. The poly-domain structure of the imperfect planar state and the isotropic incidence of
room light are responsible for the large viewing angle of the Ch display [57].

(3) Polymer-stabilized black–white Ch display

The deviation of the helical axis from the cell normal direction in the poly-domain planar texture
depends on the amount of the dispersed polymer. In the regular polymer-stabilized Ch display, the
polymer concentration is low and the deviation is small. The reflection spectrum of the planar texture is
not very wide as shown in Figure 10.23(a). The color of the reflected light is pure. The reflection spectra
of surface-stabilized Ch displays are similar. The reflection of the focal conic texture is low as shown in
Figure 10.23(a). If the polymer concentration is high, the deviation becomes large. When nPo equals the
wavelengh of red light, the reflection spectrum of the planar texture becomes very broad as shown in
Figure 10.23(b). The planar texture has a white appearance. The display is called a polymer-stabilized
black–white Ch display [58, 59]. In this display, the scattering of the focal conic texture is stronger than
that of the focal conic texture of the regular polymer-stabilized Ch displays.

(4) Gray scale

The bistable Ch displays exhibit gray-scale memory states because of their multi-domain structure [55,
60, 61]. For each domain, it is bistable that it is either in the planar state or in the focal conic state. For
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Figure 10.22 (a) Microphotograph of the imperfect planar state. (b) The reflection from the

imperfect planar state under room light conditions
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different domains, the voltages to switch them from the planar state to the focal conic state are different.
Once a domain is switched to the focal conic state, it remains there even after the applied voltage is
turned off. If initially the LC is in the planar state, under a low applied voltage, few domains are
switched to the focal conic state and the resulting reflectance is high; under a high applied voltage, many
domains are switched to the focal conic state and the resulting reflectance is low. Therefore gray-scale
reflectances are possible in bistable Ch reflective displays. The domain has a size around 10 mm and
cannot be observed by the naked eye.

(5) Multiple color Ch displays

In a Ch display with a single layer of Ch LC, only a single color can be displayed. In order to make
multiple color displays, Ch LCs with a variety of pitches must be used. This can be done either by
stacking multiple layers of Ch LC with different pitches or by using one layer of Ch LC with different
pitches partitioned in-plane.

Multiple color displays from one layer can be made from pixelation of colors. The displays have three
alternating types of stripes of Ch LCs with three different pitches refelcting blue, green, and red light.
Partition or other means of preventing interstripe diffusion must be used. Polymer walls, especially field-
induced polymer walls, are good candidates. The different pitches can be achieved by two methods. In
the first method, empty cells with partitions are filled with three Ch LCs with different pitches. The
second method is photo color tuning [62, 63]. A photo-sensitive chiral dopant is added to the LC. The
dopant undergoes a chemical reaction under UV irradiation and thus its chirality changes, and the pitch
of the LC changes. After the display cells are filled with the mixture, the cells are irradiated by UV light
with photomasks. By varying the irradiation time, different pitches are achieved. In this method,
partitions are fabricated either before or after the photo color tuning. A polymer dispersing technique
with large LC droplets can also be used with this method [64]. The major drawback of one-layer multiple
color displays is that the reflection is low.

Multiple color displays from multiple layers are made by stacking three layers of Ch LCs with pitches
reflecting blue, green, and red light [65–68]. Single layer displays with the three colors are fabricated first. Then
they are laminated togther. In order to decrease parallax, thin substrates, preferably substrates with a conducting
coating on both sides, should be used to decrease the distance between the LC layers. Because of the scattering
of the Ch LC, experiments show that the best stacking order from bottom to top is red, green, and blue.

10.6.3 Encapsulated Ch LCDs

When Ch LC are encapsulated in droplet form, the bistability can be preserved when the droplet size is
much larger than the pitch [64]. There are two methods which are used to encapsulate Ch LCs: phase
separation and emulsification. In the phase separation method [69], the Ch LCs is mixed with monomers
or oligomers to make a homogeneous mixture. The mixture is coated on plastic substrates and then
another substrate is laminated on. The monomers or oligomers are then polymerized to induce phase
separation. The LC phase separates from the polymer to form droplets. In the emulsification method
[70–73], the Ch LC, water, and a water-dissolvable polymer are placed in a container. The water
dissolves the polymer to form a viscous solution, which does not dissolve the LC. When this system is
stirred with a propeller blade at a sufficiently high speed, micron-size LC droplets are formed. The
emulsion is then coated on a substrate and the water is allowed to evaporate. After the water evaporates, a
second substrate is laminated to form the Ch display.

The encapsulated Ch LCs are suitable for flexible displays with plastic substrates. They have much
higher viscosities than pure Ch LCs and can be coated on substrates in a roll-to-roll process [71, 72]. The
polymers used for the encapsulation have good adhesion to the substrates and can make the materials
self-adhesive to sustain the cell thickness. Furthermore, the encapsulated Ch LCs can no longer flow
when squeezed, which solves the image-erasing problem in displays from pure Ch LCs where squeezing
causes the LC to flow and to be switched to the planar state.
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10.6.4 Transition between Ch states

The state of a Ch LC is mainly determined by surface anchoring, cell thickness, and applied fields. The
LC can be switched from one state to another by applying electric fields. There are many possible
transitions among the states as shown in Figure 10.24 [50, 54]. In order to design drive schemes for the
bistable Ch reflective display, it is essential to understand the transitions. The Ch LC considered here
have positive dielectric anisotropies unless otherwise specified.

(1) Transition between planar state and focal conic state

Under a given electric field and boundary conditions, a LC system is in a state with minimum free
energy. In considering the state of the Ch LC in the bistable Ch display, the energies involved are the
elastic energy of the deformation of the LC director, electric energy, and surface energy. In both the
planar and focal conic states, the helical structure is preserved. In the planar state, the elastic energy is
zero because there is no director deformation, while in the focal conic state, the elastic energy is positive
because of the bend of the Ch layers. The electric energy is given by�ð1=2ÞDeeoð~E 
~nÞ2, which depends
on the orientation of the LC director. In the planar state, the electric energy is zero because the LC
director ~n is perpendicular to the field everywhere, while in the focal conic state, the electric energy is
negative because the LC is parallel to the applied field in some regions. The elastic energy is against the
planar–focal conic (P–F) transition while the electric energy favors the transition. When the applied field
is sufficiently high, the planar state becomes unstable and the LC transforms from the planar to the focal
conic state. There are two possible mechanisms for the transition from the planar to the focal conic state.
One mechanism is the oily streaks as shown in Figure 10.25 [45, 47]. The oily streaks are bent Ch layers
whose structure is shown in Figure 10.25(b). When the applied field is higher than a threshold Eoily, the

Figure 10.25 (a) Microphotograph of the oily streaks in the Ch LC. The bright finger is the oily

streak. The dark background is the planar texture. (b) Schematic diagram showing the structure of the

oily streak in cross-section
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Figure 10.24 Schematic diagram showing the transitions among the Ch states
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oily streaks nucleate from seeds such as impurities, guest particles, and surface irregularities; they grow
with time until the whole system is switched into the focal conic state. The other mechanism is Helfrich
deformation, as shown in Figure 10.26. Helfrich deformation is a 2-D undulation in the plane parallel to
the cell surface [29, 45, 74, 75]. The structure of the LC in a vertical plane is shown in Figure 10.26(b). The
wavelength of the undulation is l ¼ ð2K33=K22Þ1=4ðhPoÞ1=2. When the applied field is above a threshold
EHelfrich, the Ch layers start to undulate. Helfrich deformation is a homogeneous process and can take
place simultaneously everywhere, and therefore it is much faster than the process of the oily streak. Once
the applied field is above the threshold EHelfrich, the amplitude of the undulation increases with increasing
voltage, and eventually the amplitude diverges and the LC transforms into the focal conic state.

In bistable Ch reflective display applications, it is desirable that the threshold of the transition from the
planar state to the focal conic state be high so that the Ch LC can remain in the planar state and the
display does not exhibit flicker under addressing column voltage.

Once the Ch LC is in the focal conic state, it may remain there, depending on the surface anchoring
condition. In bistable Ch reflective displays where either weak tangential or homeotropic alignment layers
are used or polymers are dispersed in the LC, the LC remains in the focal conic state when the applied
voltage is turned off. In order to switch the LC from the focal conic state back to the planar state, a high
voltage must be applied to switch it to the homeotropic texture, then it relaxes back to the planar state after
the high voltage is removed. This will be discussed in more detail later. If the cell has strong homogeneous
alignment layers, the focal conic texture is not stable and the LC relaxes slowly back to the planar texture.

(2) Transition between the fingerprint state and homeotropic state

When the LC is in the focal conic state and the externally applied electric field is increased, more LC
molecules are aligned parallel to the field. The LC is gradually switched to the fingerprint state. There is
no sharp boundary between the focal conic state and the fingerprint state. When the applied field is
increased further, the pitch of the LC becomes longer as shown in Figure 10.27. When the applied field is
above a threshold Ec, the helical structure is unwound [29, 48], the pitch becomes infinitely long, and the
LC is switched to the homeotropic state.

We first consider the unwinding of the helical structure. As the applied field is increased, the pi-walls
(the narrow regions in which the LC director rotates by p) are propelled apart horizontally and
annihilated at the boundaries far away. In the fingerprint state, the LC director is given by nx ¼ sinyðyÞ,
ny ¼ 0, nz ¼ cosyðyÞ. The free energy is given by

f ¼ 1

2
K22½~n 
 ðr �~nÞ þ qo�2 �

1

2
Deeoð~n 
~EÞ2

¼ 1

2
K22ðy0 � qoÞ2 þ

1

2
DeeoE2sin2yþ constant

ð10:13Þ

Figure 10.26 (a) Microphotograph of Helfrich deformation. (b) Schematic diagram showing the

structure of Helfrich deformation in a plane perpendicular to the cell surface
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where y0 ¼ @y=@y. The constant in this equation does not affect the director configuration and can be

omitted. Using the dimensionless variables

c ¼ f=K22q2
o; x ¼ qoy; e ¼ E=Eo

where

Eo ¼
p
2

qo

ffiffiffiffiffiffiffiffiffi
K22

eoDe

r
¼ p2

Po

ffiffiffiffiffiffiffiffiffi
K22

eoDe

r

we have the dimensionless free energy density

c ¼ 1

2

dy
dx
� 1

� �2

þ 1

2

pe

2

� �2
sin2y (10.14)

Using the Euler–Lagrange equation to minimize the free energy, we obtain

dy
dx
¼ pe

2
siny

� �2
þA

� �1=2

(10.15)

where A is the integration constant, which is field dependent. When e ¼ 0; dy=dx ¼ 1 then A ¼ 1.

When e� eC ¼ Ec=Eo, dy=dx ¼ 0 and y ¼ 0, hence. Thus, as the applied field is increased from 0 to

ec, A changes from 1 to 0. The state normalized periodicity of the fingerprint state is ðP=2Þqo and is

given by

ðP=2Þqo ¼
Zp
0

Aþ pe

2
siny

� �2
� ��1=2

dy (10.16)

By substituting Equation (10.15) into Equation (10.14), we have the free energy density

c ¼ 1

2
ð1þ AÞ � dy

dx
þ pe

2

� �2
sin2y (10.17)
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Figure 10.27 Schematic diagram showing the process of unwinding the helical structure in the

fingerprint–homeotropic transition
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The free energy density is a periodic function of x with the a period of ðP=2Þqo. The averaged free energy

density is given by

c ¼

ZP=2

0

1

2
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dx
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2
sin y
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dx
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(10.18)

Minimizing c with respect to A, @c=@A ¼ 0, which gives

Zp
0

Aþ p
2

esin y
� �2

� �1=2

dy ¼ 2

Zp=2

0

Aþ p
2

esin y
� �2

� �1=2

dy ¼ p (10.19)

At any applied field e, the value of A can be found by solving Equation (10.19). Once the value of A is

known, the helical pitch P can be calculated from Equation (10.16). At the threshold ec, A ¼ 0. From

Equation (10.19), we can obtain that ec ¼ 1. At this field, the pitch is

ðP=2Þqo ¼
Zp
0

Aþ peC

2
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2
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Therefore the critical field unwinding the helical structure is

Ec ¼ Eo ¼
p
2

qo

ffiffiffiffiffiffiffiffiffi
K22

eoDe

r
¼ p2
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ffiffiffiffiffiffiffiffiffi
K22

eoDe

r
(10.20)

In reality, the pi-walls in the fingerprint–homeotropic transition are not parallel to each other. Instead,

they form circles. The pi-wall circles shrink with increasing field. They annihilate at a threshold, which

depends on the cell thickness and anchoring condition, slightly higher than Ec.

The fingerprint state homeotropic transition is reversible. The LC can transform directly from the
homeotropic state back to the fingerprint. The transition is, however, a nucelation process and therefore is
slow (on the order of 100 ms). There is also a hysteresis where the transition occurs only when the applied
field is decreased below a threshold which is lower than the threshold to unwind the helical structure. If
there are no nucelation seeds, the formation of helical structure in the middle of the homeotropic state
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always causes the free energy to increase, i.e., there is an energy barrier against the homeotropic–
fingerprint (H-F) transition. Experiments have shown that the threshold EHF of the H-F transition is about
0:9Ec. The hysteresis plays an important role in the dynamic drive scheme which will be discussed shortly.

(3) Transition between the homeotropic state and the planar state

For the LC in the homeotropic state, when the applied field is turned down, there are two relaxation
modes. One is the H-F mode in which the LC relaxes into the fingerprint state (and then to the focal conic
state) as discussed in the previous section. The other is the H-P mode in which the LC relaxes into the
planar state [76, 77]. The rotation of the liquid crystal in the H-P mode is shown in Figure 10.28. The
liquid crystal forms a conic helical structure with the helical axis in the cell normal direction. As the
relaxation takes place, the polar angle y increases. When the polar angle y is zero, the LC is in the
homeotropic state. When the polar angle is p=2, the LC is in the planar state.

We now consider the static conic helical structure. It is assumed that the polar angle y is a constant
independent of z and the azimuthal angle f varies along z with a constant rate q, i.e., the twisting is
uniform. The components of the director ~n are given by nx ¼ sinycosðqzÞ, ny ¼ sinysinðqzÞ, and
nz ¼ cosy. The free energy is given by

f ¼ 1

2
K22ðqo � qsin2yÞ2 þ 1

2
K33q2sin2ycos2yþ 1

2
DeeoE2sin2y (10.21)

With the dimensionless variables K3 ¼ K33=K22, l ¼ q=qo, c ¼ f=K22q2
o, and e ¼ E=Ec, the free

energy becomes

c ¼ 1

2
ð1� lsin2yÞ2 þ 1

2
K3l2sin2ycos2yþ 1

2

p
2

e
� �2

sin2y (10.22)

By minimizing c with respect to l, we obtain

l ¼ 1

sin2yþ K3cos2y
(10.23)

That is, q ¼ qo

sin2yþ K3cos2y

When the polar angle y is very small, q ¼ qo=K3 ¼ K22qo=K33, and the pitch is P ¼ ðK33=K22ÞPo.

For most liquid crystals, K33=K22� 2. Hence the pitch p of the conic helical structure with small polar
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Figure 10.28 Schematic diagram showing the rotation of the LC in the H-P relaxation mode
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angle is about twice the intrinsic pitch Po. When the polar angle y is p=2, q ¼ qo, i.e., P ¼ Po. After

the minimization with respect to l, the free energy is

c ¼ 1

2
þ 1

2
sin2y

p
2

e
� �2

� 1

K3 þ ð1� K3Þsin2y

� �
(10.24)

We then examine whether there is any stable conic helical structure. We minimize the free energy with

respect to the polar angle y,

@c
@ðsin2yÞ

¼ 1

2
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2

e
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� K3

2½K3 þ ð1� K3Þsin2y�2
ð10:25Þ

@2c

@ðsin2yÞ2
¼ K3ð1� K3Þ
½K3 þ ð1� K3Þsin2y�3

ð10:26Þ

Because K3 > 1, the second-order derivative is negative, and therefore there is no minimum free
energy state in the region 0< y< p=2; therefore there is no stable conic helical structure. The LC is
either in the homeotropic state with y ¼ 0 or in the planar state with y ¼ p=2. In Figure 10.29 the free
energy of the conic helical structure given by Equation (10.24) is plotted as a function of sin2y at three
different fields; eeq ¼ 2=p is the field at which the planar state and the homeotropic state have the same
free energy. At this field however, there is an energy barrier between the two states. When the applied
field is increased from eeq, the free energy of the homeotropic state becomes lower than that of the planar
state, but the energy barrier persists. The energy barrier becomes lower with increasing field. When the
field is sufficiently high, the energy barrier decreases to zero, and the planar state will become absolutely
unstable. The critical field e ph ¼ ð2=pÞ

ffiffiffiffiffiffi
K3
p

can be obtained from the equation

@c

@ðsin2yÞ

����
y¼p=2

¼ 0

The un-normalized critical field for the P-H transition is

Eph ¼
2

p

ffiffiffiffiffiffiffiffi
K33

K22

r
Ec

For a LC with K33=K22 ¼ 2, Ehp ¼ 0:9Ec, which is slightly lower than the critical field Ec to unwind the

helical structure in the fingerprint state. If the field is decreased from eeq, the free energy of the planar
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Figure 10.29 The free energy of the conic helical structure as a function of the polar angle y at

various applied fields
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state becomes lower than that of the homeotropic state, but the energy barrier persists. The energy barrier

becomes lower with decreasing field. When the field is sufficiently low, the energy barrier decreases to

zero, and the homeotropic state will become absolutely unstable. The critical field ehp ¼ ð2=pÞ=
ffiffiffiffiffiffiffiffiffiffiffi
1=K3

p
can be obtained from the equation

@c

@ðsin2yÞ

����
y¼0

¼ 0

The un-normalized critical field under which the H-P relaxation can occur is

Ehp ¼
2

p

ffiffiffiffiffiffiffiffi
K22

K33

r
Ec

For a liquid crystal with K33=K22 ¼ 2, Ehp ¼ 0:45Ec, which is much lower than the threshold Ehf for

the H-F relaxation mode. Detailed dynamic studies show that in the H-P transition, the polar angle

changes quickly but not the twisting rate. When the polar angle changes from 0 to p=2, the twisting rate

is still around ðK22=K33Þqo which corresponds to the pitch ðK33=K22ÞPo. This planar state with the

pitch ðK33=K22ÞPo is called the transient planar state. The transition from the homeotropic state to the

transient planar state is a homogeneous transition with the transition time Thp� gP2
o=K22. For a LC

with g ¼ 5� 10�2 NS=m2, K22 ¼ 10�11 N, and Po ¼ 0:5 mm, Thp� 1 ms. The transient planar state is

unstable because its elastic energy is still high and the LC will relax through a nucleation process into

the stable planar state with intrinsic pitch Po [78]. The transition time is of the order of 100 ms.

In summary, if the LC is in the homeotropic state and the applied field is reduced, there are two
possible relaxation modes. If the applied field is reduced to the region Ehp <E<Ehf , the LC relaxes
slowly into the fingerprint state and then to the focal conic state when the applied field is reduced further.
If the applied field is reduced below Ehp, the LC relaxes quickly into the transient planar state and then to
the stable planar state. In bistable Ch reflective displays, the way to switch the LC from the focal conic
state to the planar state is by first applying a high field to switch it to the homeotropic state, and then
turning off the field quickly to allow it to relax to the planar state.

10.6.5 Drive schemes for bistable Ch displays

As discussed in previous sections, Ch LC exhibit two bistable states at zero field: the reflecting planar
state and the non-reflective focal conic state. They can be used to make multiplexed displays on passive
matrices. In this section, we consider the drive schemes for the bistable Ch displays.

(1) Response of bistable Ch material to voltage pulses

In order to design drive schemes, we first must know the electro-optical response of the bistable Ch LC to
voltage pulses. A typical response of a bistable Ch LC to a voltage pulse is shown in Figure 10.30 [51].
The horizontal axis is the amplitude of the voltage pulse. The vertical axis is the reflectance measured not

during the pulse but a few hundred milliseconds after the removal of the voltage pulse, when the
reflectance no longer changes. The response depends on the initial state of the Ch material. Curve a
represents the response of the material initially in the planar state which is obtained by applying a voltage
pulse higher than V6. When the voltage of the pulse is below V1 ¼ 18 V, the stability threshold voltage,
the Ch material remains in the planar state during and after the pulse. When the voltage of the pulse is
increased above V1, some domains are switched into the focal conic state during the pulse and stay in
the focal conic state after the pulse, and thus the reflectance after the pulse decreases. The higher the
voltage of the pulse, more domains are switched to the focal conic state. When the voltage of the pulse
reaches V2 ¼ 34 V, all the domains are switched to the focal conic state and the minimum reflectance is
reached. The region from V1 and V2 is the best region to achieve gray-scale reflectance. When the
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voltage of the pulse is increased above V3 ¼ 38 V, some domains are switched to the homeotropic state
and the remaining domains are switched to the focal conic state during the pulse. The domains switched
to the homeotropic state relax to the planar state after the pulse, and therefore the reflectance increases
again. When the voltage of the pulse is increased above V5 ¼ 46 V, all domains are switched to the
homeotropic state during the pulse and relax to the planar state after the pulse, and the maximum
reflectance is obtained. Curve b represents the response of the material initially in the focal conic state
which is obtained by applying an intermediate voltage pulse with a voltage, say, V3. When the voltage of
the pulse is below V4 ¼ 44 V, the Ch material remains in the focal conic state during and after the pulse.
When the voltage of the pulse is increased above V4, some domains are switched to the homeotropic state
and the remaining domains stay in the focal conic state during the pulse. The domains switched to the
homeotropic state relax to the planar state after the removal of the pulse, and therefore the reflectance
increases. When the voltage of the pulse is increased above V6 ¼ 52 V, all the domains are switched to
the homeotropic state during the pulse and relax to the planar state after the pulse, and the maximum
reflectance is obtained.

(2) Conventional drive scheme for bistable Ch displays

Because of the bistability and high stability threshold of Ch LC, they can be used to make multiplexed
displays on a passive matrix. In the conventional drive scheme for the bistable Ch display, the display is
addressed one line at a time [51, 54]. A high-voltage pulse switches the LC into the reflecting planar state
and a low-voltage pulse switches the LC into the non-reflecting focal conic state. For the Ch LC whose
response to a voltage pulse is shown in Figure 10.30, for the row being addressed, the applied voltage is
Va ¼ ðV6 þ V3Þ=2 ¼ 45 V, as shown in Figure 10.31. The column voltage to select the planar state is
�1

2DV ¼ �1
2ðV6 � V3Þ ¼ �7 V (out of phase with respect to the row voltage). The voltage across the

pixel to be addressed to the planar state is Va � ð�1
2DVÞ ¼ V6. The column voltage to select the focal

conic state is 1
2DV ¼ 1

2ðV6 � V3Þ ¼ þ7 V (in phase with respect to the row voltage). The voltage across
the pixel to be addressed to the focal conic state is Va � 1

2DV ¼ V3. If the column voltage is varied
between�1

2DV and 1
2DV , gray-scale reflectance can be obtained [79]. For the rows not being addressed,

the applied voltage is Vna ¼ 0. For the pixels on the row not being addressed, the absolute value of the
voltage applied across them is j12DV j ¼ 7 V, which is lower than the stability threshold voltage
V1 ¼ 18 V, as shown in Figure 10.30. Therefore the state of the Ch LC in these pixels remains
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Figure 10.30 The response of the bistable Ch LC to voltage pulses 40 ms wide: a, initially in the

planar state; b, initially in the focal conic state
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unchanged. In this drive scheme, the time interval to address one line is usually a few tens of
milliseconds. Therefore this drive scheme is only suitable for low-information-content displays.

(3) Dynamic drive scheme for bistable Ch displays

The dynamic drive scheme makes use of the dynamic process of the H-P transition and the hysteresis
in the focal conic–homeotropic transition, and is much faster. The dynamic drive scheme consists
of three phases: preparation, selection, and evolution, as shown in Figure 10.32 [54, 80]. In the
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preparation (with the time interval DtP� 50 ms), a high-voltage pulse is applied to switch the Ch LC
into the homeotropic state. In the selection phase (with the time interval DtS � 1 ms), if the applied
voltage is VH, which is higher than Vhp, the LC remains in the homeotropic state because of the high
voltage and short time interval. If the applied voltage is VL, which is lower than Vhp, the LC relaxes
into the transient planar state. In the evolution phase (with the time interval DtS � 50 ms), the applied
voltage is between Vhf and Vc. If the LC is selected to remain in the homeotropic state in the selection
phase, it remains in the homeotropic state in the evolution phase because the applied voltage is higher
than the threshold voltage Vhf and thus the material cannot relax into the focal conic state [50, 81]. If
the LC is selected to transform into the transient planar state in the selection phase, it is switched to
the focal conic state but not the homeotropic state in the evolution phase because the transient planar
state is unstable under the field and the applied voltage is lower than Vc. After the evolution phase, the
applied voltage is reduced to zero. If the LC remains in the homeotropic state in the evolution phase, it
relaxes to the planar state. If it is switched to the focal conic state in the evolution phase, it remains in
the focal conic state. Although time intervals of the preparation and evolution phase are long, time can
be shared by simultaneously putting multiple lines in the preparation and evolution phases. The time
(frame time) needed to address a N-line display is DtP þ N � DtS þ DtE, which is much shorter than
the frame time of the conventional drive scheme. The addressing speed of the dynamic drive scheme is
fast enough for electronic book and paper applications, where an updating rate of one page per second
is required, but not fast enough for video rate applications.

Homework Problems

10.1 Multiplexed STN LCD on a passive matrix. In order to have 100 rows, how steep must the
voltage–transmittance curve be at least? Hint: find the g value defined by Equation (10.6).

10.2 Consider a (08, 1808) bistable TN LC where the entrance polarizer is at 458 with respect to the LC
at the entrance plane and the exit polarizer is at �458 with respect to the LC at the entrance plane.
Find the three values of the retardation with which the display has contrast ratios. Give the trans-
mittances of the bright and dark states under those retardation values.

10.3 In the Helfrich deformation shown in Figure 10.26, the thickness of the cell is h. The cholesteric
liquid crystal has pitch P and dielectric anisotropy Deð> 0Þ. For small undulations, calculate the
field threshold EHel frich and the wavelength l of the undulations.

10.4 In the fingerprint–homeotropic transition shown in Figure 10.27, calculate the integration constant
A and the normalized pitch P=Po as a function of the normalized electric field E=EC .
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11

Liquid Crystal/Polymer
Composites

11.1 Introduction

Liquid crystal/polymer composites (LCPCs) are a relatively new class of materials for use in displays,
light shutters, optical fiber telecommunications, and switchable windows [1–5]. They consist of low-
molecular-weight liquid crystals and high-molecular-weight polymers, which are phase separated.
According to the morphology, LCPCs can be divided into two sub-groups: polymer-dispersed liquid
crystals (PDLCs) and polymer-stabilized liquid crystals (PSLCs). In a PDLC, the liquid crystal exists
in the form of micron- and submicron-size droplets which are dispersed in the polymer binder. The
concentration of the polymer is comparable to that of the liquid crystal. The polymer forms a
continuous medium, but the liquid crystal droplets are isolated from one another. A scanning electron
microscope (SEM) picture of a PDLC sample is shown in Figure 11.1(a). In a PSLC, the polymer
forms a sponge-like structure. The concentration of the liquid crystal is much higher than that of
the polymer. The liquid crystal forms a continuous medium. A SEM picture of a PSLC is shown in
Figure 11.1(b). LCPCs can also be divided into two sub-groups according to the application: scattering
device and non-scattering device. In a scattering device, the polymer produces or helps to produce a
poly-domain structure of the liquid crystal in one field condition. The domain size is comparable to the
wavelength of the light to be scattered. The material is highly scattering because of the large
birefringence of the liquid crystal. In another field condition the liquid crystal is aligned unidir-
ectionally along the applied field and the material becomes transparent. Two scattering devices from
LCPCs are shown in Figure 11.2(a) and (b). In a non-scattering device, the liquid crystal is used to
stabilize states of the liquid crystal.

11.2 Phase Separation

LCPCs are phase-separated systems. In order to understand the phase separation involved, we will
first discuss the basics of phase separation. Composites (or mixtures) have two or more components.
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They can be divided into two classes: homogeneous mixture and heterogeneous mixture. In a
homogeneous mixture, the constituents are mixed on an atomic (or molecular) scale to form a single
phase. Conversely, a heterogeneous mixture contains two or more distinct phases. Whether a
composite forms a homogeneous single phase or phase separates to form a heterogeneous mixture is
determined by the free energy. If the homogeneous mixture has a lower free energy than the
heterogeneous mixture, the composite is in the homogeneous phase. If the heterogeneous mixture has
a lower free energy than the homogeneous mixture, the composite is in the heterogeneous phase. The
mixing free energy Fm is defined as the free energy Fhomo of the homogeneous mixture minus the
free energy Fhetero of the completely phase separated system, namely, Fm ¼ Fhomo � Fhetero. Phase
separation depends on the details of the curve of the mixing free energy as a function of
concentrations of the components.

Figure 11.1 (a) SEM picture of a PDLC. It was taken after the PDLC sample was fractured and

the liquid crystal was extracted. The dark circles correspond to the liquid crystal droplets. (b) SEM

picture of a PSLC. The picture was taken after the cell was split and the liquid crystal was

extracted

Figure 11.2 (a) Photo of the light shutter from polymer-stabilized cholesteric texture (PSCT) normal

material. (b) Photo of the display from PSCT reverse-mode material

308 LIQUID CRYSTAL/POLYMER COMPOSITES



11.2.1 Binary mixture

The simplest mixture is a binary mixture that has two components A and B. In order to understand phase
separation in this system, we consider its mixing free energy which is composed of two parts, mixing
interaction energy Um and mixing entropy Sm:

Fm ¼ Um � TSm (11.1)

where T is the temperature. The mixing interaction energy is the interaction energy of the

homogeneous mixture minus the interaction energy of the completely phase-separated heterogeneous

mixture. In the calculation of the mixing interaction energy, we assume that the molecules only

interact with their nearest neighbor molecules. The interaction energies are uAA for the interaction

between A and A, uBB for the interaction between B and B, and uAB for the interaction between A

and B. The total number of particles of the system is N, among which the total number of A particles

is NA and the total number of B particles is NB. The molar fraction of component B is xB ¼ x ¼
NB=N and the molar fraction of component A is xA ¼ 1� x ¼ NA=N. The number of nearest

neighbors is P. In the homogeneous phase, among the nearest neighbors, the average number of A

particles is ð1� xÞP and the average number of B particles is xP. The total interaction energy of the

homogeneous mixture is [6]

Uhomo¼
1

2
fNA½ð1� xÞPuAA þ xPuAB� þ NB½ð1� xÞPuAB þ xPuBB�g

¼ N

2
Pfð1� xÞ½ð1� xÞuAA þ xuAB� þ x½ð1� xÞuAB þ xuBB�g

ð11:2Þ

where the factor 1/2 is used to take care of double counting the interaction energy. When the

components are completely phase separated, the total interaction energy is

Uhetero ¼
1

2
NAPuAA þ

1

2
NBxPuBB ¼

1

2
NP½ð1� xÞuAA þ xuBB� (11.3)

Therefore

Um ¼ Uhomo � Uhetero ¼
1

2
PNxð1� xÞð2uAB � uAA � uBBÞ (11.4)

The average mixing interaction energy per particle is

um ¼
Um

N
¼ 1

2
Pxð1� xÞð2uAB � uAA � uBBÞ (11.5)

Now we consider the mixing entropy. Imagine putting the NA A particles and NB B particles into a lattice

with N ¼ NA þ NB lattice sites. The number of distinct states (arrangements of the particles) is [6]

G ¼ N!

NA!NB!
¼ N!

ðN � NBÞ!NB!
(11.6)

When the system is completely phase separated, the number of states is close to one. Therefore the

mixing entropy is

Sm ¼ kBln G� kBln 1 ¼ kB½ln N!j � ln NB!j � lnðN � NBÞ!� (11.7)
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For a macroscopic system, N� 1, NA� 1, and NB� 1. Using the Sterling approximation that

ln N! ¼ Nðln N � 1Þ, Equation (11.7) becomes

Sm ¼ �NkB½ð1� xÞlnð1� xÞ þ x ln x� (11.8)

The mixing entropy per particle is

sm ¼ �kBð1� xÞlnð1� xÞ � kBx ln x (11.9)

The mixing free energy per particle is

fm ¼ um � Tsm ¼ axð1� xÞ þ kBT½ð1� xÞlnð1� xÞ � x ln x� (11.10)

where a ¼ 1
2Pð2uAB � uAA � uBBÞ. In future discussions, the subscript m is omitted and when we say the

free energy, we mean the mixing free energy. The entropic part of the mixing free energy is always

negative and therefore always favors mixing. If the mixing interaction energy is negative, then the mixing

free energy is negative and the system will be in the homogeneous phase. If the mixing interaction energy

is positive, we have to look at the details of the f vs. x curve in order to see whether the system will phase

separate or not. From Equation (11.10) we have

@2f

@x2
¼ �aþ kBT

1

x
þ 1

1� x

� �
(11.11)

The second-order derivative has a minimum value at x ¼ 0:5, which is ð@2f=@x2Þmin ¼ �aþ 4kBT .

When the temperature T is greater than a=4kB, the second-order derivative is positive at any fraction x.

The f vs. x curve is shown by curve (1) in Figure 11.3. The system is in the homogeneous phase. When

the temperature T is less than a=4kB, @2f=@x2 < 0 in some region. The f vs. x curve is shown by curve

(2). We will show that in this case the system phase separates into an A-rich phase (more A particles in

the phase) and a B-rich phase (more B particle in the phase). We say the system is partially mixing.

Now we examine the partial mixing case in more detail. Consider a mixture with N particles and
the fraction (of B particles) xo. The number of A particles in the mixture is NA ¼ ð1� xÞN and
the number of B particles in the mixture is NA ¼ xN . Its free energy per particle of the homogeneous
mixture is fo as shown in Figure 11.4. Assume that it phase separates into two new phases: phase 1
with the fraction x1 and phase 2 with the fraction x2. N1 particles are in phase 1 and N2 particles are in
phase 2. Because of the conservation of particles, we have

NA ¼ ð1� xoÞN ¼ ð1� x1ÞN1 þ ð1� x2ÞN2 (11.12)

NB ¼ xoN ¼ x1N1 þ x2N2 (11.13)

BA

f

x

(1)

(2)

Figure 11.3 Schematic diagram showing the mixing free energy f as a function of the fraction x at

two temperatures
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Solving these two equations, we have

N1 ¼
ðx2 � xoÞ
ðx2 � x1Þ

N (11.14)

N1 ¼
ðxo � x1Þ
ðx2 � x1Þ

N (11.15)

The average free energy per particle after phase separation is

f12 ¼
1

N
½N1 f1 þ N2 f2� ¼ f1 þ

ðx2 � xoÞ
ðx2 � x1Þ

ð f2 � f1Þ (11.16)

which is the free energy value of the intersection point of the straight line 12 and the vertical line

at xo. It can be seen from the figure that f12 is lower than fo. Therefore the phase separation can

take place. It can also be seen that the free energy can even be lowered further if the mixture

phase separates into phase a and phase b. Points a and b are the tangential points of the straight

line ab to the free energy curve [6]. Now the average free energy per particle after the mixture

phase separating into phases a and b is

fmin ¼ fa þ
ðxb � xoÞ
ðxb � xaÞ

ð fb � faÞ (11.17)

Therefore, if xa< x< xb, the single homogeneous phase is not stable and the mixture phase

separates into phase a and phase b. If 0< x< xa and xb< x< 1, the free energy increases if the

mixture phase separates, and therefore the mixture does not phase separate and the single

homogeneous phase with the initial fraction is stable.

The criterion to determine partial phase separation is the second-order derivative of the free
energy with respect to the concentration. If @2f =@x2 > 0 for any x, it is impossible to draw a straight
line that is tangential to the free energy curve at two points, and there is no phase separation. If
@2f =@x2 < 0 in some region, the free energy curve must have a local maximum at a fraction within
this region, and it is possible to draw a straight line tangential to the free energy curve at xa and xb.
The single homogeneous phase is not stable in the region ðxa; xbÞ and phase separation will take
place.

We next discuss how the mixing free energy changes as phase separation is taking place. Consider
a composite with the initial fraction xo; before phase separation, the free energy is fo ¼ f ðxoÞ. As
shown in Figure 11.5, if xo is in the region ðxa; xbÞ, the homogeneous phase is not stable and the
system phase separates into two phases: phase 1 with the fraction x1 ¼ xo � Dx1 and phase 2 with
the fraction x2 ¼ xo þ Dx2. When the phase separation just begins to take place, Dx1 and Dx2 are

BA

f

x
αx βx1x 2xox

of

1f

αf

12f

minf

2f

βf
1

2

α
β

Figure 11.4 Schematic diagram showing how the mixing free energy f changes in the phase

separation
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very small. Because of particle conservation, the percentage of the material in phase 1 is
½Dx2=ðDx1 þ Dx2Þ� and the percentage of the material in phase 2 is ½Dx1=ðDx1 þ Dx2Þ�. The change
of the free energy is (keeping up to second-order terms)

Df¼ Dx2

ðDx1 þ Dx2Þ
f ðxo � Dx1Þ þ

Dx1

ðDx1 þ Dx2Þ
f ðxo þ Dx2Þ � f ðxoÞ

Df¼ Dx2

ðDx1 þ Dx2Þ
f ðxoÞ þ

@f

@x

����
xo

ð�Dx1Þ þ
1

2

@2f

@x2

����
xo

ð�Dx1Þ2
" #

þ Dx1

ðDx1 þ Dx2Þ
f ðxoÞ þ

@f

@x

����
xo

ðDx2Þ þ
1

2

@2f

@x2

����
xo

ðDx2Þ2
" #

� f ðxoÞ

Df ¼ 1

2
Dx1Dx2

@2f

@x2

����
xo

(11.18)

There are two types of phase separation in the region ðxa; xbÞ. When x0< xo < x00, @2f=@x2 < 0, the

free energy decreases as phase separation takes place. The phase separation is known as the spinodal

phase separation. When the phase separation occurs simultaneously throughout the system, it is

referred to as the homogeneous transition. When xa< xo < x0 or x00< xo < xb, @2f=@x2 > 0, the free

energy increases in the initial stage of the phase separation process, which means there is an energy

barrier against the transition. The phase separation is known as the binodal phase separation. When the

deviation of the fractions of the phase-separated phases from the initial fraction is sufficiently large, the free

energy will then decrease. In the phase separation, nucleation seeds are required to overcome the energy

barrier, referred to as the nucleation transition.

11.2.2 Phase diagram and thermally induced phase separation

As mentioned earlier, the free energy of a binary mixture depends on the temperature. Therefore the
phase separation also depends on the temperature. The phase diagram of a binary composite is shown
in Figure 11.6. At low temperatures, the entropy term of the free energy does not contribute much
to the free energy; @2f =@x2 < 0 for fraction x in some region. The free energy is lowered when the
system phase separates into two phases. For example, when the temperature is T1, the system phase
separates into phase 1 with the fraction x1 and phase 2 with the fraction x2. The fractions x1 and x2

are the values of the intersection points of the horizontal line at T1, referred to as the tie line, with the

BA

f

x
αx βxx′ x′′ox

0

2

2

x

f

∂
∂

Figure 11.5 Schematic diagram showing how the mixing free energy f changes as phase separation

takes place

312 LIQUID CRYSTAL/POLYMER COMPOSITES



phase boundary of the two phase regions. As the temperature is increased, the entropy term plays
a more important role which tends to make the system homogeneously mixing. The two-phase region
becomes narrower. The summit point ðxc; TcÞ of the phase boundary curve is the critical point. At this
temperature, the minimum value of the second-order derivative becomes zero.

@2f

@x2
¼ 0 (11.19)

Because the second-order derivative has a minimum value at the critical point, we have

@

@x

@2f

@x2

� �
¼ @3f

@x3
¼ 0 (11.20)

Equation (11.20) gives the location where the second-order derivative has a minimum. Equation (11.19)

means the minimum of the second-order derivative is zero. When the temperature is above Tc,

@2f=@x2 > 0 for any fraction x. The system is in a single phase where the components are homo-

geneously mixed. When the temperature is decreased from the single phase region into the two-phase

region, the system transforms from single phase into two phases. This method can be used to produce

phase separation in LCPCs, which is referred to as thermally induced phase separation (TIPS) [3, 7].

TIPS is used to make PDLCs. For example, 50% thermoplastic poly methyl methacrylate
(PMMA) is mixed with 50% nematic liquid crystal E7 (from Merck). The glass transition
temperature of PMMA is 105C and the isotropic-nematic phase transition (the clearing point)
temperature is 60:5C. The materials can be uniformly mixed initially with the help of a common
solvent, such as chloroform, in a bottle (more details will be given in the section on solvent-induced
phase separation). Spacers can be added to help achieve uniform thickness of the PDLC film when
the material is later sandwiched between two substrates. After mixing, the material is cast on a
substrate and the solvent is allowed to evaporate in an open space. After evaporation of the
chloroform, a cover glass is put on top of the PDLC. Pressure can be applied on the substrates to
obtain uniform PDLC film thickness. At high temperature (> 70C), the mixture is in a single
homogeneous isotropic phase and the film appears clear. At room temperature, the liquid crystal
phase separates from the thermoplastic to form droplets and the film is opaque. The droplet size can
be controlled by the cooling rate with a smaller droplet formed at a faster cooling rate. TIPS is rarely
used in manufacturing large-area PDLC films because it is difficult to achieve uniform thickness. It
is, however, very useful in scientific investigations because PDLCs from thermal plastics can be

two phase region

Single phase region

Critical point
(xc ,Tc)

Spinodal
decomposition

Binodal
decomposition

T

T1

x1 x2x

Figure 11.6 Phase diagram of the binary composite
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thermally cycled many times. Different droplet sizes can be obtained in one sample using different
cooling rates. It should be noted that phase separation in LCPCs is complicated because of the
involvement of mesophases.

11.2.3 Polymerization-induced phase separation

The mixing entropy given by Equation (11.9) is only valid when both components of the binary
composite are small molecules. When one (or both) of the components is a polymer, the number of
distinct states decreases because of the constraint that consecutive monomers in a polymer chain must be
in the neighboring lattice sites. Therefore the mixing entropy decreases [8].

We consider a system consisting of a polymer and a solvent (a low-molecular-weight molecule such
as liquid crystal). There are n polymer molecules and m solvent molecules. The degree of poly-
merization (number of monomers) of the polymer is x. One solvent molecule and one monomer of the
polymer occupy the same volume. We calculate the number of distinct configurations of the system,
from which the mixing entropy can be calculated. Imagine putting the polymer and solvent molecules
into a lattice with N ¼ nxþ m lattice sites. Z is the number of nearest neighbors in the lattice. The
polymer molecules are put into the lattice one by one. When the ðiþ 1Þth polymer molecule is put into
the lattice, the first monomer of the polymer can be put into one of the N � ix lattice sites, because ix
lattice sites have been occupied by the first i polymer molecules. Therefore the number of ways to put
the monomer into the lattice is N � ix. The second monomer can only be put into one of the Z nearest
neighbor lattice sites of the first monomer as shown in Figure 11.7. These lattice sites, however, may
have been occupied by the first i polymer molecules. The number of lattice sites occupied by the first
i polymers and the first monomer of the ðiþ 1Þth polymer is ðixþ 1Þ. The probability that a lattice site
is not occupied is ðN � ix� 1Þ=N . Therefore the average number of ways to put the second monomer
into the lattice is Z½ðN � ixÞ/N �. The third monomer can only be placed on the nearest neighbor lattice
sites of the second monomer. One of these nearest neighbor sites is occupied by the first monomer. Now
the probability that a lattice site is not occupied is ðN � ix� 2Þ/N . Therefore the number of ways to put
the third monomer into the lattice is ðZ � 1Þ½ðN � ix� 2Þ/N �. In such a way the remaining monomers of
the ðiþ 1Þth polymer can be put into the lattice. The number of ways to put the ðiþ 1Þth polymer into
the lattice is

Oiþ1 ¼
1

2
½ðN� ixÞ� � Z

ðN� ix�1Þ
N

� �
� ðZ�1ÞðN� ix�2Þ

N

� �
... � ðZ�1Þ½N�ðiþ1Þxþ1�

N

� 	

¼ 1

2

Z

N

Z�1

N

� �x�2 ðN� ixÞ!
ðN� ix�xÞ! (11.21)
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Figure 11.7 Schematic diagram showing how to put a polymer molecule into the lattice
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where the factor 1/2 takes care of the fact that any of the two end monomers can be chosen as the first

monomer. The number of ways to put the n polymer molecules into the lattice is

G ¼ 1

n!

Yn

i¼1

Oi¼
1

n!

Z

2N
� Z�1

N

� �x�2
" #n

N!

ðN�xÞ! �
ðN�xÞ!
ðN�2xÞ! �

ðN�2xÞ!
ðN�3xÞ! � ... �

½N�ðn�1Þx�!
½N�nx�!

¼ 1

n!

Z

2N
� Z�1

N

� �x�2
" #n

N!

ðN�nxÞ!¼
1

n!

Z

2N
� Z�1

N

� �x�2
" #n

N!

m!

¼ 1

n!

Z

2N
� Z�1

N

� �x�2
" #n

N!

m!
(11.22)

where the factor 1=n! takes care of the fact that the polymer molecules are not distinguishable.

Because the solvent molecules are also not distinguishable, there is only one way to put them into the

lattice sites not occupied by the polymer molecules. Therefore the number of distinct configurations is

G. When the polymer and solvent are completely phase separated, the number of distinct config-

urations of the n polymer molecules is (equivalently, putting the polymer molecules into a lattice with

nx lattice sites)

Go¼
1

n!

Z

2ðnxÞ �
Z�1

nx

� �x�2
" #n

ðnxÞ!
0!

(11.23)

The total mixing entropy is

DSm ¼ kB lnG�kB lnGo

¼ kB ln N�nðx�1ÞN!

m!

� �
�kB ln½ðnxÞ�nðx�1ÞðnxÞ!�

¼ kB �nln
nx

N

� �
�m ln

m

N

� �h i
(11.24)

The volume fractions of the polymer and solvent are fn¼nx=N¼nx=ðmþnxÞ�f and

fm¼m=N¼m=ðmþnxÞ¼1�f, respectively. Therefore the total mixing entropy is [8–10]

DSm¼�kBN
f
x

lnfþð1�fÞlnð1�fÞ
� �

(11.25)

The mixing entropy per particle is

Dsm¼�kB
f
x

lnfþð1�fÞlnð1�fÞ
� �

(11.26)

The mixing interaction energy per particle is (see Equation (11.5))

Dum¼
1

2
Zfð1�fÞð2unm�unn�ummÞ (11.27)

where unn is the interaction energy between two monomers, umm is the interaction energy between two

solvent molecules, and unm is the interaction energy between a monomer and a solvent molecule. The
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mixing free energy is

f ¼Dum�TDsm¼ kBT
Q

T
fð1�fÞþð1�fÞlnð1�fÞþf

x
lnf

� �
(11.28)

where Q¼Zð2unm�unn�ummÞ=2kB. This equation is known as the Flory–Huggins equation. The

phase diagram of a polymer/liquid crystal system is shown in Figure 11.8. At high temperatures, the

entropy dominates in the free energy and the system is in a homogeneous phase. At low temperatures,

the mixing entropy cannot compensate for the mixing interaction energy, and the system phase

separates into two phases. The summit point of the phase boundary between the single phase region

and the two-phase region is the critical point. Thus the critical point ðTc;fcÞ is an indication of the

phase boundary is. The critical point can be calculated by using Equations (11.19) and (11.20):

@2ðf=kBTÞ
@f2

�����
fc;Tc

¼ 1

1�fc

þ 1

xfc

�2
Q

Tc
¼0 (11.29)

@3ðf=kBTÞ
@f3

�����
fc;Tc

¼ 1

ð1� fcÞ2
� 1

xf2
c

¼ 0 (11.30)

From these two equations we have

fc ¼
1

1þ
ffiffiffi
x
p (11.31)

Tc ¼ 2Q � x

ð1þ
ffiffiffi
x
p
Þ2

(11.32)

For large xð� 1Þ, fc ¼ 1=
ffiffiffi
x
p

, Tc ¼ 2Qð1� 2
ffiffiffi
x
p
Þ ¼ 2Qð1� 2fcÞ. With increasing degree of

polymerization x, the critical volume fraction of the polymer decreases and the critical temperature

increases, which indicates that the phase boundary moves upward and the two-phase region becomes

larger. For example, consider a system with polymer fraction fo at temperature To as shown in

Figure 11.8. Initially the degree of polymerization is x1 which is low. The mixing entropy is large.

The system is in the homogeneous single phase. As the polymerization takes place, the degree of

φ

)(1 cc aT φ−=

phase boundary at 1x),( ooT φ

Two phase 
region

T

),( ccT φ
Critical point 

Single phase region

phase boundary at 12 xx >

Figure 11.8 Phase diagram of the polymer/liquid crystal system
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polymerization increases, and the entropy decreases. The two-phase region expands. When the

degree of polymerization becomes x2, the point ðTo;foÞ is now in the two-phase region. The liquid

crystal and the polymer phase separate. This method can be used to produce phase separation in

LCPCs, and is referred to as polymerization-induced phase separation (PIPS) [7]. The size of the

liquid crystal droplets formed in this method depends on the polymerization rate. Under a faster

polymerization rate, smaller droplets are formed.

This method, especially with photopolymerization, is suitable for large-volume manufacture. In
photopolymerization, monomers with acrylate or methylacrylate end groups, which have a double
bond, are used. Some photo-initiators are also added. Upon absorbing a photon, the photo-initiator
becomes a free radical which reacts with the acrylate group. The opened double bond reacts with
another acrylate group. The chain reaction propagates until the opened double bond reacts with
another free radical or open double bond, and then the polymerization stops. As an example, Norland
66 (which is a combination of acrylate monomers and photo-initiators) and E7 (EM Chemicals) are
mixed in the ratio 1:1. The mixture is sandwiched between two substrates with electrodes and then cured
under the irradiation of UV light of a few milliwatts per square centimeter. The polymerization rate is
determined by the photo-initiator concentration and UV intensity. Smaller droplets are formed under
higher UV irradiation or higher photo-initiator concentrations.

11.2.4 Solvent-induced phase separation

It is difficult to mix liquid crystals directly with polymers because polymers are usually in solid state
at room temperature. A solvent can be added to mix liquid crystals with polymers. We now consider
phase separation in ternary mixtures with three components: liquid crystal (A), polymer (B), and
solvent (C). We consider only the case where components A and B are immiscible in some region or
fraction. Components A and C are miscible in any proportion and components B and C are also
miscible in any proportion.

A ternary mixture is specified by the three fractions xA, xB, and xC of the three components A, B,
and C. Because xA þ xB þ xC ¼ 1, only the fractions of two of the components have to be specified.
Therefore a ternary mixture is represented by a point on a 2-D surface. The common way to represent
ternary mixtures is the equilateral triangle diagram, as shown in Figure 11.9. The length of the three
sides AB, BC, and AC of the triangle is one. The three corners A, B and C correspond to the three
components. For a composite represented by a point P in the triangle, the fraction of a component is
equal to the length of the line drawn from P to the side opposite to the corner representing the
component, which is parallel to one of the sides from the corner. The fraction of A is PQ ¼ xA, the
fraction of B is PR ¼ xB and the fraction of C is PS ¼ xC . It can be shown from geometry that
xA þ xB þ xC ¼ 1. The equilateral triangle diagram has the following properties:
(1) All the points on a line drawn from one corner of the triangle to the opposite side represent the
composites in which the relative fractions of the two components represented by the other two
corners remain unchanged.

B A 

C

Ax
Cx

Bx

P
Q

R

S

Figure 11.9 Equilateral triangle representation of a ternary mixture
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(2) When a mixture represented by point P phase separates into two phases represented by points U and
V, the three points, P, U, and V, lie on a straight line and point P is between points U and V. The
percentages of the material in the phases V and U are equal to PU=UV and PV=UV, respectively.

The mixing free energy of a ternary mixture is given by

f ¼ 1

2
p½xAxBð2uAB�uAA�uBBÞþxAxCð2uAC�uAA�uCCÞþxBxCð2uBC�uBB�uCC �

þkBT½xA lnxAþxC lnxBþxC lnxC � (11.33)

where uAA is the interaction energy between A and A, uBB is the interaction energy between B and B,

uCC is the interaction energy between C and C, uAB is the interaction energy between A and B, uAC

is the interaction energy between A and C, uBC is the interaction energy between B and C, and p

is the number of nearest neighbors. We consider the case where ð2uAB�uAA�uBBÞ>0,

ð2uAC�uAA�uCCÞ<0, and ð2uBC�uBB�uCCÞ<0. When xC is large, Dum<0, the three components

are homogeneously mixed. When xC becomes small, Dum becomes positive. At sufficiently low

temperatures, the system phase separates into two phases. The phase diagram is shown in Figure 11.10.

For a composite, represented by point P, in the two-phase region, it will phase separate into two phases

represented by points U and V which are the intersection points of a straight line, referred to as the tie

line, with the phase boundary of the two-phase region. Point P lies on the straight line UV. UV is not

necessarily parallel to AB and in this case the critical point T does not coincide with the summit point W.

If the initial composite has a high fraction of the solvent, it is in the homogeneous single phase, say, it is

represented by point I. When the solvent is allowed to evaporate, the point representing the composite

moves along the straight line CI toward the side AB, because the ratio between the fractions of the liquid

crystal and polymer is fixed. When the fraction of the solvent becomes sufficiently low, the representing

point moves across the two-phase region boundary at point F into the two-phase region; the system will

phase separate into two phases. This method is also used to make PDLCs and is referred to as solvent-

induced phase separation (SIPS). The droplet size can be controlled by the solvent evaporation rate

with smaller droplets formed at higher evaporation rates.

For example, 5% nematic liquid crystal E7 (Merck), 5% PMMA, and 90% chloroform are put into a
closed bottle to mix. Then the homogeneous mixture, which is clear in appearance, is cast on a glass
plate. The glass plate is put into a chamber with inject and vent holes. Air is blown into the chamber and
then vented out at controlled rates. After a sufficient amount of chloroform has evaporated, the material
changes to opaque when liquid crystal droplets begin to form. After all the chloroform has evaporated,
another glass plate is put on top of the first glass plate to sandwich the PDLC. In practice, the SIPS
method is rarely used, because it is difficult to control the solvent evaporation rate. This method is,
however, very useful in preparing the initial mixtures for TIPS.
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U
V
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Single phase region 

Phase boundary 
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Figure 11.10 Phase diagram of the ternary mixture
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11.2.5 Encapsulation

PDLCs formed by encapsulation are also called emulsion-based PDLCs [1, 11, 12]. In this method, a
nematic liquid crystal, water, and a water-dissolvable polymer, such as polyvinyl alcohol, are put
into a container. The water and the polymer dissolve each other to form a viscous solution. This
aqueous solution does not dissolve the liquid crystal. When this system is stirred by a propeller blade
at a sufficiently high speed, micron-size liquid crystal droplets are formed. Smaller liquid crystal
droplets form at higher stirring speeds. Then the emulsion is coated on a substrate and the water is
allowed to evaporate. After evaporation of the water, a second substrate is laminated to form PDLC
devices.

11.3 Scattering Properties of LCPCs

The scattering of LCPCs is caused by the spatial variation of refractive index in the materials [13]. It is
similar to the scattering of clouds in which water droplets are dispersed in air, or milk in which fat
particles are dispersed in water. In PDLCs, the scattering is due to the refractive index mismatch
between the liquid crystal and the polymer. In PSLCs, the scattering is due to the refractive index
mismatch between the liquid crystal and the polymer network as well as that between liquid crystal
domains. A precise calculation of the scattering of LCPCs is very difficult because of the birefringence
of the liquid crystals, dispersion in domain size, and irregularity of domain shape. Here we will
include only some qualitative discussion on the scattering.

11.3.1 Rayleigh-Gans scattering theory

When light is propagating in a medium, the electric field of the light induces a dipole moment at each
point, which oscillates with the frequency of the light [13]. Each oscillating dipole radiates light in all
directions, and the net electric field at any point is the vector sum of the fields produced by all the dipole
radiators, as schematically shown in Figure 11.11.

The incident light is collimated and the electric field at the source point ~r is

~Einð~r; tÞ ¼ ~Eoe�i~Ko�~rþiot (11.34)

The total induced dipole moment in the volume element d3r is given by

d P
*
ð~r; tÞ ¼ a

$ �~Ein ¼ a
$ �~Eoe�i~Ko�~rþiot (11.35)

O, origin of the frame 

r

R

rR −
Field point 

Source point

Incident light 

Figure 11.11 Schematic diagram showing the scattering of a medium
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where a
$

is the polarizability and ~Ko is the wavevector of the incident light. a
$

is related to the dieletric

tensor by a
$ð~rÞ ¼ eo½ e$ð~rÞ � I

$
�, where I

$
is the unit matrix. ~Ko is related to the frequency o by

~Ko ¼ Kok̂o ¼ ðo=CÞk̂o ¼ ð2p=lÞk̂o, where C and l are the speed and wavelength of light in vacuum,

respectively, and k̂o is a unit vector along the incident direction. The wavevector of the scattered light is
~K
0 ¼ Kok̂

0
, as shown in Figure 11.12:

Ks ¼ 2Ko sinðy=2Þ (11.36)

where y is the scatering angle.

The scattered field radiated by the dipole moment in the volume element d3~r is given by

d~Esð~R; tÞ ¼
k̂
0 � ½k̂0 � d~P

::

ð~r; tÞ�
4peoC2j~R�~rj

e�i~K
0 �ð~R�~rÞ

¼ k̂
0 � fk̂0 � ½�o2 a

$ð~rÞ �~Eoð~r; tÞd3r�g
4peoC2j~R�~rj

eiot�i~Ko�~re�i~K
0 �ð~R�~rÞ

¼ �o
2k̂
0 � fk̂0 � ½ a$ð~rÞ �~Eo�g
4peoC2j~R�~rj

eiot�ið~Ko�~K
0Þ�~r�~K 0 �~Rd3r

¼ �o
2k̂
0 � fk̂0 � ½ a$ð~rÞ �~Eo�g
4peoC2j~R�~rj

ei~Ks�~reiot�i~K
0 �~Rd3r (11.37)

For a far-field point, R� r, j~R�~rj �R. Equation (11.37) becomes

d~Esð~R; tÞ ¼
�K2

o k̂
0 � fk̂0 � ½a$ ð~rÞ �~Eo�g

4peoR
ei~Ks�~reiot�i~K

0 �~Rd3r (11.38)

The total scattered field is given by

~Esð~R; tÞ¼ �
K2

o

4peoR
eiot�i~K

0 �~R
Z

k̂
0 � fk̂0 � ½ a$ð~rÞ �~Eo�gei~Ks�~rd3r

¼ � p

eoRl2
Veiot�i~K

0 �~Rk̂
0 � fk̂0 � ½ a$ð~KsÞ �~Eo� (11.39)

where

a
$ð~KsÞ ¼

1

V

Z
a
$ð~rÞei~Ks�~rd3r

oK

K'
SK

θ

Figure 11.12 Schematic diagram showing the wavevectors of the incident and scattered light
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is the Fourier component of the polarizability and V is the volume of the scattering medium. The

intensity of the scattered light is

IS ¼ j~Esj2/
1

l4

����� 1

4peo
a
$ð~KsÞ

�����
2

¼ 1

l4

����� 1

4p
e
$ð~KsÞ

�����
2

(11.40)

The factor 1=l4 describes the wavelength dependence of the Rayleigh light scattering, which is

responsible for the blue background of the sky: when sunlight propagates through the atmosphere, blue

light is scattered more than red light by air density fluctuations. The factor j e$ð~KsÞj describes the

wavelength dependence of the light scattering due to the structure of the medium. If the medium

consists of many domains with a linear size around D, the Fourier component of the refractive index

peaks at 2p=D, which means that light with wavelength around D is scattered strongly.

We define the coordinates for the incident light in such a way that the z axis is parallel to the
incident direction and the x axis is in the plane defined by ~Ko and ~K

0
and the coordinates for the

scattered light in such a way that the z0 axis is parallel to the scattering direction and the x0 axis is also
in the plane defined by ~Ko and ~K

0
, as shown in Figure 11.13. If the incident field ~Eo is linearly

polarized in a direction making an angle a with the x axis, in matrix form,

~Eo ¼
Elo

Ero

� �
¼ Eo

cos a

sin a

� �

defined in frame xyz. The scattered field is

~Es ¼
Els

Ers

� �

defined in frame x0y0z0. Rewriting Equation (11.39) in matrix form

~Es ¼ �
K2

o

4peoR
Ve�iotþi~K

0 �~Rk̂
0 � fk̂0 � ½ a$ð~KsÞ �~Eo�g�

1

iKoR
e�iotþi~K

0 �~R S
$
�~Eo (11.41)

where

S
$
¼ S
$
ðy; aÞ ¼

Sll Slr

Srl Srr

� �

x

zKo

α

Ero

loE

Eo

'z'x

'y

SE

Ers

lsE

'K

Figure 11.13 The coordinates for the incident and scattered light
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is the scattering matrix. The two components of the differential scattering cross-section are

ds
dO

� �
l

¼ jElsj2

jEoj2
R2 ¼ 1

K2
o

jSll cos aþ Slr sin aj2 (11.42)

ds
dO

� �
r

¼ jErsj2

jEoj2
R2 ¼ 1

K2
o

jSlr cos aþ Srr sin aj2 (11.43)

The total differential scattering section is

ds
dO
¼ ds

dO

� �
l

þ ds
dO

� �
r

As an example, let us first consider the scattering of an isotropic spherical droplet with refractive
index n and radius a. Then a

$ð~KSÞ � ~Eo ¼ að~KSÞ~Eo and

Els¼ x̂0 � �i
1

4peo
K3

o Vað~KsÞk̂
0 � ½k̂0 �~Eo�

� 	

¼ �i
1

4peo
K3

o Vað~KsÞx̂0 � ½k̂
0ðk̂0 �~EoÞ �~Eo�

¼ i
1

4peo
K3

o Vað~KsÞx̂0 �~Eo

¼ i
1

4peo
K3

o Vað~KsÞðcos yx̂þ cos yẑÞ � ðElox̂þ EroŷÞ

¼ i
1

4peo
K3

o Vað~KsÞcos yElo (11.44)

Els¼ ŷ0 � �i
1

4peo
K3

o Vað~KsÞk̂
0 � ½k̂0 �~Eo�

� �

¼ i
1

4peo
K3

o Vað~KsÞŷ � ðElox̂þ EroŷÞ

¼ i
1

4peo
K3

o Vað~KsÞEro (11.45)

Therefore the scattering matrix is

S
$
¼ i

1

4peo
K3

o Vað~KsÞ
cos y 0

0 1

� �
(11.46)

Now we calculate the Fourier component of the polarizability:

að~KsÞ ¼
1

V

Z
whole space

að~rÞe�i~Ks�~rd3r

¼ 1

V

Z
inside droplet

að~rÞe�i~Ks�~rd3r þ 1

V

Z
outside droplet

að~rÞe�i~Ks�~rd3r

¼ 1

V

Z
whole space

aoute
�i~Ks�~rd3r þ 1

V

Z
inside droplet

ðain � aoutÞe�i~Ks�~rd3r
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The first integral is zero and ain ¼ eoðe� 1Þ ¼ eoðn2 � 1Þ. The medium outside the droplet is also

isotropic with refractive index no and aout ¼ eoðn2
o � 1Þ. Hence

að~KsÞ ¼
1

V
eoð2nDnÞ2

Z
inside droplet

e�i~Ks�~rd3r (11.47)

where n ¼ ðn� noÞ and Dn ¼ ðn� noÞ. We define

QðyÞ ¼ 1

V

Z
inside droplet

e�i~Ks�~rd3r

For the integration, we use polar coordinates with ~Ks in the polar direction:

QðyÞ ¼ 2p
V

Zp
0

db
Za
0

e�iKsr cosb sin br2dr ¼ 4p
VK3

s

½sinðaKsÞ � aKs cosðaKsÞ� (11.48)

The differential scattering cross-section for unpolarized incident light is given by

ds
dO
¼ K6

o

K2
o

1

16p2
ð2nDnÞ2ðcos2 yhcos2 ai þ hsin2 aiÞ 4p

K3
s

½sinðaKsÞ � aKs cosðaKsÞ�
� 	2

(11.49)

We know that Ks ¼ 2Kosinðy=2Þ. Let A ¼ aKo. Then

ds
dO
¼ pa2ð2n̄DnÞ2 ðcos2 yþ 1Þ

128pA2

sin½2A sinðy=2Þ� � 2A sinðy=2Þcos½2A sinðy=2Þ�
sin3ðy=2Þ

� 	2

(11.50)

The light scattered in the forward direction is given by

sforward¼2p
Zp=2

0

ds
dO

sinydy

¼pa2ð2n̄DnÞ2
Zp=2

0

ðcos2yþ1Þ
64A2

sin½2Asinðy=2Þ��2Asinðy=2Þcos½2Asinðy=2Þ�
sin3ðy=2Þ

� 	2

sinydy ð11:51Þ

The light scattered in the backward direction is given by

sforward ¼ 2p
Zp
p=2

ds
dO

sin ydy

¼ pa2ð2n̄DnÞ2
Zp
p=2

ðcos2 yþ 1Þ
64 A2

sin½2A sinðy=2Þ� � 2A sinðy=2Þcos½2A sinðy=2Þ�
sin3ðy=2Þ

� 	2

sin ydy

ð11:52Þ
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The scattering cross-sections of the materials with no ¼ 1:5 and n ¼ 1:7 are plotted in Figure 11.14
where the unit of the vertical axis is pa2. When the droplet size a is smaller than the wavelength l
(A ¼ 2pa=l), the forward and backward scattering cross-sections are about the same. When the
droplet size is larger than the wavelength, most of the scattered light is in the forward direction.

The scattering of liquid crystal droplets can be calculated in the same way except that dielectric
tensor has to be used [14–16]. The calculation is more complicated and is not presented here.
Readers interested in the detailed calculation of the scattering of PDLCs are referred to the papers
published by Zumer, Kelly, and co-workers. The formulation presented in this section is called
Rayleigh–Gans scattering and uses the following three assumptions: (1) jn=no � 1j� 1, therefore
refraction at the droplet interface can be neglected; (2) 2Koajn� noj� 1; and (3) s� 1, therefore there
is no multiple scattering inside the droplet and the incident light intensity at any point inside the medium
is the same.

11.3.2 Anomalous diffraction scattering theory

As a matter of fact, in PDLCs, the droplet diameter is about 1mm and jn� noj � 0:2, so 2Koajn� noj> 1
for visible light. The assumptions for Rayleigh–Gans scattering do not hold. Hence Rayleigh–Gans
scattering theory does not describe well the scattering of PDLCs. A better approach for PDLCs is the
anomalous diffraction theory [17,18]. Here the assumptions are: (1) jn=no � 1j� 1, meaning that
refraction at the droplet interface can be neglected; and (2) Koa� 1, meaning that a light ray can be
traced. In this theory, the light ray goes through the liquid crystal droplet without scattering, as shown
in Figure 11.15. The phase and polarization state of the ray are calculated using the Jones matrix
method. Consider a plane beyond the droplet which is perpendicular to the incident light propagation
direction; the phase is no longer a constant on the plane but modified by the liquid crystal droplet.
Take all the points on the plane as the centers of secondary spherical waves as in Huygen’s principle.
The scattered field is calculated by summing over all the fields of the secondary waves. One of
the predictions of the theory is that the scattered light is concentrated in a cone of linear angle 308 in
the forward direction, which agrees with experimental results.

When there are sufficient scattering objects in the medium, light will be scattered multiple times.
Multiple scattering tends to make the scattering profile broader [19].

11.4 PDLCs

In PDLCs, the concentrations of polymer and liquid crystal are comparable. Liquid crystals
form isolated droplets embedded in polymers. We will consider first the liquid crystal director
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Figure 11.14 The scattering cross-sections vs. A

324 LIQUID CRYSTAL/POLYMER COMPOSITES



configuration inside droplets, and then consider the electro-optical properties of PDLCs as well as
their applications.

11.4.1 Liquid crystal droplet configurations in PDLCs

The liquid crystal dispersed in the polymer of a PDLC can be in one of the many possible liquid crystal
phases such as nematic, cholesteric, smectic-A, and smectic-C� [4]. The most common PDLC is polymer-
dispersed nematic liquid crystal, which is the one we will discuss here. Inside a nematic droplet, the
director configuration is determined by the droplet shape and size, the anchoring condition on the droplet
surface and the externally applied field, as well as the elastic constants of the liquid crystal. There are four
main types of nematic droplets as shown in Figure 11.16. When the anchoring condition is tangential, there
are two types of droplets. One is the bipolar droplet as schematically shown in Figure 11.16(a) [20, 21], the
other is the toroidal droplet as shown in Figure 11.16(b) [1,22]. When the anchoring condition is
perpendicular, there are also two types of droplets. One is the radial droplet as shown in Figure 11.16(c)
[23], the other is the axial droplet as shown in Figure 11.16(d) [23]. When a droplet is larger than 5 mm in
diameter, it is possible to identify the droplet configuration using an optical microscope.

In the bipolar droplet, the rotational symmetry axis is referred to as the bipolar axis. The droplet
director ~N is defined as a unit vector along the bipolar axis. In the bipolar droplet with strong anchoring,
there are two point defects at the ends of the diameter along the bipolar axis. The director field on a plane
containing the bipolar axis is shown in Figure 11.16(a). The liquid crystal director is tangential to the
circle along the circumference and parallel to the bipolar axis along the diameter. At other places
inside the droplet, the director is oriented in such a way that the total free energy is minimized. There is a
rotational symmetry of the director around the bipolar axis. A typical microphotograph of a sample with
bipolar droplets under a microscope with crossed polarizers is shown in Figure 11.17(a). The dark
brushes are the region where the liquid crystal director is parallel or perpendicular to the polarizers. The
elastic deformations involved are splay and bend. When there is no externally applied field, the
orientation of ~N is arbitrary for perfect spherical droplets. In practice, the droplets are usually deformed.
The deviation of the droplet from spherical shape results in a certain orientation of ~N [24,25]. Preferred
deformed bipolar droplets can be made by applying stresses or external fields during the formation of
the droplets. When a sufficiently high external electric field is applied, the liquid crystal (De> 0) is
reoriented with the bipolar axis parallel to the field.
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Figure 11.15 Schematic digaram showing how the scattered field is calculated in the anomalous

diffraction theory
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In the toroidal droplet, the liquid crystal director is aligned along concentric circles on planes
perpendicular to a diameter, as shown in Figure 11.16(b). There is a line defect along the diameter
of the droplet and rotational symmetry around the defect line. The bend elastic deformation is the
only one involved. Toroidal droplets exist when the bend elastic constant is smaller than the splay
elastic constant, otherwise the droplets take on the bipolar configuration. Toroidal droplets rarely
exist because, for most liquid crystals, the bend elastic constant is usually larger than the splay elastic
constant. Nevertheless, toroidal droplets have been reported [22]. When the droplet is sufficiently large

(b)

(d) (c) 

(a)

Figure 11.16 Liquid crystal director configurations confined in droplets in PDLCs: (a) bipolar

droplet, (b) toroidal droplet, (c) radial droplet, and (d) axial droplet

Figure 11.17 Microphotographs of PDLCs: (a) bipolar droplet; (b) radial droplet
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or an external field is applied, the director near the defect line will escape in a direction parallel to the
symmetry axis so that the total free energy is reduced.

In the radial droplet, the director everywhere is along the radial direction [23], and there is a point
defect in the center of the droplet. The director configuration on a plane cut through the droplet
center is shown in Figure 11.16(c). There is rotational symmetry around any diameter of the droplet. A
microphotograph of a sample with radial droplet under a microscope with crossed polarizers is shown in
Figure 11.17(b). The dark cross is the region where the liquid crystal director is parallel or perpendicular
to the polarizers. One striking feature of radial droplets is that they have only one texture which does not
change when the sample is rotated with the microscope stage. Note that the dark cross at the center is
narrow, because only in a small region is the director parallel to the propagation direction of the light.
Splay elastic deformation is the only one present in the radial droplet.

In the axial droplet, there is line defect along the equator. The director on the plane perpendicular
to the equator is shown in Figure 11.16(d) [21]. There is rotational symmetry around the diameter
perpendicular to the plane of the equator. The texture of the axial droplet with symmetry axis parallel
to the propagation direction of the light is similar to that of the radial droplet, except the dark cross at
the center is wider, indicating that the director is aligned closer to the symmetry axis in the center.
Both splay and bend elastic deformations exist in the axial droplet. The splay elastic energy of the
axial droplet is lower than that of a radial droplet if all the material parameters and droplet size
are identical. The axial droplet is more stable than the radial droplet if the anchoring is weak, or the
droplet is small, or an external field is applied. If the liquid crystal is in the radial configuration at zero
electric field, when a sufficiently high electric field is applied, it can be switched to the axial
configuration with the symmetry axis parallel to the field.

Besides the four droplet configurations discussed above, other droplet configurations could exist
under appropriate conditions. For example, there is the twisted bipolar droplet where the splay and bend
elastic energy is reduced by introducing twist deformation. The point defect in the radial droplet could
escape away the center in an effort to reduce the total free energy.

11.4.2 Switching PDLCs

Devices from PDLCs make use of two states of the liquid crystal droplets. One of the states is the
field-off state in which either the droplet director orients randomly throughout the PDLCs or the liquid
crystal director inside the droplet orients in all directions. The liquid crystal is in the directoral con-
figuration in which the sum of the elastic and surface energies is minimized. The other state is the
field-on state in which the droplet director is aligned uniformly along the applied field. If the
droplets are bipolar droplets, in the field-off state, the bipolar axes (droplet director) of the droplets
are oriented randomly throughout the cell; in the field-on state, the bipolar axes of the droplets are
aligned along the applied field. If the droplets are axial droplets, in the field-off state, the symmetry
axes (droplet director) of the droplets are oriented randomly throughout the cell; in the field-on state,
the symmetry axes of the droplets are aligned parallel to the applied field. If the droplets are radial, in
the field-off state, there is no droplet director; in the field-on state, they are switched to the axial droplet
with symmetry axis parallel to the applied field. In order to have the transition from the first state to the
second state in all those cases, the applied field must be sufficiently high so that the decrease of the
electric energy can compensate for the increase of the elastic energy and surface energy. The threshold
field, above which the applied field can produce the transition, depends on the following factors: (1)
droplet size, (2) droplet shape, (3) anchoring condition, and (4) the material parameters, such as elastic
constants and dielectric anisotropy, of the liquid crystal [3, 24, 25].

We discuss qualitatively the effects of droplet size on the drive voltage. Let us consider a PDLC with
droplet size D. In the switching of a PDLC droplet, there are three energies involved: elastic energy,
surface energy, and electric energy. The elastic energy density felas is proportional to Kð1=DÞ2, and the
total elastic energy Felas of the droplet is proportional to D3 � Kð1=DÞ2 ¼ KD, where K is the elastic
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constant. The surface energy density is proportional to the anchoring strength W . The surface
extrapolation length is defined by de ¼ K=W . The total surface energy of the droplet is proportional
to WD2 ¼ KD2=de ¼ ðD=deÞKD. The total electric energy of the droplet is proportional to �DeE2D3.
Depending on the droplet size and anchoring strength, there are three possible cases.

(1) D� de, corresponding to large droplet or strong anchoring

The liquid crystal on the surface of the droplet is oriented along the anchoring easy direction; the change
of surface energy in the switching is negligible. Because the surface of the droplet is curved, the director
inside the droplet cannot be uniform, and therefore elastic energy KD dominates. In the field-off state, the
liquid crystal inside the droplet is in the state where the elastic energy is minimized. In the field-on state,
the elastic energy is higher and the electric energy is lower. At the threshold field Ec, the decrease of the
electric energy, �DFelectric, can compensate for the increase of the elastic energy, DFelastic, namely

DFelastic ¼ aelasticKD�DFelectric ¼ aelectricDeE2
c D3 (11.53)

where aelastic and aelectric are constants. The threshold field is given by

Ec ¼
aelastic

aelectricDe

� �1=2 1

D
/ 1

D
(11.54)

The threshold field is sometimes referred to as the switching field and the corresponding voltage is

referred to as the switching voltage. When the droplet size is varied in a relatively small region, the

switching field will change in such a way that EcD remains fixed.

(2) D� de, corresponding to small droplet or weak anchoring

The liquid crystal inside the droplet is uniformly oriented along the direction ~N at the sacrifice of the
surface energy. The change of the elastic energy in the switching is small and negligible and the surface
energy dominates. In the field-off state, ~N is in the direction such that the surface energy is minimized.
In the field-on state, ~N reorients parallel to the applied field. The surface energy is higher and the
electric energy is lower. At the threshold field Ec, the decrease of the electric energy, �DFelectric, can
compensate for the increase of the surface energy, DFelastic, namely

DFsurface ¼ asurfaceWD2�DFelectric ¼ aelectricDeE2
c D3 (11.55)

where asurface is a constant. The threshold field is given by

Ec ¼
asurfaceW

aelectricDe

� �1=2 1ffiffiffiffi
D
p / 1ffiffiffiffi

D
p (11.56)

When the droplet size is varied in a relatively small region, the switching field will change in such a way

that Ec

ffiffiffiffi
D
p

remains fixed.

(3) D� de, corresponding to medium droplet size and medium anchoring strength

In this case, the liquid crystal in the bulk of the droplet is not aligned uniformly along one direction,
nor is the liquid crystal on the surface of the droplet aligned along the anchoring easy direction.
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Both elastic energy and surface energy are involved. At the threshold field, the decrease of the
electric energy must compensate for the increase of the elastic energy and surface energy:

DFsurface þ DFsurface ¼ aelasticKDþ asurfaceWD2�DFelectric ¼ aelectricDeE2
c D3 (11.57)

Ec ¼
aelastic

aelectricDe
1

D2
þ asurfaceW

aelectricDe
1

D

� �1=2

(11.58)

The droplet size dependence of the switching field can be used to obtain information on the droplet size

and anchoring strength.

In PDLCs with strong anchoring, the drive voltage is usually high. Such an example is the PDLC made
from PVA and ZLI2061 (from Merck) using the NCAP method [26]. The drive voltage Vd is
approximately linearly proportional to 1=D, as shown in Figure 11.18 where the cell thickness is 13 mm.

In PDLCs with weak anchoring, the drive voltage is usually low. Such an example is the PDLC made
from E7 (from Merck) and NOA65 (Norland Optical Adhesive) by photo-PIPS [27]. The cell thickness is
12mm. The square of the drive voltage Vd is approximately linearly proportional to 1=D, as shown in
Figure 11.19.
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Figure 11.18 Drive voltage of the PDLC with strong anchoring as a function of the droplet sizes
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11.4.3 Scattering PDLC devices

We consider the working principle of scattering PDLC devices. As an example, we consider a PDLC
with bipolar droplets. At zero field, the droplet director ~N is oriented randomly throughout the cell as
shown in Figure 11.20(a). For normal incident light with linear polarization in the plane defined by the
propagation direction of the light and the bipolar axis, when it propagates through a droplet whose
droplet director makes an angle y with the normal of the cell, it encounters a refractive index given
approximately by

nðyÞ ¼
nkn?

ðn2
kcos2yþ n2

?sin2yÞ1=2
(11.59)

where njj and n? are the refractive indices for light polarized parallel and perpendicular to the liquid

crystal director, respectively. The (isotropic) polymer is chosen such that its refractive index n p is the

same as n?. The light encounters a different refractive index when it propagates through the polymer and

the liquid crystal droplet. Therefore the PDLC is a non-uniform optical medium and the light is scattered

when it goes through the PDLC. When a sufficiently high electric voltage is applied across the PDLC

cell, the droplets are reoriented with their droplet director ~N parallel to the normal of the cell as shown in

Fig 11.20(b). y ¼ 0 for all the droplets. Now, when the normal incident light propagates through the

droplets, it encounters the refractive index n? which is the same as the refractive index encountered when

it propagates through the polymer. The PDLC is a uniform optical medium for the light. Therefore the

light goes through the PDLC without scattering. The PDLC discussed here is a normal-mode light shutter

in the sense that it is opaque in the field-off state and transparent in the field-on state.

A typical voltage–transmittance curve of PDLCs is shown in Figure 11.21 [28]. At 0 V, the material
is in the scattering state and the transmittance is low. As the applied voltage is increased, the droplet
director is aligned toward the cell normal direction and the transmittance increases. The drive
voltage (at which the transmittance reaches 90% of the maximum value) is about 25 V. The maximum
transmittance is about 90% (normalized to the transmittance of an empty cell).

The measured transmittance of PDLCs in the scattering state depends on the collection angle of
the detection [29]. A typical scattering profile SðyÞ of PDLCs as a function of polar angle y defined
with respect to the incident direction is shown in Figure 11.22 [30]. The scattering is independent of
the azimuthal angle. The full width at half maximum (FWHM) of the scattering profile of the
scattering state is about 308. When the collection is 2d, the measured light intensity is

I ¼ p
Zþd
�d

SðyÞsin ydy (11.60)
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Figure 11.20 Orientation of liquid crystal inside the PDLC droplets in the field-off and field-on states
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The contrast ratio is

C ¼
Zþp
�p

SðyÞsin ydy

,Zþd
�d

SðyÞsin ydy (11.61)

The larger the collection angle is, the more the scattered light will be collected, and thus the lower

the contrast ratio is.

In the field-on state, the transmittance of the PDLC depends on the incident angle of light. For
normally incident light, the refractive index encountered in the liquid crystal droplet is n? which is
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matched to that of the polymer, and therefore there is no scattering. For obliquely incident light
as shown in Figure 11.23, if the polarization of the incident light is perpendicular to the incident
plane, the light encounters the refractive index n?, and therefore is not scattered. If the polarization
is in the incident plane, when the incident angle is a, the refractive index encountered is
nðaÞ ¼ nkn?=ðn2

kcos2aþ n2
?sin2aÞ1=2, which is different from the refractive index of the polymer,

and therefore it is scattered. The larger the incident angle is, the more the refractive index encountered in
the liquid crystal droplet is mismatched to the refractive index of the polymer, and the stronger the
scattering is. The transmittance of the light with this polarization as a function of the incident angle
a is shown in Figure 11.24 [20]. The transmittance decreases by half when the incident angle is increased
to 308. If the incident light is unpolarized, the component with the parallel polarization is scattered at
oblique angles, which makes the PDLC milky. This limitation on the viewing angle can be eliminated
when a linear polarizer is laminated on the PDLC with the tradeoff that the on-state transmittance is
decreased by half.

11.4.4 Dichroic dye-doped PDLCs

Dichroic dyes can be incorporated into PDLCs [31,32]. The dye molecules are usually elongated and
have low molecular weight as liquid crystals and good solubility in the liquid crystal, but not in the
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Figure 11.23 Schematic diagram showing the scattering of the PDLC in the field-on state
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polymer. The dye and the liquid crystal phase separates from the polymer binder. The dye molecule
are inside the droplet and can be switched. The used dye must be a positive type in the sense that
the absorption transition dipole is along the long molecular axis. When the polarization of the incident
light is parallel to the long axis of the dye molecules, the light is absorbed. When the polarization of the
incident light is perpendicular to the long axis of the dye molecules, the light is not absorbed. In the field-
off state, the dye molecules are randomly oriented with the droplets, as shown in Figure 11.25(a). When
the cell is sufficiently thick, there are droplets oriented in every direction. The unpolarized incident light
is absorbed. In the field-on state, the dye molecules are aligned in the cell normal direction with the liquid
crystal, as shown in Figure 11.25(b). They are always perpendicular to the polarization of normally
incident light. Therefore the light ideally passes through the cell without absorption. In practice, there is
some absorption even in the field-on state, because of the thermal fluctuation of the dye molecules and
the anchoring of the curved surface of the droplet.

There are a few points worth noting: (1) The dye molecules dissolved in the polymer do not change
orientation under the applied field, and therefore tend to decrease the contrast of the PDLC. Therefore
it is desirable that the solubility of the dye in the polymer is as low as possible. (2) Oblate droplet
shape is desirable, because inside such a droplet, the dye molecules are oriented more in the plane
parallel to the cell surface and absorb the light more strongly. (3) In the field-off state, the scattering
of the material increases the optical path length of the light inside the cell, and therefore enhances
the absorption. (4) Dye-doped PDLCs do not need polarizers, because of the random orientation
of the droplets in the field-off state, which is an advantage over nematic dichroic dye displays.
(5) Dye-doped PDLCs have gray levels, because as the applied field is increased, the droplets are
gradually aligned toward the cell normal direction, which is an advantage over cholesteric dichroic
dye displays.

11.4.5 Holographic PDLCs

In PDLCs formed by PIPS, spatial variations in structure can be achieved when non-uniform
polymerization conditions are introduced. Such an example is holographically formed PDLC
[33–40]. The mixture of a liquid crystal and a photopolymerizable monomer is sandwiched between
two glass substrates. A coherent laser light is used to initiate the polymerization. In the polymeriza-
tion, the cell is irradiated by the laser light from both sides as shown in Figure 11.26. The two incident
light rays interfere with each other inside the cell and form the intensity pattern as shown on the right
side of the figure. In the region where the light intensity is high, more free radicals are produced,
which initiates polymerization. When monomers migrate into that region, they will be likely to be
polymerized and will not come out. The net effect is that monomers are attracted into the high-light-
intensity regions to form the polymer and the liquid crystal molecules are pushed out. Thus alternating
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Figure 11.25 Schematic diagram showing how the dichroic dye-doped PDLC works: (a) absorbing

state; (b) transparent state
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polymer-rich and liquid crystal-rich layers are formed. The period d (the thickness of one layer of
polymer plus the thickness of one layer of liquid crystal) is determined by the wavelength and incident
angle of the laser light.

The liquid crystal and polymer are chosen such that the ordinary refractive index no of the
liquid crystal is equal to the refractive index np of the polymer. At zero field, the liquid crystal has
a random orientation structure as shown in Figure 11.27(a), and the cell has a periodic refractive
index. If the incident light satisfies the Bragg condition l ¼ dcos y, it will be reflected. When a
sufficiently high external electric field is applied across the cell, the liquid crystal (De> 0) will be
aligned perpendicular to the layers as shown in Figure 11.27(b). The incident light encounters
the same refractive index in the polymer-rich layer and liquid crystal-rich layer, and passes through
the material without reflection. Thus holographic PDLC can be used for switchable mirrors and
reflective displays.

The spectral response of a holographic PDLC to applied electric fields is shown in Figure 11.28
where white incident light is used [37]. At 0V, due to the periodic refractive index, the cell has a
high narrow reflection peak. When the applied voltage is increased, the liquid crystal is aligned
toward the layer normal direction. The amplitude of the oscillation of the refractive index decreases
and the reflection of the cell decreases. The drive voltage is approximately equal to the product of the
field threshold of the Freedericksz transition of the liquid crystal layer and the cell thickness.

V V
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Figure 11.27 Schematic diagram showing how the holographic PDLC is used for reflective displays
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Figure 11.26 Schematic diagram showing how the holographic PDLC is formed. B, beam splitter;

M, mirror
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11.5 PSLCs

In PSLCs, the polymer concentration is usually less than 10%. The monomer used may be mesogenic
with rigid cores similar to those of liquid crystal molecules [2, 41–44]. Before polymerization, the
mixture of the monomer and the liquid crystal is in a liquid crystal phase. The polymerization
environment is anisotropic due to the aligning effect of the liquid crystal on the monomer and the
anisotropic diffusion of the monomer in the liquid crystal. Anisotropic fiber-like polymer networks are
usually formed, which mimic the structure of the liquid crystal during polymerization. Because the liquid
crystal and monomer are homogeneously mixed and in liquid crystal phase during polymerization,
external fields and surface alignment techniques can be applied to create various polymer network
structures. Therefore many fascinating structures can be achieved.

After polymerization, polymer networks tend to stabilize the state in which they are formed. In a
PSLC, liquid crystal near the polymer network is aligned along the polymer network. The strength of the
interaction between the liquid crystal and the polymer network is proportional to the surface area of the
polymer network. The surface area of the polymer network can be increased by using higher polymer
concentrations or producing smaller lateral size polymer networks.

11.5.1 Preparation of PSLCs

PSLCs are usually made from mixtures of liquid crystals and monomers. The monomer can be directly
dissolved in the liquid crystal. Although any type of polymerization method can be used, photo-initiated
polymerization is fast and is usually used. The monomer is usually acrylate or methyl acrylate because
of its fast reaction rate. In order to form stable polymer networks, the functionality of the monomer must
be larger than one. A small amount of photo-initiator is added to the mixture. The concentration of the
photo-initiator is typically 1–5% of the monomer. When irradiated under UV light, the photo-initiator
produces free radicals which react with the double bonds of the monomer and initiate the chain reaction
of polymerization.

When the mixture of the liquid crystal, monomer, and photo-initiator is irradiated by UV light, the
monomer is polymerized to form a polymer network. The UV intensity is usually a few milliwatts per
square centimeter and the irradiation time is on the order of minutes. SEM [45,46], neutron scattering,
confocal microscopy [47], birefringence study, and the Freedericksz transition technique have been used

Figure 11.28 Reflection spectra of the holographic PDLC under various applied voltages [37]
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to study the morphology of polymer networks in PSLCs [48,49]. The results suggest a bundle structure
for the polymer networks. The lateral size of the bundle, as shown in Figure 11.1(b), is on the order of
submicrons. The bundle consists of polymer fibrils with lateral size around a few nanometers and liquid
crystals. The morphology of the polymer network is affected by the following factors: structure of the
monomer, UV intensity, photo-initiator type and concentration, and the temperature. The lateral size of
polymer networks is determined by the polymerization rate, mobility, and concentration of monomers [48].
Polymer networks with smaller lateral sizes are obtained with higher polymerization rates which can be
achieved with higher UV intensities or high photo-initiator concentrations in photopolymerization.
Polymer networks with smaller lateral sizes are also obtained with low mobility of monomers, which
can be achieved with lower polymerization temperature. For example, 96.7% nematic liquid crystal E7, 3%
monomer BAB6 {4,40-bis[6-(acryloyloxy)-hexy]-1,10-biphenylene}, and 0.3% benzoin methyl ether
(BME) are mixed. The mixture is in nematic phase at room temperature. The viscosity of the mixture
is comparable to that of the nematic liquid crystal and can be easily filled into cells in a vacuum chamber.
The cells are then irradiated under UV light for the monomer to form a polymer network.

Monomers used in PSLCs preferably have a rigid core and flexible tails. They form anisotropic fibril-
like networks. If the monomer does not have flexible tails, it forms a bead-like structure which is not
stable under perturbations such as externally applied fields. If the monomer does not have a rigid core
and is flexible, it can still form anisotropic networks.

11.5.2 Working modes of PSLCs

Polymer networks formed in liquid crystals are anisotropic and affect the orientation of liquid crystals.
They tend to align the liquid crystal in the direction of the fibrils. They are used to stabilize desired liquid
crystal configurations and control the electro-optical properties of liquid crystal devices. Polymer
networks have been used to improve the performance, such as drive voltage and response times, of
conventional liquid crystal devices such as TN and IPS displays.

(1) Polymer-stabilized nematic liquid crystals

(a) Polymer-stabilized homogeneously aligned nematic liquid crystal light shutter The
polymer-stabilized homogeneously aligned nematic liquid crystal light shutter is made from a mixture
of a nematic liquid crystal and diacrylate liquid crystal monomer [41, 50, 51]. Cells with anti-parallel
homogeneous alignment layers are filled with the mixture and then photopolymerized in the nematic
phase. The polymer network formed is parallel to the cell surface as is the liquid crystal. The nematic
liquid crystal has a positive dielectric anisotropy. Figure 11.29 schematically shows how the shutter
works. In Figure 11.29(a), when there is no applied voltage across the cell, the liquid crystal and the
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Figure 11.29 Schematic diagram showing how the polymer-stabilized homogeneously nematic liquid

crystal light shutter works
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polymer network are homogeneously aligned in the x direction. When a light goes through the material, it
encounters the same refractive index in the liquid crystal and polymer regions, and therefore it passes
through the material without scattering. In Figure 11.29(b), the voltage applied across the cell intends
to align the liquid crystal in the z direction while the polymer network tries to keep the liquid crystal in
the x direction. As a result of the competition between the applied field and the polymer network, the
liquid crystal is switched into a multi-domain structure. The liquid crystal molecules orient along the
same direction within each domain but vary from domain to domain. The directions of the domains
are random in the x–z plane. For light polarized in the x direction, when it goes through the cell it
encounters different refractive indices in different domains and therefore is scattered. For light
polarized in the y direction, when it goes through the cell it always encounters the ordinary
refractive index of the liquid crystal because the liquid crystal is oriented in the x–z plane, and
therefore it can pass through the cell without scattering. If the incident light is unpolarized, this
shutter does not work well.

(b) Polymer-stabilized homeotropic nematic liquid crystal light shutter In order to overcome
the problem where only one polarization component of unpolarized incident light is scattered in the
polymer-stabilized homogeneously aligned nematic liquid crystal light shutter, the polymer-stabilized
homeotropically aligned nematic liquid crystal was introduced [52]. The liquid crystal has a negative
dielectric anisotropy (De< 0). It is mixed with a small amount of diacrylate monomer and cells with
homeotropic alignment layers are filled with it. The cells are irradiated by UV light for photopolymer-
ization in the homeotropically aligned state. Thus the formed polymer network is perpendicular to the
cell surface.

At zero field, the liquid crystal is in the uniform homeotropic state as shown in Figure 11.30(a);
the material is a homogeneous optical medium. The light propagates through the material without
scattering. When an electric field is applied, the liquid crystal molecules are tilted away from the field
direction because of their negative dielectric anisotropy. The material is switched to a multi-domain structure
as shown in Figure 11.30(b). When light propagates through the cell, it encounters different refractive indices
in different domains because of the different tilts of the liquid crystal. The material is optically non-uniform
and therefore it is scattering. When the liquid crystal molecules tilt, they tilt toward the x direction in some
domains but toward the y direction in other domains. Therefore light polarized in both x and y directions is
scattered. The polymer-stabilized homeotropically aligned nematic liquid crystal is a reverse-mode light
shutter in the sense that it is transparent in the field-off state and scattering in the field-on state.

(2) Polymer-stabilized cholesteric liquid crystals

Cholesteric liquid crystals (CLCs) have a helical structure where the liquid crystal director twists around
a perpendicular axis, namely the helical axis. They exhibit three main textures (also referred to as states),
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Figure 11.30 Schematic diagram showing how the polymer-stabilized homeotropically nematic

liquid crystal light shutter works
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depending on the boundary condition and the applied field. When a CLC is in the planar texture (also
referred to as Grandjean texture), the helical axis is perpendicular to the cell surface, and the material
reflects light around the wavelength n̄P, where n̄ is the average refractive index and P is the pitch of the
liquid crystal. When the CLC is in the focal conic texture, the helical axis is more or less random
throughout the cell, and the material is usually optically scattering. When a sufficiently high field is
applied across the cell (along the cell normal direction), the CLC ðDe> 0Þ is switched to the homeotropic
texture where the helical structure is unwound and the liquid crystal director is aligned in the cell normal
direction. The material is transparent. Polymer networks can be used to stabilize the planar texture or the
focal conic texture at zero field.

(a) Polymer-stabilized cholesteric texture normal-mode light shutter The polymer-stabilized
cholesteric texture (PSCT) normal-mode material is made from a mixture of CLC and a small amount of
monomer [43,53]. The pitch of the liquid crystal is a few microns ð� 0:5�5mmÞ. No special cell surface
treatment is needed. The mixture is in the homeotropic texture in the presence of an external field when
the monomers are polymerized. The polymer network formed is perpendicular to the cell surface as
shown in Figure 11.31.

When the PSCT normal-mode light shutter is in a zero field state, the liquid crystal tends to have the
helical structure, while the polymer network tends to keep the liquid crystal director parallel to it. The
competition between these two factors results in the focal conic texture as shown in Figure 11.31(a). In
this state, the material is optically scattering. When a sufficiently high electric field is applied across
the cell, the liquid crystal ðDe> 0Þ is switched to the homeotropic texture as shown in Figure 11.31(b),
and therefore it becomes transparent. Because the concentration of the polymer is low and both the
liquid crystal and the polymer are aligned in the cell normal direction, the PSCT normal-mode light
shutter is transparent at any viewing angle. A photograph of a PSCT normal-mode light shutter is
shown in Figure 11.2(a).

In order to scatter visible light strongly, the focal conic domain size has to be around the wavelength of
the light. The main factors affecting the domain size are the pitch, polymer concentration, and curing UV
intensity. The drive voltage is mainly determined by the pitch and the dielectric anisotropy of the liquid
crystal. Faster responses can be achieved with shorter pitch CLCs. There is a hysteresis in the transition
between the focal conic texture and the homeotropic texture, which also exists in pure CLCs.

(b) PSCT reverse-mode light shutter The PSCT reverse-mode light shutter is also made from a
mixture of CLC ðDe> 0Þ and a small amount of monomer. The pitch of the liquid crystal is a few
microns ð� 3�15mmÞ. A cell with homogeneous alignment layers is filled with the mixture. The
mixture is in the planar texture at zero field because of the alignment layers. The monomers are
polymerized in the planar texture. The polymer network formed is parallel to the cell surface
[43, 53, 54].
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Figure 11.31 Schematic diagram showing how the PSCT normal-mode light shutter works
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At zero field, the material is in the planar texture as shown in Figure 11.32(a). Because the pitch is
in the IR region, the material is transparent to visible light. When an external field is applied across the
cell, the field tends to align the liquid crystal in the cell normal direction while the polymer network
tends to keep the liquid crystal in the planar texture. As a result of the competition between these two
factors, the liquid crystal is switched to the poly-domain focal conic texture as shown in
Figure 11.32(b), and the material becomes scattering. The polymer concentration must be sufficiently
high and the polymerization rate should be low so that the polymer network is strong and not damaged
(reoriented) under the applied field. A photograph of a PSCT reverse-mode light shutter is shown in
Figure 11.2(b).

(3) Aerosil-frame stabilized nematic liquid crystal

Besides polymer networks, other networks can be used to stabilize liquid crystals [55–58]. One interesting
example is the dispersion of nematic liquid crystal and silica particles. The volume fraction of the silica
particles is a few percent. The silica particles of nanometer size form an aggregates via � Si�O�Si

moieties. The aggregates are linked to form aerosil-frame by hydrogen bonds between the � Si�OH

groups on the surface of the aggregates. The aerosil-frame creates a poly-domain structure as shown in
Figure 11.33(a), and the material is scattering. When a sufficiently high field is applied, the liquid crystal
ðDe> 0Þ is aligned homeotropically as shown in Figure 11.33(b), and the material becomes transparent.
The uniformly aligned liquid crystal exerts a torque on the aerosil-frame. A unique feature of the aerosil-
frame is that the hydrogen bonds can be unlocked under stress, and the aerosil-frame broken. Then the
� Si�OH groups on the surface of the aggregates regroup to form hydrogen bonds again and
the aggregates form a new frame which favors the homeotropic orientation of the liquid crystal. When
the applied field is turned off, the material remains in the homeotropic state.
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Figure 11.32 Schematic diagram showing how the PSCT reverse-mode light shutter works
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The aerosil-frame stabilized nematic liquid crystal material has a memory effect and is multi-
stable. Two schemes can be employed to write the display made from the material. In the first
scheme, a regular nematic liquid crystal with a positive dielectric anisotropy is used. The display is
first switched to the transparent homeotropic state by applying a high voltage. It is then selectively
addressed to the scattering state by using laser addressing. The laser irradiation heats the material
locally to isotropic phase. When the material is quickly cooled to room temperature, the material
ends in the scattering state. Thus images can be generated. In the second scheme, a dual-frequency
nematic liquid crystal is used. When a low-frequency voltage is applied, the liquid crystal has a
positive dielectric anisotropy and therefore is switched to the transparent state. When a high-frequency
voltage is applied, the liquid crystal has a negative dielectric anisotropy and therefore is switched to
the scattering state.

11.6 Displays from LCPCs

Scattering liquid crystal/polymer composites (LCPCs), besides being used for switchable privacy
windows, can also be used to make displays. Without polarizers, they can only be used for reflective
displays and projection displays because in both the transparent and scattering states most of the incident
light still comes out in forward directions, except that in the scattering state, light is deviated from its
original propagation direction. With polymerizers, they can be used for transmissive direct-view
displays. These displays may not have the best optical performance, but they are compatible with
flexible plastic substrates because of their adhesion to plastic substrates. They can be manufactured in a
roll-to-roll process.

11.6.1 Reflective displays

There are several designs of scattering LCPCs for reflective displays. The simplest design is shown in
Figure 11.34(a). The display consists of a layer of LCPC and a black absorbing layer [59]. When the
LCPC in a pixel is in the transparent state, the incident light reaches the black layer and is absorbed, and
the pixel appears black. When the LCPC is in the scattering state, some of the incident light is scattered
backward and is observed by the reader’s eyes, and the pixel appears gray–white. The problem of this
design is that the reflectivity (the percentage of light scattered in the backward direction) is usually less
than 25% [59].

One way to improve the reflectivity is to insert a brightness-enhancing film (BEF) [60,61], as shown in
Figure 11.34(b), which transmits light with small incident angles (with respect to the film normal) but
reflects light with large incident angles. When the LCPC in a pixel is in the transparent state, incident
light with small incident angles goes through the LCPC and BEF, and reaches the black layer and is
absorbed. When the LCPC is in the scattering state, incident light with small incident angles is scattered
by the LCPC, and reaches the BEF with large incident angles and therefore is reflected back by the BEF.
Therefore the reflectivity of the display is greatly increased. The tradeoff is that the contrast and viewing
angle are decreased.

The third design is shown in Figure 11.34(c) where a mirror is used to replace the black layer. This
display works well only when light is incident on it at one incident angle. When the LCPC in a pixel is in
the transparent state, the light passes the LCPC, and is reflected by the mirror. The outcoming light is at
the specular angle. If the reader looks at the display, not at the specular angle, the pixel has a black
appearance. When the LCPC is in the scattering state, some of the incident light is scattered backward
and the rest is scattered forward by the LCPC. The forward scattered light reaches the mirror and is
reflected in all direction. Therefore the pixel has a white appearance. The reflectivity of the white is very
high. The problem with this design is that the viewing angle is small.

The viewing angle can be improved by using a dielectric mirror as shown in Figure 11.34(d) [62].
The periodicity of the dielectric mirror is in the long-wavelength region. For normally incident light,
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it only reflects long-wavelength light. For obliquely incident light, the reflection band is shifted to
the short-wavelength region. The reader looks at the display in the normal direction. When the
LCPC in a pixel is in the transparent state, light with small incident angles and short wavelength
passes the LCPC and dielectric mirror and reaches the absorbing layer. The pixel has a black
appearance. When the LCPC is in the scattering state, the incident light is scattered by the LCPC
and reaches the dielectric mirror at large incident angle, and therefore is reflected. The pixel has a
white appearance.

Black dichroic dye-doped LCPCs can also be used to make reflective displays [63]. Behind the LCPC
film, there is a color reflector as shown in Figure 11.34(e). When the LCPC in a pixel is in the transparent
state, light passes the LCPC and reaches the reflector and is reflected. The pixel shows the color of the
reflector. When the LCPC is in the scattering absorbing state, the incident light is absorbed by the LCPC,
and the pixel has a black appearance.

11.6.2 Projection displays

Scattering LCPCs can be used to make projection displays [29,64]. They do not need polarizers
and therefore have high light efficiency. A simple projection display shown in Figure 11.35 is used to
demonstrate the operating principle. The optical design is similar to that of a slide projector except
that an additional aperture is placed at the focal plane of the objective lens. The condenser lens
generates collimated light parallel to the principal axis. The objective lens produces an image on
the screen of the display panel made from the LCPC. When the LCPC in a pixel (on-pixel) is in the
transparent state, the collimated light passes the material without scattering, and then passes the
aperture and reaches the screen. The corresponding area on the screen is bright. When the LCPC in
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Mirror
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Black
layer

Dielectric
mirror 

T S

T SLCPC

Black
layer

(b) (a) 

LCPC
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(d)(c)

T SLCPC

Color
reflector (e)

Figure 11.34 Schematic structures of the reflective displays from scattering LCPCs: T, transparent

state; S, scattering state
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a pixel is in the scattering state (off-pixel), the collimated incident light is scattered in all direction.
Only a small part of the incident light can pass the aperture and reach the screen. The corresponding
part on the screen is dark. In order to achieve high contrast, the aperture should be small so that little
of the scattered light can go through it. The tradeoff with the small aperture is that light efficiency is
low because incident light is never perfectly collimated if the light source is not a point light source
but a filament of finite size. When the aperture is small and the incident light is not perfectly
collimated, some light cannot pass the aperture and thus is lost even if a pixel is in the on-state.

11.6.3 Transmissive direct-view displays

Scattering LCPCs can also be used to make transmissive direct-view displays if polarizers are used. An
example is shown in Figure 11.36 where a LCPC is sandwiched between two crossed polarizers along the
x and y directions, respectively [65]. The light from the backlight becomes linearly polarized along the
x direction after passing through the bottom polarizer. When the LCPC in a pixel (on-pixel) is in
the scattering state, the linearly polarized incident light is depolarized with 50% light polarized along the
x direction and 50% light polarized along the y direction. The light polarized along the y direction passes
the top polarizer. The pixel is bright. When the LCPC in a pixel (off-pixel) is in the transparent state, the
polarization of the incident light does not change when propagating through the material and the light is
absorbed by the top polarizer. The pixel is dark. Besides its suitability for flexible displays, this display
has a large viewing angle when compensated with a negative c plate. The drawback is that the maximum
light efficiency is only 25%.

Condenser
lens

Light
source

screen

aperture

Figure 11.35 Schematic diagram of the projection display from the scattering LCPC

backlight

polarizer

polarizer

off on

x
y

x

Figure 11.36 Schematic diagram showing how the direct-view display from the scattering LCPC works
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Homework Problems

11.1 Consider a ternary mixture consisting of three different molecules A, B, and C. Their molar
fractions are xA, xB, and xC , respectively, and xA þ xB þ xC ¼ 1. The intermolecular interaction
energies are uAA for the interaction between A and A, uBB for the interaction between B and B, uCC

for the interaction between C and C, uAB for the interaction between A and B, uAC for the
interaction between A and C, and uBC for the interaction between B and C. Calculate the mixing
interaction energy.

11.2 Consider a binary mixture consisting of A and B. The molar fraction of B is x. The interaction
energies between them are: uAA ¼ �0:15 eV, uBB ¼ �0:17 eV, and uAB ¼ �0:13 eV. The number
P of nearest neighbors is 6. (1) Determine the phase diagram numerically. (2) Find the critical point
(Tc; xc) of the phase separation. (3) If the fraction of B in the homogeneous mixture is xo ¼ 0:3, at
what temperature Ts will the system phase separate into two phases? (4) At temperature T ¼ 800 K,
what are the fractions of B in the two-phase separated phases?

11.3 Consider a ternary mixture consisting of three types of molecules (A, B, C). The interaction energies
between them are: uAA ¼ �0:15 eV, uAB ¼ �0:05 eV, uBB ¼ �0:15 eV, uAC ¼ �0:20 eV,
uBC ¼ �0:175 eV, and uCC ¼ �0:15 eV. Consider only the interaction between nearest neighbors.
The number of nearest neighbors is 6. The temperature is kBT ¼ 0:2 eV. (1) Find the phase diagram
represented in the equilateral triangle. (2) Determine the critical point. (3) For a mixture with molar
fractions xa ¼ 0:4, xB ¼ 0:45, and xC ¼ 0:15, will it phase separate? If it does, determine the
fractions of the components in the two phases and the percentages of molecules in the two phases.

11.4 Phase diagram of ternary mixture. Consider a ternary mixture consisting of three types of
molecules A, B, and C. A and C dissolve each other, B and C dissolve each other, but A and
B do not dissolve each other. The interaction energies between them are uAA ¼ �0:15 eV,
uAB ¼ �0:05 eV, uAC ¼ �0:20 eV, uBB ¼ �0:14 eV, uBC ¼ �0:175 eV, and uCC ¼ �0:15 eV.
Consider only the interaction between nearest neighbors. The number of nearest neighbors is 6. The
temperature is kBT ¼ 0:2 eV. (1) Find the phase diagram represented in the equilateral triangle. (2)
Determine the critical point. (3) If the initial mixture has the fractions xa ¼ 0:4, xB ¼ 0:45, and
xC ¼ 0:15, will it phase separate? If it does, determine the fractions of the three components in the
two phases and the percentages of the molecules in the two phases.

The phase diagram of a ternary mixture at a given temperature is determined in the following way:

(1) Choose an initial mixture with the fractions xAo; xBo; xCoð¼ 1� xAo � xBoÞ which is a point
on a straight line drawn from the corner corresponding to component C to the opposite side of
the equilateral triangle. Calculate the average free energy per molecule fh ¼ f ðxAo; xBoÞ of
the homogeneous single phase with the initial fractions.

(2) Assume the initial mixture phase separates into two phases: phase 1 with fractions
ðxA1; xB1; xC1Þ and phase 2 with the fractions ðxA2; xB2; xC2Þ. The percentage of molecules
in phase 1 is w and the percentage of particles in phase 2 is ð1� wÞ. Because of particle
conservation, xAo ¼ wxA1 þ ð1� wÞxA2 and xBo ¼ wxB1 þ ð1�wÞxB2. Therefore among
these variables xA1; xB1; xA2; xB2;w, only three are independent. Choose xA1; xB1;w as the
independent variables, and then xC1 ¼ 1� xA1 � xB1, xA2 ¼ ðxAo � wxA1Þ=ð1� wÞ,
xB2 ¼ ðxBo � wxB1Þ=ð1� wÞ, and xC2 ¼ ðxCo � wxC1Þ=ð1� wÞ. Note that 0 � w � 1,
0 � xA1 � 1, 0 � xB1 � 1, and 0 � xA1 þ xB1 � 1. Find the average free energy per molecule
ft ¼ wf ðxA1; xB1Þ þ ð1� wÞf ðxA2; xB2Þ of the phase-separated system.

(3) Find the xA1; xB1; w which give the minimum free energy ftm. If ftm < fh, the system will phase
separate into two phases corresponding to the fractions ðxA1; xB1; xC1Þ and ðxA2; xB2; xC2Þ.
These two points are on the phase boundary curve. If ftm > fh, then there is no phase separation.

(4) Repeat the above steps with a different initial mixture. After a sufficiently large number of
initial mixtures are tested, the points representing the phase-separated phases form the phase
boundary.
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11.5 Consider the brightness-enhancing film shown in Figure 11.37. Calculate the incident angle region
within which the incident light will be reflected from the bottom surface of the brightness-
enhancing film by total internal reflection.

11.6 Calculate the director configuration inside a bipolar droplet with radius R ¼ 5mm under the
following externally applied electric fields: 0, 1 V=mm, 10 V=mm. The elastic constants are K11 ¼
K33 ¼ 10�11 N and the dielectric anisotropy is De ¼ 10. The electric field is applied along the
bipolar axis.

11.7 The scattering profile of a PDLC in the scattering state is described by IðyÞ ¼ ð2=pÞð1þ cos yÞ,
where y is the polar angle with the incident light direction. The incident light is collimated and
normal to the cell surface. When the cell is in the transparent state, the light goes through the cell
without scattering. The detector has a circular detection surface with a linear collection of 108.
What is the contrast ratio of the PDLC?
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12

Tunable Liquid Crystal
Photonic Devices

12.1 Introduction

In addition to displays, liquid crystals have also been used extensively in tunable photonic devices, such
as optical phased arrays for laser beam steering, variable optical attenuators (VOAs) for telecommu-
nications, tunable-focus lenses for camera zoom lenses, liquid crystal-infiltrated photonic crystal fibers,
[1, 2] diode laser-pumped dye-doped liquid crystal lasers, just to mention a few.

The performance criteria for displays and photonics are quite different. First, most displays such as
computers and TVs are operating in the visible spectral region, but many photonic applications operate
in the infrared. Laser beam steering for free-space communications operates at l ¼ 1:55 mm, for
example. So do VOAs and photonic fibers. Secondly, most displays use amplitude modulation, but
some photonics use phase modulation. For intensity modulation, the required phase retardation is 1p
at l ¼ 550 nm, but for phase modulation, say beam steering, the minimum phase change is 2p at
l ¼ 1550 nm. If we use the same LC material, then the required cell gap for a laser beam steerer is about
six times thicker than that for a display device. A thicker cell gap implies a slower response time because
the response time of a LC device is proportional to the cell gap squared. Thirdly, for display applications
the ‘detector’ is the human eye, but for beam steering or fiber communications the detector is a solid state
diode. The latter has a much faster response time than the former. Based on these three key performance
factors, the technical challenge for a near-infrared phase modulator is at least one order of magnitude
higher than for visible displays. Of course, most displays require a wide viewing angle, which is not so
demanding in beam steering and VOA.

In this chapter, we select four topics to illustrate the potential applications of LCs in photonics and
their technical challenges. The four representative subjects are: (1) laser beam steering, (2) VOAs, (3)
tunable-focus lenses, and (4) polarization-independent LC devices.

Fundamentals of Liquid Crystal Devices D.-K. Yang and S.-T. Wu
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12.2 Laser Beam Steering

Laser beam steering is an important subject for free-space communications, military applications,
optical interconnects, projection displays, and other general industrial applications. The goal is to deliver
and precisely control the laser beams to a desired location. The most common technique is to reflect the
light by mechanically controlled mirrors. Because of the nature of mechanical movement, the speed of
the system is limited. It is always desirable to develop compact and lightweight non-mechanical beam-
steering devices to replace large and bulky mechanical systems. The other well-established beam-
steering device is the acousto-optic modulator, which has a severely limited angular range. Many new
solid state/micro-component technologies such as optical micro-electro-mechanical systems (MEMS),
patterned liquid crystals, diffractive micro-optics, and photonic crystals have been investigated for
building small, ultra-light, rapidly steered laser beam subsystems.

Two types of LC electro-optic beam-steering devices have been developed: diffractive [3] and
prismatic types [4, 5]. A conventional simple grating structure produces several diffraction orders (first
and higher orders). The theoretical diffraction efficiency of the first-order beam is about 34% [6]. The
laser holographic blazing process shapes the grooves of the grating to concentrate the light to first order.
The result is a much brighter spectrum. A well-designed LC prism grating can reach 100% diffraction
efficiency for a first-order beam. A simple method for fabricating LC blazed gratings is to use a glass
substrate with a sawtooth surface structure, as Figure 12.1 shows [7]. The LC layer thickness in this
structure varies periodically and asymmetrically. The sawtooth substrate is a poly (methyl methacrylate)
(PMMA) blazed grating made by electron beam lithography. The refractive index of PMMA is close to
the ordinary index of the selected LC, but smaller than the extraordinary index. Therefore, in the voltage-
off state, the in-plane distribution of the optical path length of the incident light has a sawtooth profile.
The blazed grating is switched off when the applied voltage is sufficiently high.

Incident light
polarization
direction

PI

ITO

Glass PMMA

Spacer
LC filled inside the cavity

Figure 12.1 LC blazed-grating beam defector using a glass substrate with a sawtooth surface

structure: PI, polyimide; ITO, indium–tin–oxide; PMMA, poly methyl methacrylate
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12.2.1 Optical phased array

The above surface relief grating causes distortion in LC alignment and might degrade the diffraction
efficiency. It is better to use a sawtooth electric field to generate the LC blazed grating on a uniform LC
layer, as shown in Figure 12.2. Several approaches have been reported to achieve the sawtooth electric
field distribution, such as LC spatial light modulators, beam steerers with a stripe electrode [8, 9], and a
combination of low- and high-resistive electrodes [10].

Figure 12.2 illustrates a transmission mode optical phased array (OPA) beam steerer composed of a
one-dimensional (1-D) array of equal-spaced LC phase shifters [11]. The inner surface of the bottom
transparent substrate is photolithographically patterned with transparent, conducting, striped electrodes
having the desired spacing for the phase shifters in the array. The entire active aperture of the array is so
patterned. The inner side of the top substrate is coated with a uniform, transparent, conducting ground
electrode. On top of the electrodes, a thin SiO2 layer is deposited to align LC molecules. For phase-only
modulation, homogeneous alignment with a small ð� 2�3�Þ pretilt angle is preferred. When the applied
voltage between any given striped electrode and the underlying ground plane exceeds the Freedericksz
transition threshold, a 1-D phase shifter in the LC volume underlying the patterned electrode is created.

The degree of nematic LC reorientation depends on the applied voltage [12]. Therefore, by controlling
the applied voltage to each pixel, a stair-step blazed phase grating can be generated. Application of a
periodic sequence of staircase voltage ramps of period L across the array aperture creates a correspond-
ing periodic staircase profile of phase, as shown in the expanded portion of Figure 12.2. With properly
weighted voltage steps, chosen to compensate for the non-linear phase–voltage profile of a typical LC, a
linearly increasing phase profile can be produced. If the maximal phase shift on each staircase ramp of N

voltage steps is 2pðN � 1Þ=N , the periodic (modulo 2p) phase profile is equivalent to a single staircase
phase ramp across the aperture. An electronically adjustable prism is simulated, and the beam is steered
to a new direction y (relative to the phased array boresite) given by the general grating equation

sin yþ sin yinc ¼ lo=L (12.1)
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Figure 12.2 Schematic drawing of a 1-D optical phased array and a conceptual imposed phase shift
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where yinc is the incident angle of the beam, and L is the period of the programmed grating. For a

normally incident laser beam, yinc ¼ 0 and Equation (12.1) is simplified. The steering direction depends

on the periodicity (and sign) of the applied voltage ramp. The diffraction efficiency Z of a grating with a

stair-step blaze designed to maximize energy to first order is related to the number of steps N as [13]

Z ¼ ½sinðp=NÞ=ðp=NÞ	2 (12.2)

Figure 12.3 plots the diffraction efficiency as a function of N. The efficiency grows rapidly with N and
reaches � 95% for an eight stair-step OPA. The remaining 5% is diffracted to higher orders, called
sidelobes. Although increasing the number of stair steps would enhance the diffraction efficiency
slightly, its fabrication complexity also increases. In practice, eight stair steps are normally used.

The OPA can be operated in reflective mode, provided that the bottom transparent electrode is
replaced by a reflector. To achieve the same phase change, the required cell gap can be reduced by a half
because of the double pass of the incident beam. As a result, the response time is four times faster.

Figure 12.4 shows a 2-D steering by cascading two 1-D steering arrays with crossed electrode
patterns: one for azimuth (AZ) and one for elevation (EL). The cascading can use individual, discrete,
steering devices. Relay lenses can be used to avoid beam walkoff between the devices, as is sometimes
done with mechanical steerers [14]. However, the inherently thin (< 0:5 mm) format of these LC cells
has obviated the need for such relay lenses. The availability of both reflection- and transmission-mode
variants facilitates the design of cascaded systems. An attractive prospect is the integration of AZ and EL
steering units into a single thin cell, potentially conformal with an airframe. Current OPA designs are
polarization dependent; they require the input beam to be linearly polarized along the direction of
quiescent LC alignment for maximal efficiency. Later in this chapter, we will discuss two potential
approaches that are polarization independent.

Since an OPA has a relatively small steering angle, to achieve large angle steering an auxiliary
diffraction grating is needed. In Figure 12.4, the first two OPAs on the incident beam side and the double
grating made of photothermal refractive glass [15, 16] form the large angle (f2) beam steerer for zone
selection (also called coarse beam steerer). Once the laser beam is steered to a designated zone, the last
two OPAs are used to fill the zone (also called fine beam steerer).

12.2.2 Prism-based beam steering

Figure 12.5 shows a prism-based beam-steering device using a birefringent prism with wedge angle a
and a switchable 90� TN cell as a polarization rotator. At V ¼ 0, the TN cell rotates the input linearly
polarized light by 90�, which acts as an extraordinary beam (refractive index ne) to the prism. The beam
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Figure 12.3 Diffraction efficiency of a blazed grating as a function of the number of phase steps
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is deflected to an angle ye. When the TN cell is activated, the LC directors are reoriented perpendicular to
the substrate surfaces so that the polarization rotation effect vanishes. The polarization of the incident
light is not affected by the TN cell. As a result, the outgoing light behaves like an ordinary beam
(refractive index no) to the prism and is deflected to an angle yo.

From Snell’s law, we can calculate the exit angles ye and yo:

ne sin yin ¼ sin ye (12.3a)

no sin yin ¼ sin yo (12.3b)

The difference between ye and ye is the steering angle. A prism with a larger birefringence would lead

to a larger steering angle.

As shown in Figure 12.5, both beams walk off from the original beam path. To correct this walk-away
phenomenon, a birefringent/isotropic bi-prism concept has been developed [17]. Figure 12.6 shows the
device structure and operating mechanisms of the birefringent/isotropic bi-prism. The refractive index of
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Figure 12.5 The operating principles of a prism-type beam-steering device using a 90� TN cell as a

polarization rotator
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the top isotropic prism is chosen to be equal to the no of the birefringent prism. Thus, the impinging
ordinary ray is not deflected, while the extraordinary ray is deflected. Similarly, a 90� TN cell is used to
control the input polarization. Following Snell’s law, it is fairly easy to correlate the steering angle with
the prism’s wedge angle and the refractive indices of the birefringent prism as follows:

d ¼ sin�1fno sin½ðsin�1ððne=noÞ sin aÞÞ � a	g (12.4)

Let us assume that the refractive indices of the birefringent prism (it can be a crystal or LC) are ne ¼ 1:7
and no ¼ 1:5. Then, in order to get a 1� steering angle, the required prism angle should be 5�. By stacking

N basic units whose a values are in binary sequence, we can obtain 2N beam steering positions [18].

12.3 VOAs

LC-based VOAs have been developed for fiber optic communications at l ¼ 1:55mm because of their
low cost, low loss, and low power consumption [19–21]. For most telecommunications applications, a
fast response time and a large dynamic range (>30 dB) are required. Two types of LC VOAs have been
developed, namely nematic and ferroelectric [22]. Ferroelectric liquid crystal (FLC) is attractive for its
microsecond response time, but there are several issues to be solved: (1) it is a bistable device; (2) its
ultra-thin cell gap (d< 2 mm); (3) residual DC voltage; (4) mechanical robustness; and (5) long-term
reliability. Because FLC is a bistable device, to obtain gray scales a pulse width modulation method has
to be implemented. The thin-cell requirement lowers the manufacturing yield and the residual DC
voltage causes gray-scale instability. Moreover, the molecular alignment in a FLC cell is sensitive to
mechanical disturbance. On the other hand, nematic VOA is easy to fabricate and it has natural gray
scales. The major disadvantage is a slow response time. To achieve a fast response time, a small cell gap
[23], a high-temperature effect [24, 25], dual-frequency LC materials [26–28], a voltage effect [29], and
a polymer-network LC [30] have been investigated. A typical nematic LC-based VOA has a response
time of approximately 5–15 ms, which is still slower than a mechanical shutter whose response time is
approximately 1 ms. To outperform the mechanical shutter, the nematic VOA should have a sub-
millisecond response time at room temperature while maintaining a wide dynamic range and low
operating voltage (�20 Vrms).

In Chapter 6, we introduced dual-frequency liquid crystal (DFLC) materials and the operating
mechanisms for achieving fast response times. In this section, we will demonstrate a fast-response and
wide-dynamic-range nematic VOA using a high-birefringence and low-viscosity DFLC together with
the overdrive and undershoot voltage method described in Chapter 8. To achieve a submillisecond
response time at room temperature (T � 21�C), we use a low-frequency ( f ¼ 1 kHz) overdrive voltage

α

δ

Figure 12.6 Device structure of a birefringent/isotropic bi-prism beam steerer
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to decrease rise time and a high-frequency ( f ¼ 30 kHz) undershoot voltage to accelerate the decay
process. The measured dynamic range exceeds 40 dB at l ¼ 1:55mm.

Figure 12.7 shows a schematic diagram of the LC-based VOA, where two polarization beam
displacers and a LC cell are sandwiched between two identical fiber collimators with an 80 mm
working distance. The light from the input fiber is collimated by the first gradient index (GRIN) lens
collimator. When the light is incident on the first polarization beam displacer (PBD), a calcite crystal,
(10 mm thick with 45� a cut), it is separated into an ordinary beam and an extraordinary beam. A quartz
half-wave plate (HWP) is laminated to the calcite beam displacer to rotate the polarization state of the
top beam. Therefore, both beams have the same polarization before entering the LC cell which is a
3:7mm homogeneous cell with its rubbing direction oriented at 45� to the input light polarization. Its
phase retardation (d ¼ 2pdDn=l) is approximately 1:2p at l ¼ 1:55mm. To ensure a high transmittance
at V ¼ 0, an identical LC cell, i.e., with the same cell gap, LC material, and alignment but with no
voltage applied, is placed behind the master LC cell to act as a phase compensation cell. The rubbing
direction of the compensation cell is orthogonal to that of the master cell so that the net phase retardation
at V ¼ 0 is zero. This master compensation cell configuration exhibits an excellent wavelength tolerance
[31]. Under such circumstances, the top and bottom beams are recombined by the second PBD and HWP
and then coupled into the collecting fiber collimator, as shown in the upper part of Figure 12.7. This is the
high-transmittance state of the VOA. To make the device compact, the compensation LC cell can be
replaced with a polymeric film, which is used in display devices to increase the viewing angle [32].

When a proper voltage is applied to the master LC cell to make a p phase change, the incident
beams cannot retain their original polarizations. As a result, they are separated by the second beam
displacer. No light is coupled into the collecting fiber collimator and the off-state results, as shown in
Figure 12.7. By tuning the master cell voltage, different gray scales can be obtained. If the LC cell
gaps are all uniform, then the VOA should have no polarization-dependent loss (PDL) and no
polarization mode dispersion (PMD).

The VOA performance is mainly determined by the LC material employed. To achieve a fast response
time, a DFLC mixture is chosen for the demonstration. The key feature of a DFLC is that it exhibits a
crossover frequency (fc). In the f < fc region, the dielectric anisotropy (De) is positive, while in
the f > fc region De becomes negative. In the low-frequency region, the electric field-induced torque
reorients the LC molecules along the field direction. This leads to the rapid rise time. During the
relaxation period, a high-frequency electric field is applied to the cell. Because De is negative, the high-
frequency electric field helps to accelerate the relaxation of the LC molecules to their original positions.
As a result, a rapid decay time is achieved.

Figure 12.7 Schematic diagram of DFLC-based VOA, where ‘1’, ‘2’, ‘3’, and ‘4’ represent a

polarization beam displacer, half-wave plate, master LC cell, and compensation cell, respectively
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Most of the commercially available DFLC mixtures have a low birefringence, high viscosity, and small
jDej values. Due to their low birefringence, a thick LC layer is required, particularly for the 1:55mm

infrared wavelength. The thick LC layer leads to a slow response time and a high operating voltage. To
overcome these drawbacks, the UCF Group developed a high-birefringence and low-viscosity DFLC
mixture using 30% biphenyl esters and 70% lateral difluoro tolanes [33]. The physical properties of the
DFLC mixture at room temperature (T ¼ 21�C) are summarized as follows: crossover frequency
fc� 4 kHz; Dn ¼ ne� no ¼ 0:25 at l ¼ 1:55mm; De ¼ 4:73 at f ¼ 1 kHz; and De ¼ �3:93 at
f ¼ 30 kHz.

For VOA demonstration, an Ando AQ4321D tunable laser operated at l ¼ 1:55 mm is used as a light
source. The output fiber is connected to an Ando AQ8201-21 power monitor for measuring transmit-
tance. A computer-controlled LabVIEW system is used for data recording and processing. The insertion
loss of the DFLC VOA at V ¼ 0 is about�2.0 dB (without connector). The PDL remains less than 0.1dB
over the whole ITU (International Telecommunication Union) C-band (1:53�1:57 mm), as expected.
Although the measured insertion loss is still not sufficiently low, the actual fiber-to-fiber coupling loss is
only � 0:8 dB when taking into account the � 1:2 dB propagation loss which is mainly contributed by
the uncoated LC cells.

Figure 12.8 plots the measured voltage-dependent VOA attenuation. The VOA is addressed by square
waves at f ¼ 1 kHz. Because of the positive De in the low-frequency region, the LC directors are
reoriented along the electric field direction as the voltage exceeds 2.5 Vrms (threshold voltage). At
V ¼ 6 Vrms, which corresponds to a p phase change, an off-state with�43 dB attenuation is achieved. As
shown in Figure 12.8, this off-state is quite stable. Within �0:3 Vrms voltage variation, the measured
attenuation remains at over �30 dB, which is important if this VOA is to be used as a light switch or
wavelength blocker. As the applied voltage exceeds 6 Vrms, the net phase change due to the orthogonal
master and compensation cells deviates from 1p so that the optimal off-state condition is no longer
satisfied. As a result, the VOA attenuation gradually decreases.

Figure 12.9 shows the turn-on and turn-off times of the DFLC cell with the overdrive and undershoot
voltages applied during the rise and decay periods. The commercial LC VOA is normally driven by a
20 V AC voltage source. For a fair comparison, the overdriving voltage of the DFLC cell is also limited
to 20 Vrms. Figure 12.9(a) shows the applied waveforms and the corresponding optical signals. The
20 Vrms low-frequency voltage burst is applied for 2 ms between the 2 Vrms bias and 6 Vrms holding
voltages. The turn-on time (90–10%) is 0.73ms for the 3:7mm DFLC cell.

During the relaxation process, the constant bias voltage exerts a torque to resist LC molecules
returning to their original positions. To overcome this bottleneck, a high-frequency ( f ¼ 30 kHz)
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voltage is imposed before applying the bias voltage, as depicted in Figure 12.9(b). This is known as the
undershoot effect. The decay time (10–90%) is suppressed to 0.78 ms, which is approximately an order
of magnitude faster than that of a commercial LC VOA.

The response times shown above are all between the VOA’s ‘on-’ and ‘off-’states. However, the dual-
frequency overdrive and undershoot can also apply to the fast gray-scale transition between two arbitrary
attenuation states. A high-voltage (e.g., 20 Vrms) burst of suitable frequency and duration may be inserted
between the initial and target states to accelerate the LC director’s rise or decay.

12.4 Tunable-focus Lenses

A mechanical zoom lens typically consists of two groups of lenses. By adjusting the distance between
these lens groups, the effective focal length of the zoom lens can be turned mechanically. It would be
ideal if these lenses were replaced by a single tunable-focus LC lens. To make a LC lens, the gradient
refractive index profile has to be created. Generally speaking, there are three approaches to generate the
desired gradient refractive index: (1) homogeneous LC layer with inhomogeneous electric field, (2)
inhomogeneous LC layer with homogeneous electric field, and (3) inhomogeneous LC layer
with inhomogeneous electric field. To achieve these goals, various efforts such as surface relief profile
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Figure 12.9 Rise (a) and decay (b) time of the DFLC VOA using overdrive and undershoot voltages

and corresponding optical responses. l ¼ 1:55mm

TUNABLE-FOCUS LENSES 355



[34–36], line or hole-patterned electrode [37–40], Fresnel zone type [41, 42], modal control [43], as well
as the polymer network LC technique [44, 45] have been attempted. Among these approaches, the
surface relief lens which combines a passive solid state lens and a LC modulator possesses some
attractive features, e.g., simple fabrication, single electrode, and an easy-to-realize spherical phase
profile within the LC layer. However, an LC lens with curved inner surfaces will scatter light due to the
poor molecular alignment. Moreover, its tunable-focus range is rather limited.

12.4.1 Tunable-focus spherical lens

In this section, we use an example to illustrate the fabrication procedure and operating principle of a
tunable-focus spherical lens. Unlike the surface relief LC lens, the present lens has planar substrates and
a uniform LC layer. To create an inhomogeneous electric field, one of the flat substrates has an imbedded
spherical electrode and the other has a planar electrode. The electric field from the spherical and planar
electrodes induces a centro-symmetric gradient refractive index distribution within the LC layer which,
in turn, causes the focusing effect. The electric field strength will affect the LC alignment and then
change the refractive index profile. As a result, the focal length can be tuned by the applied voltage.
Unlike the non-uniform LC layer approach, this lens exhibits a uniform optical response across the lens
aperture due to the homogeneous cell gap. No light scattering or diffraction occurs because of the
homogeneous LC alignment and continuous electrode. Both positive and negative lenses can be realized
by simply reversing the shape of the spherical electrode.

Figure 12.10 illustrates the fabrication procedures of such a positive spherical LC lens. The
concave surface of the bottom glass substrate is coated with a transparent ITO electrode, as shown
in Figure 12.10(a). Next, the sag area is matched by a convex glass lens with the same curvature or filled
with a polymer having the same refractive index as the employed glass substrate to form a planar
substrate, as shown in Figure 12.10(b). In this case, let us assume that the sag area is filled with a UV
curable prepolymer. The glass substrate which is in contact with the prepolymer has d2 ¼ 0:55 mm but
no ITO electrode. When the prepolymer is cured by UV light, the lens and the LC cell are attached
together. The inner surfaces of the LC cell are coated with polyimide alignment layers and rubbed in the
anti-parallel direction. The pretilt angle is�38. The empty LC mixture is filled with a high-birefringence
LC mixture and a homogeneous alignment is induced by the buffed polyimide layers, as shown in
Figure 12.10(c).

d1

d2

D=6mm

ITO
(a)

Filled polymer

LC

(b)

(c)

ITO

Figure 12.10 Fabrication process of a spherical LC lens: (a) deposit ITO on a concave glass lens, (b)

fill the sag area with polymer, and (c) assemble the LC lens cell with another flat glass substrate.

(Reprinted with permission from H. Ren et al., ‘Tunable-focus flat liquid crystal spherical lens’,

Applied Physics Letters, June 7, 2004, Volume 84, Issue 23, pp. 4789, Figure 1, # 2004, American

Institute of Physics)
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In Figure 12.10, the concave glass lens has a radius R ¼ �9:30 mm, aperture D ¼ 6 mm, and sag
d1 ¼ 0:34 mm (BK7 glass, ng ¼ 1:517). The refractive index of the filled polymer NOA65 (n p� 1:524,
Norland Optical Adhesive) will affect the initial focal length of the LC lens. If n p� ng , then the LC
device will not focus light in the voltage-off state, but if np is much smaller than ng, then the device will
have an initial focus. To reduce the cell gap for keeping a reasonably fast response time, a high-
birefringence LC mixture designated as UCF-2 (Dn ¼ 0:4 at l ¼ 633 nm [46] is used. The cell gap is
40 mm.

Figure 12.11 shows the CCD images of the lens at three voltage states: V ¼ 0, 23, and 35 Vrms. At
V ¼ 0, the observed He–Ne laser beam is not very uniform due to its Gaussian intensity distribution. The
peak intensity is �6� 103 arbitrary units. As the voltage reaches 23 Vrms, the focusing effect manifests.
The measured intensity at the CCD focal plane exceeds 6:5� 104 arbitrary units. As the voltage is
further increased, the peak intensity of the outgoing beam tends to decrease. At V ¼ 35 Vrms, the peak
intensity drops to 1:7� 104 arbitrary units. This is because the LC directors in the bulk have been
reoriented by the electric field and the curvature of the refractive index profile is gradually flattened. As a
result, the focal length of the lens increases and the measured light intensity at the CCD focal plane
decreases.

Figure 12.12 plots the voltage-dependent focal length of the flat LC spherical lens. At V ¼ 0, the LC
directors are aligned homogeneously due to the surface anchoring effect of the substrates. Thus, no

Figure 12.11 CCD images of the measured He–Ne laser beam intensity profile at V ¼ 0; 23, and

35 Vrms, respectively. (Reprinted with permission from H. Ren et al., ‘Tunable-focus flat liquid crystal

spherical lens’, Applied Physics Letters, June 7, 2004, Volume 84, Issue 23, pp. 4789, Figure 3,

# 2004, American Institute of Physics)
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Figure 12.12 Voltage-dependent focal length of the flat LC spherical lens. Lens aperture D ¼ 6 mm,
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focusing effect occurs or the focal point is at infinity. As the voltage increases, the focal length is reduced
because of the established gradient refractive index. At V � 40 Vrms, the focal length reaches a minimum
( f � 60 cm). Further increasing the voltage will cause the focal length to bounce back, but at a different
rate. The response time of the lens is around 1–2 s at room temperature. This is somewhat too slow. For
practical applications, the switching time should be less than 5 ms to avoid image blurring during focus
change.

The focal length of an LC lens can be calculated using the Fresnel approximation:

f ¼ r2

2dndLC
(12.5)

where r ¼ D=2 (D is the lens aperture), dLC is the LC layer thickness, and dn is the refractive index

difference between the lens center and border.

From Figure 12.10, dn is determined by the electric field difference between the lens center and the
border. When a voltage V is applied to the lens cell, the electric field in the center (ECenter) and at the
border (EBorder) is expressed as follows:

ECenter ¼
V=eLC

dLC

eLC
þ d2

e2
þ d1

e1

(12.6)

EBorder ¼
V=eLC

dLC

eLC
þ d2

e2

(12.7)

where eLC , e2, and e1 represent the dielectric constant of the LC, medium 2, and medium 1,

respectively. In an ideal case, the glass substrate which is closer to the spherical electrode should be

eliminated, i.e., d2� 0. In such conditions, the electric field shielding effect resulting from the glass

substrate is minimized and the required operating voltage is lowered. From Equation (12.5), the

shortest focal length occurs when dn¼ rn, i.e., the LC directors in the border are completely

reoriented by the electric field while those in the center are not yet reoriented due to the weaker electric

field.

Can the above-mentioned flat spherical lens be used for eyeglasses? For an eyeglass, the aperture (D)
needs to be at least 3 cm and the focal length should be around 25 cm. From Equation (12.5), if we use a
LC material with dn� 0:4, the required cell gap is �1.1mm. For such a thick LC cell, the response time
would be very sluggish. Moreover, the LC inside the cell will probably not align well so that light
scattering will occur. Thus, the lens design shown in Figure 12.10 may not be practical for large-aperture
eyeglasses. It is more realistic for a millimeter-sized lens aperture.

12.4.2 Tunable-focus cylindrical lens

A cylindrical lens focuses light in one dimension. It can be used for stretching an image, focusing light
into a slit, converging light for a line scan detector, or correcting a low-order aberration. In a solid
cylindrical lens, its focal length is fixed. To get a variable focal length, a group of lenses, e.g., mechanical
zoom lenses, is often necessary. This, however, makes the optical system bulky and costly. An
alternative approach for obtaining a variable focal length is through the use of LC-based cylindrical
lenses for which several methods have been considered and proposed [47–49]. Among them, lenses with
slit electrodes are particularly interesting due to their simple fabrication, simple operation, and the
possibility of widening the aperture size.
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Figure 12.13 shows eight possible electrode configurations for generating electric fields to create
cylindrical lenses [50]. However, configurations E and F are not suitable for forming lenses due to the
lack of an inhomogeneous electric field. The structures in G and H are more suitable for making
cylindrical microlens arrays than a single large-aperture lens due to their narrow electrode gaps. The
aperture size of a micro-sized cylindrical LC lens is usually in the 100 mm range. Thus, its application is
therefore limited to microlenses or microlens arrays.

In order to have a large aperture size, four possible configurations have been considered as shown in A
to D. In configuration A, a slit electrode is coated on the outer surface of the top substrate, whereas a
continuous electrode is coated on the outer surface of the bottom substrate. In configuration B, a slit
electrode is coated on the outer surface of both the top and bottom substrates. The two slits are parallel
and symmetrical. In configuration C, a slit electrode is coated on the outer surface of the top substrate,
whereas a continuous electrode is coated on the inner surface of the bottom substrate. In configuration D,
a slit electrode is coated on the outer surface of the top substrate, whereas another slit electrode is coated
on the inner surface of the bottom substrate. The two slits are also parallel and symmetrical. Each of the
LC cells has the same cell gap d ¼ 40 mm. The slit spacing, called the aperture width, of the slit electrode
is a ¼ 2 mm. The inner surfaces of both the top and bottom substrates are coated with polyimide and
buffed in anti-parallel directions along the silt direction. This rubbing direction is helpful to avoid
disclination lines during device operation. In the interest of using a thinner cell gap, a high-birefringence
and low-viscosity LC mixture should be used.

To optimize the lens design, we need to know the LC director profiles of the above four device
configurations. Several commercial computer programs are available and can be used to calculate the LC
director’s distribution. The parameters used in the simulations are listed as follows: ek ¼ 14:9,
e? ¼ 3:3, K11 ¼ 20:3 pN, K33 ¼ 33:8 pN, ne ¼ 1:9653, and no ¼ 1:5253. First, we need to calculate
the effective extraordinary refractive index (neff ). The LC director profile for every LC layer can be
extracted using the following equation:

1

neff ðyðVÞÞ2
¼ sin2yðVÞ

n2
o

þ cos2yðVÞ
n2

e

(12.8)

(b)

(c) (d)

(e) (f)

(g) (h)

a

(a) x
z

d

Figure 12.13 The eight possible electrode configurations considered for making a cylindrical LC

lens: a¼ slit width and d¼ cell gap. The rubbing direction is along the y axis and the polarization of

the incident light is along the rubbing direction
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where yðVÞ is the tilt angle of the LC layer at a given applied voltage V. Second, we need to calculate

the refractive index differences dnðVÞ ¼ neff ðyðVÞÞ � no in each of the LC layers and then average

them. The effective focal length f of a cylindrical LC lens is related to the lens radius (r), wavelength

(l), and phase difference (Dd ¼ 2pdDn=l) between the center and edge of the aperture as

f ¼ p � r2=ðl � DdÞ.
Figure 12.14(a) shows the calculated and measured voltage-dependent focal length of two cylindrical

LC lenses: configurations A and B. The agreement between the simulated and measured results is
reasonably good. From the simulation results, we find that configuration B has the best positive refractive
index profile and the shortest focal length. Configuration A has a severe image aberration problem and
longer focal length (>15 cm) due to the broader and shallower refractive index profile as compared to B.
For configuration C (Figure 12.14(b)), the simulated minimum focal length occurs at V � 60 Vrms, which
is consistent with the experimental results reported by Ren et al. [49]. For configuration D, if the aperture
size is maintained at 2 mm then the fringing field-induced refractive index profile is far from the ideal
parabolic shape so that the image quality is poor. In order to maintain a parabolic refractive index profile,
the aperture size needs to be reduced to 1.2 mm. Under such circumstances, the simulation results
indicate that both positive and negative lenses can be obtained depending on the applied voltage. When
V < 100 Vrms, the lens has a positive focal length but becomes negative as V > 100 Vrms. The minimum
focal length for the positive lens is �3 cm and the maximum focal length for the negative lens is
� �5 cm.
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Figure 12.14 The voltage-dependent focal length of cylindrical LC lenses: (a) simulation and

experimental results for configurations A and B, (b) simulation results for configurations C and D. The

solid circles in (b) are for configuration C and the open squares are for configuration D with reduced

aperture size a ¼ 1:2 mm
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12.4.3 Switchable positive and negative microlens

The microlens array is a useful component for optical interconnections, optical fiber switches, shutters of
optical super-resolution devices, light deflection devices, and imaging processing. In 3-D display
systems based on integral photography, the microlens array with dynamically variable image planes is
useful for enhancing the resolution of real and virtual images and for increasing the depth perception of
images [51]. To display 3-D images, a lens with variable focal length is highly desirable. In conventional
devices, this is commonly done by moving the lens array along the optic axis. This kind of system leads
to a bulky device and requires extra mechanical elements for movement. The variable-focus lenses can
be obtained by changing the shape of the lens [52] or creating a gradient refractive index profile in the
materials with uniform thickness, as discussed in this chapter. For a LC microlens, a spatial distribution
of refractive index can be induced and varied continuously by the applied voltage instead of mechanical
movement. Thus, the switching time is greatly reduced.

As shown in Equation (12.6), the focal length of a LC lens depends on the lens radius, LC layer
thickness, and its gradient refractive index. Normally, a lens can have either a positive or negative focal
length. In this section, a LC microlens array whose focal length can be switched from positive to negative
or vice versa by the applied voltage is introduced.

Figure 12.15 illustrates the structure of a microlens array. To make the focal length electrically
tunable, the convex surface of the top BK-7 glass substrate is coated with a thin ITO electrode and then
flattened by a polymer film. For phase-only modulation, homogeneous LC alignment should be used.
Thus, the polymer surface and the bottom ITO glass substrate with a thin polyimide alignment layer are
rubbed in anti-parallel directions. The cell gap is controlled at 18 mm by Mylar spacers and hermetically
sealed using UV-curable glue. To achieve a fast response time, a DFLC is used. The physical properties
of the DFLC mixture are summarized as follows: crossover frequency fc� 5 kHz, Dn� 0:285 (at l ¼
633 nm and T ¼ 22�C), and dielectric anisotropy De ¼ 4:73 at f ¼ 1 kHz and De ¼ �3:93 at 50 kHz.

As depicted in Figure 12.15, the top flattened substrate and the LC layer work together as a zoom lens.
The refractive index of the filled polymer NOA-76 (n p� 1:51, e ¼ 3:33) plays an important role in
affecting the initial focal length of the microlens. If the filled polymer has a similar refractive index to
that of the top glass substrate (BK7, ng ¼ 1:517), i.e., n p� ng , then the whole structure will have a
uniform refractive index and does not focus light in the voltage-off state. If the polymer has a different
refractive index from glass, i.e., n p 6¼ ng , then the microlens will have an initial focus fs at V ¼ 0. In
Figure 12.15, each single, convex, glass microlens has radius R ¼ 450 mm, aperture D ¼ 500 mm, and
height d1 ¼ 76 mm. The extra polymer layer has thickness d2 ¼ 81 mm. As a result, the microlens has a
positive focal length ( fs ¼ 4:26 cm) at V ¼ 0. As the applied voltage increases, the LC directors are

BK 7

Polymer

Mylar

Glass

ITOd2

d1

Figure 12.15 Device structure of a DFLC microlens array
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reoriented by the electric field. The voltage-induced refractive index change within the LC layer leads to
a tunable-focus microlens array. The resultant focal length of the microlens array can be positive or
negative depending on the applied voltage.

Figure 12.16 shows the CCD images of the microlens at V ¼ 0, 50, 150, and 200 Vrms. At V ¼ 0, the
focusing effect is caused by the top substrate only, as shown in Figure 12.16(a). When the applied
voltage exceeds a threshold, the LC directors are reoriented. The gradient refractive index is formed
because of the inhomogeneous electric field as Figure 12.15 depicts. The LC layer adds a diverging effect
to the whole rooming lens system. As V > 30 Vrms, the focal length of the whole system becomes
negative. At 50 Vrms, the beam diverges to the edges of each single microlens, as shown in Figure
12.16(b). In the high-voltage regime, the LC directors are all reoriented perpendicular to the substrates.
The gradient refractive index profile is gradually flattened and erased. The diverging effect of the LC lens
weakens and the microlens becomes a converging lens again, as shown in Figure 12.16(c) and (d).

To explain this focal length transition phenomenon quantitatively, we need to calculate the voltage-
induced LC director reorientation numerically. First, we calculate the voltage-dependent refractive
index change for a symmetric, uniform LC layer and use that to predict the voltage-dependent focal
length. The LC directors are reoriented along the electric field (~E) direction in order to minimize the free
energy. The free energy associated with the elastic forces can be described in terms of three elastic
constants. The free energy of the nematic LC directors in the static electric field ~E is generally expressed
by [53]

~F ¼ 1

2
k11ðr �~nÞ2 þ

1

2
k22ð~n � r �~nÞ2 þ

1

2
k33ð~n�r�~nÞ2 �

1

2
½e?~E

2 þ Deð~n �~EÞ2	 (12.9)

where~n ¼ ðnx; ny; nzÞ is the LC director vector, k11, k22, and k33 are the elastic constants associated with
splay, twist, and bend deformations, and De and e? are the dielectric anisotropy and dielectric constant

(a)

(b)

(c)

(d)

Figure 12.16 CCD images of the DFLC microlens array (right) and the corresponding 3-D light

intensity profiles (left) at (a) 0, (b) 50Vrms, (c) 150Vrms, and (d) 200Vrms
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in the perpendicular direction of the LC, respectively. The LC director reorientation is calculated by a
standard 1-D finite-element method.

The tilt angle profile yðzÞ can be used to calculate the average refractive index, hni, of the liquid
crystal at different applied voltages. For a given tilt angle the refractive index is given by the index
ellipsoid equation [54]

nðzÞ ¼ nenoffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2

ocos2yðzÞ þ n2
esin2yðzÞ

q ¼ nenoffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2

o þ ðn2
e � n2

oÞsin2yðzÞ
q (12.10)

The tilt angle profile yðzÞ is used in Equation (12.10) to calculate the optical path, ~n d, when light goes

through the cell. Using the above equations and DFLC parameters (k11 ¼ 33:5 pN, k33 ¼ 35 pN,

e? ¼ 7:44, ek ¼ 12:17, no ¼ 1:490, ne ¼ 1:775, and with a pretilt angle of 28), the voltage-dependent

average effective refractive index can be calculated, as plotted in Figure 12.17. The solid line and open circles

represent the experimental and simulation results, respectively, at l ¼ 633 nm. The agreement is very good.

When a voltage V is applied to the LC microlens array, the electric field at the center (ECenter) and at
the border (EBorder) of each microlens is expressed as [55]

ECenter ¼
V=eLC

dLC

eLC
þ d2

e p

(12.11)

EBorder ¼
V=eLC

dLC

eLC
þ d1 þ d2

e p

(12.12)

where d1 represents the microlens thickness and d2 the thickness of the polymer layer shown in Figure

12.15, dLC is the LC layer thickness, and eLC and e p represent the dielectric constant of the LC and

polymer, respectively. At V ¼ 0, eLC ¼ e? . As V >Vth, the effective eLC will change and affect the

electric field distribution through the cell. Finally, the equilibrium state is achieved. By using the final

voltage distribution, the LC tilt angle, average effective birefringence, and the phase difference

between the center and borders of each microlens can be calculated.
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From the Fresnel approximation, the focal length of an LC lens is related to the lens radius r and
dn ¼ ñCenter � ñBorder which is the refractive index difference between the lens center and borders, as
described in Equation (12.5).

Figure 12.18 plots the measured (points) and simulated (lines) voltage-dependent focal length of the
microlens [56]. At V ¼ 0, LC directors are aligned homogeneously and no focusing effect occurs in
the LC layer. The system shows the initial focus contributed solely by the top glass microlens array. As
the voltage increases, the LC layer behaves like a diverging lens so that the combined focal length
increases accordingly. At V � 30 Vrms, the microlens begins to behave like a diverging lens. At
� 40 Vrms, the microlens reaches the shortest negative focal length. Further increasing the voltage
would reorient all the LC directors perpendicular to the substrates and reduce the phase difference. The
microlens becomes a converging lens again and gradually approaches the initial focal length but at a
different rate. The simulation results agree with experiment quite well in the lower voltage regime
(< 40 Vrms) but in the higher voltage regime (between 40 and 130 Vrms) the fitting deviates somewhat.
This is because, in the simulations, the anchoring energy at the boundaries is assumed to be infinite,
which means that the LC directors near the substrates will not be reoriented at all by the electric field. But
in reality, the LC directors near the substrates will still be reoriented slightly by the strong electric field at
a high voltage. Therefore, in the high-voltage regime the measured focus change is faster than that
simulated. Above 140Vrms, the LC directors are reoriented nearly perpendicular to the substrates in both
experimental data and simulation results. Therefore, the measured focal length agrees well with the
simulated values in the high-voltage regime.

A key consideration for using DFLC material is to obtain a fast response time. Using 1kHz and 50 kHz
driving frequencies to switch the microlens array between 0 and 200 Vrms, the rise time is 3.9 ms and
decay time is 5.4 ms for the 18 mm cell gap. Compared to a nominal nematic LC, the response time is
hundreds of milliseconds. The high driving voltage (200 Vrms) results from the small dielectric
anisotropy of DFLC at low and high frequencies. To lower the operating voltage, we can either reduce
the d2 shown in Figure 12.15 or increase the dielectric constant of the filled polymer.

12.4.4 Hermaphroditic LC microlens

Most of the LC lenses are polarization sensitive. When the incoming light polarization is parallel to the
LC alignment direction, i.e., extraordinary ray, the focal length of the LC lens can be tuned continually
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Figure 12.18 Voltage-dependent focal length of the DFLC microlens array. LC cell gap d ¼ 18 mm,

diameter of microlens D ¼ 500mm, l ¼ 633 nm
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within a finite range which depends on the LC birefringence. However, for the ordinary ray (i.e., the
incident light polarization is perpendicular to the LC directors), the focal length of the LC lens does not
change with voltage. Both positive and negative lenses can be designed according to need, but once the
lens is designed it exhibits either a positive or a negative lens. Although under some special operating
conditions the central part of a positive LC lens could exhibit a negative focusing property [57], the
surrounding part remains positive. This volcano type of LC lens has severe index distortion.

Figure 12.19 shows the side view of a hermaphroditic microlens which could exhibit either a positive
or a negative focal length depending on the input light polarization [58]. Unlike a conventional LC lens
whose focal length is tunable by the applied voltage, the hermaphroditic LC microlens changes focal
length according to the angle between the polarization axis and the LC directors. For the extraordinary
ray, the focal length is positive, while for the ordinary ray the focal length becomes negative. By
changing the relative angle between the incident light polarization and the LC directors, the focal length
of the LC lens can be varied. This polarization rotation can be achieved manually or by an electrically
controlled 908 TN cell. The switching time is about 10–20 ms, depending on the LC cell gap and material
employed.

In Figure 12.19 the flat lens is composed of a plano-convex LC lens and a plano-concave molded
polymeric lens (shaded areas). The LC directors in the plano-convex lens are aligned along the x axis.
The ordinary and extraordinary refractive indices (no and ne) are along the y and x axis, respectively. On
the other hand, the plano-concave lens is made of UV-cured polymer/LC composite on a polyimide
surface whose rubbing direction is along the y axis. Thus, its refractive indices are also anisotropic:
n1 > n2. The LC material chosen for this lens satisfies the following relationship: ne� n1 > n2� no.
When the incident light passes through the convex and concave lenses from the z axis with its
polarization at an angle y with respect to the x axis, the focal length of the microlens can be expressed
as

f ¼ R=ðnLC � nmoldÞ (12.13)

Here, R is the radius of curvature of the lens surface and nLC and nmold denote the effective refractive

index of the LC and the molded polymeric lens, respectively. Both nLC and nmold are dependent on y as

nLC ¼
no � neffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðn2
ocos2yþ n2

esin2yÞ
q (12.14)

nmold ¼
n1 � n2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðn2
1cos2yþ n2

2sin2yÞ
q (12.15)
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Figure 12.19 Side view of the hermaphroditic LC microlens array. n1 and n2 are the refractive

indices of the molded microlens along the y and x axis, respectively. no and ne are the ordinary and

extraordinary refractive indices of the LC material. (Reproduced with permission from H. Ren et al.

‘Hermaphroditic liquid-crystal microlens’, Optical Letters, Volume 30, pp. 376–378 (Feb. 15, 2005),

Figure 1, # 2005, Optical Society of America)

TUNABLE-FOCUS LENSES 365



From these equations, when y ¼ 0, the focal length of the lens is f1 ¼ R=ðne � n2Þ. In this case, the

focal length f1 is positive. If y ¼ 90�, then the focal length of the lens is f2 ¼ R=ðno � n1Þ. Because

no < n1, the focal length f2 is negative. When nLC � nmold , the focal length of the lens approaches

infinity. By tuning the incident light polarization axis gradually from 0 to 908, the focal length changes

from positive to negative.

12.5 Polarization-independent LC Devices

Most LC devices operate under linearly polarized light in order to achieve high contrast ratio. The use of
a polarizer reduces the optical efficiency dramatically. The maximum transmittance of a pair of
polarizers is only about 38%. Polarization-independent LC devices for phase or amplitude modulation
are highly desirable.

Phase-only modulation [59] plays an important role in adaptive optics, optical cross-connect
switching, laser beam steering, and low-cost electro-optic sensors. Several interesting applications
using phase modulators have been identified, e.g., tunable-focus lenses [60], gratings and prisms [61],
and spatial light modulators [62]. LC-based phase modulators offer several advantages: low cost, light
weight, low power consumption, and no mechanical moving parts. Several LC-based phase modulators
have been developed, e.g., homogeneous LC [63], polymer network LC (PNLC) [64], and sheared PNLC
[65, 66]. The homogeneous cell is attractive for its large phase shift and low operating voltage
(<10 Vrms). However, it is polarization dependent and the response time is relatively slow. A PNLC
cell significantly reduces the response time but its operating voltage is increased. To obtain a 2p phase
change in a transmissive PNLC cell, the required voltage is �90 Vrms for a 12 mm E44 cell, which
corresponds to � 7 V=mm. To achieve a larger phase change by increasing the cell gap would result in
substantial light scattering and a higher voltage. The sheared PNLC cell does not require alignment
layers but it needs a shearing force to stress the LC directors and to suppress light scattering. Its response
time is also in the submillisecond regime but its operating voltage is also relatively high. A common
drawback of these three approaches is that they are polarization sensitive. For laser applications, the
incident light polarization may not always be parallel to the LC directors to ensure a phase-only
modulation. Thus, it is highly desirable to develop polarization-independent phase modulators.

Several approaches for obtaining polarization-independent LC phase modulation have been devel-
oped, e.g., the 908 TN cell operated at a voltage about three times higher than the threshold voltage
[67, 68], nanoscale polymer-dispersed liquid crystal (nano-PDLC) [69], voltage-biased PDLC [70], and
voltage-biased polymer-stabilized cholesteric texture (PSCT) [71]. A common problem with these
approaches is that their phase change is relatively small and operating voltage is quite high. For instance,
the nano-PDLC is scattering free, polarization independent, and has a submillisecond response time.
However, its phase shift is small and its operating voltage is around 15–20 Vrms= mm. Increasing the cell
gap would enhance the phase change, but the operating voltage would increase further. The voltage-
biased micro-sized PDLC and PSCT are also polarization independent; however, their residual phase is
still small (� 0:1p at l ¼ 633 nm) so that their applications are limited to micro-photonic devices, such
as tunable-focus microlens arrays.

In the following sections, we introduce two polarization-independent LC phase modulators: (1) a
double-layered structure with two ultra-thin anisotropic polymer films as cell separators, and (2) a
double-layered LC gel without any separator.

12.5.1 Double-layered homogeneous LC cells

The double-layered structure has been proposed for guest–host LC displays [72, 73]. The conventional
approach uses a thin glass (�0.3 mm) or Mylar film (�0.1 mm) to separate the two orthogonal LC layers.
In the former case, an ITO glass substrate is used as a middle substrate. To overcome the electric field
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shielding effect, both sides of the ITO layers should be pixilated and connected via feed-through holes,
and then coated with a thin polyimide layer which is rubbed in the orthogonal direction to match the LC
alignment. This approach is difficult for high-resolution devices because of the complicated pixel
structures and precision registration between the passive ITO pixels in the middle substrate and the
active elements. To reduce the parallax incurred by the middle glass substrate and to enable high
resolution, a thin Mylar film has been considered. However, the Mylar film cannot align the LC
molecules because the post-baking temperature (�2508C) of polyimide is higher than the glass transition
temperature of the Mylar film.

In this section, we introduce an anisotropic polymer film [74] which is thin, optically anisotropic, and
possesses alignment capability. Figure 12.20 shows the schematic design of a double-layered polariza-
tion-independent phase modulator. The cell consists of two glass substrates which are overcoated with
thin (�80 nm), mechanically buffed polyimide layers, two anisotropic polymer films, and two LC layers.
The top and bottom LC directors are oriented orthogonal to each other. To achieve orthogonal
homogeneous LC layers, the principal axes of these two anisotropic polymer films are also arranged
to be orthogonal to each other.

The anisotropic film is made of Merck E7 nematic LC mixture, photo-initiator IRG184, and an LC
monomer RM-257 (4-(3-Acryloyloxypropyloxy)-benzoic acid 2-methyl-1,4-phenylene ester) at 19:1:80
wt% ratios. The LC/monomer mixture was injected into a homogeneous cell with a 23mm cell gap which
was controlled by the Mylar stripes and then the cell was exposed to UV light at on intensity I¼ 10 mW/
cm2 for�30 min at 908C. After UV exposure, the two substrates of the homogeneous cell were peeled off
and a solidified anisotropic film of 23 mm thickness was obtained. The anisotropic polymer film is fully
transparent. A large film can be sliced into two identical films. These two films are then stacked together
in orthogonal directions. The LC mixture employed is also E7. The empty cell was filled with the LC by
the one-drop-fill method. The cell gap of each LC layer was controlled by a Mylar film to be d� 12 mm.
The total dimension of the cell is around 25 mm by 25 mm.

To characterize the phase shift of the double-layered LC cell, a Mach–Zehnder interferometer and an
unpolarized He–Ne laser (l ¼ 633 nm) were used. Figure 12.21 plots the measured voltage-dependent
phase shift of the double-layered E7 LC cell (solid circles). The threshold voltage is �5 Vrms. For
reference, the threshold voltage of the single E7 cell without any middle substrate is �0.95 Vrms. The
increased threshold voltage originates from the dielectric shielding effect of the two middle polymeric
layers. In the interferometer, the measured phase shift is referenced to that at V¼ 0. The total phase shift
reaches � 8:1p at V¼ 40 Vrms. This total phase shift is independent of the incident light polarization.
Also included in Figure 12.21 are the simulated results (open circles) of a similar double-layered
structure using a glass separator 0.3 mm thick. Because of the electric field screening effect, the
required voltage to reach a 2p phase change is beyond 50 Vrms.

The obtainable phase shift of the described double-layered structure is much larger and the operating
voltage is much lower than those of nano-PDLC, PDLC, and PSCT. To further lower the operating
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Figure 12.20 The structure of a polarization-independent phase modulator: AP, anisotropic polymer.

(Reproduced with permission from Y. H. Lin et al., ‘Polarization-independent liquid crystal phase

modulator using a thin polymer-separated double-layered structure’, Optical Express, Volume 13, pp.

8746–8752 (Oct. 31, 2005), Figure 1, # 2005, Optical Society of America)
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voltage of the double-layered structure, we can reduce the thickness of the anisotropic polymer films, but
the tradeoff is that a thinner polymer film may degrade the uniformity of the cell.

The response time of the double-layered LC cell is �300 ms at T� 238C. The slow response time
originates from the thick LC layers (d� 12 mm) and high viscosity of the E7 LC employed. To reduce
the response time, a high-Dn and low-viscosity LC should be used [75]. A high-Dn LC enables a thinner
cell gap to be used, which is helpful for reducing the response time.

The thickness of the polymer film is 23 mm, which is larger than that of the LC layer (12 mm). The
flexibility and hardness can be controlled by the fabrication process, such as UV curing conditions
and LC concentration. Although the anisotropic films are thin, their deformation during operation
should not be a problem because the films are still sandwiched by two glass substrates. Therefore, the
mechanical stability of the system is not a concern.

12.5.2 Double-layered LC gels

To achieve a fast response time, another polarization-independent phase modulator using two thin
stratified LC gels has been developed [76]. The two homogeneously aligned gel films are identical,
but stacked in orthogonal directions. Because of the high LC concentration and uniform molecular
alignment, the LC gel possesses a large phase change (> 1p). Meanwhile, because of the relatively
high monomer concentration (28 wt%) the formed LC domains are in the submicron range. Therefore,
the response time of the LC gel is around 0.5 ms.

In a LC gel, the homogeneously aligned LC is stabilized by dense polymer networks, as shown in
Figure 12.22(a). The phase shift along the z axis can be expressed as

DdGelðVÞ ¼
2pdc½ne � neff ðVÞ	

l
(12.16)

where d is the cell gap, c is the LC concentration, l is the incident wavelength, ne and neff(V) are the
extraordinary and effective refractive indices of the LC, respectively. As V!1; neff ! no, where no is
the ordinary refractive index of the LC. From Figure 12.22(a), the homogeneous LC gel is polarization
dependent. To make it polarization independent, two identical homogeneous LC gels are stacked in
orthogonal directions, as shown in Figure 12.22(b).
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Figure 12.21 Voltage-dependent phase shift of the polarization-independent LC phase modulator at

l ¼ 633 nm. Solid circles represent the measured data using two anisotropic polymeric films while

open circles are the simulated results of the double-layered structure using a glass separator 0.3 mm

thick. (Reproduced with permission from Y. H. Lin et al., ‘Polarization-independent liquid

crystal phase modulator using a thin polymer-separated double-layered structure’, Optical Express,

Volume 13, pp. 8746–8752 (Oct. 31, 2005), Figure 5, # 2005, Optical Society of America)
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As the voltage increases, the phase change occurs because of the electric field-induced LC director
reorientation. At a very high voltage, the voltage-induced phase shift is reduced to

DdGelðV!1Þ ¼
2pdcDn

l
(12.17)

where Dn ¼ ne � no is the LC birefringence. In comparison, the LC droplets in a nano- or voltage-biased

PDLC cell are almost randomly orientated. Thus, the phase shift is

DdPDLCðVÞ ¼
2pd0c0½n � neff ðVÞ	

l
(12.18)

where n ¼ ð2no þ neÞ=3 is the average refractive index of the LC at V¼ 0, and d0 and c0 are the cell gap

and LC concentration, respectively. As V!1; neff ! no, and the phase shift is reduced to

DdPDLCðV!1Þ ¼
2pd0c0Dn

3l
(12.19)

To fairly compare the phase change of the orthogonal LC gel films with the nano-PDLC, let us use the

same LC material. To achieve polarization independence, the LC gel needs two orthogonal layers, but

nano-PDLC only needs one. Thus, d0 ¼ 2d. However, the LC concentration in the gel is two times higher

than that in nano-PDLC, i.e., c¼ 2c0. From Equation (12.17) and Equation (12.19), we find

DdGelðV!1Þ
DdPDLCðV!1Þ

¼ 3 (12.20)

From Equation (12.20), the phase shift of the LC gel is three times higher than that of nano-PDLC.

The LC gel is made by mixing 28 wt% of photocurable rod-like LC diacrylate monomer (RM257) in a
nematic LC (E48: no ¼ 1:523; Dn ¼ 0:231 at l ¼ 589 nm). The mixture was injected into an empty cell
in the nematic state. The inner surfaces of the ITO–glass substrates were coated with a thin polyimide
layer and then rubbed in anti-parallel directions. The filled cell was exposed to UV light
(l� 365 nm; I � 10 mW=cm2) for 30 min. The cell gap was controlled at 8 mm by spacer balls.

After UV exposure, the cell is highly transparent. To peel off the gel, the top glass substrate is cleaved
off. The stratified gel remains on the bottom substrate surface without LC leakage. From microscopic
inspection, the LC gel is indeed aligned homogeneously without being damaged during cell cleaving. To
assemble a double-layered structure, the LC gel was cut in half, stacked together at orthogonal
directions, and then covered with another top ITO substrate, as Figure 12.22(b) depicts. Similarly,
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Figure 12.22 A homogeneous LC gel: (a) single layer and (b) two orthogonal layers. (Reprinted with

permission from H. Ren et al., ‘Polarization-independent and fast-response phase modulators using

double-layered liquid crystal gels’, Applied Physics Letters, February 6, 2006, Volume 88, pp. 061123,

Figure 1, # 2006, America Institute of Physics)
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the phase change is monitored by a Mach–Zehnder interferometer using an unpolarized He–Ne laser
beam. When an AC voltage (f¼ 1kHz) was applied to the LC gel, the interference fringes moved as
recorded by a digital CCD camera.

Figure 12.23 shows the voltage-dependent phase shift of a 16 mm double-layered LC gel at
l ¼ 633 nm. The threshold voltage is �30 Vrms. This high threshold originates from the dense polymer
networks. Beyond this threshold, the phase change increases almost linearly with the applied voltage.
The estimated total phase change from an 8 mm LC gel which contains�80 wt% E48 should be � 2p for
a linearly polarized He–Ne laser (l ¼ 633 nm). Therefore, the applied voltage has not reached the
saturation regime.

The rise time of the LC gel is � 200 ms and decay time is � 500ms at room temperature (�228C).
Such a fast response time results from the small LC domain sizes and polymer stabilization. Due to the
relatively high monomer concentration (28 wt%), the formed polymer networks are quite dense so that
the formed LC domains are of submicron size. Similar to a nano-PDLC, the contact interfaces between
the polymer networks and the LC molecules are large. As a result, the anchoring force of polymer
networks exerted on the LC is very strong. This is the primary reason for the observed fast response time
and high threshold voltage.

To get a 2p phase change for laser beam steering and other photonic applications, the LC gel can be
operated in reflective mode without increasing the operating voltage. For practical applications,
the operating voltage of the LC gel is still too high (11 Vrms=mm). To increase the phase change
and reduce the operating voltage, a high-Dn and high-De LC material should be considered as well as
optimizing the LC and monomer concentration. A high-Dn LC also enables a thinner gel to be used,
which, in turn, helps reduce the operating voltage. A high-De LC lowers the threshold and operating
voltages simultaneously. Increasing the LC concentration will boost the phase change and reduce the
operating voltage. However, the gel may become too soft to stand alone. Its response time will also
increase slightly.

Homework Problems

12.1 Use Figure 12.6 to derive Equation (12.4) and explain how to obtain a large steering angle.
12.2 A student wants to design a polarization-independent tunable-focus microlens using a 908 TN cell.

The LC mixture employed has the following properties: De ¼ 12; Dn ¼ 0:5 at l ¼ 550 nm; K11 ¼
10 pN; K22 ¼ 6 pN; K33 ¼ 20 pN; and g1 ¼ 0:2 Pa s. If the microlens diameter is 200 mm, what is
the maximum tunable range of the focal length at l ¼ 550 nm?
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Figure 12.23 Measured phase shift of a 16 mm double-layered LC gel at different voltages.

l ¼ 633 nm. (Reprinted with permission from H. Ren et al., ‘Polarization-independent and

fast-response phase modulators using double-layered liquid crystal gels’, Applied Physics Letters,

February 6, 2006, Volume 88, pp. 061123, Figure 3, # 2006, America Institute of Physics)
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12.3 Nanosized polymer-dispersed liquid crystal (nano-PDLC), voltage-biased PDLC, double-layered
homogeneous LC, and double-layered LC gels are all polarization independent. Compare their pros
and cons.

12.4 A 908 TN cell is filled with a LC whose physical properties are listed as follows:
De ¼ 10; Dn ¼ 0:1 at l ¼ 550 nm; K11 ¼ 14 pN; K22 ¼ 7 pN; K33 ¼ 18 pN; and g1 ¼0:2 Pa s.
(1) Under what conditions can the TN cell be used as a polarization-independent phase modulator?
(2) Explain why this phase modulator is polarization independent.
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